
Do-it Yourself Proof for Perceptron Convergence

Let W be a weight vector and (I, T ) be a labeled example. Define W · I =
∑
WjIj. Let α

be the learning rate. Use the following as the perceptron update rule:

if W · I < 1 and T = 1
then update the weights by:

Wj ← Wj + αIj
if W · I > −1 and T = −1

then update the weights by:
Wj ← Wj − αIj

Define Perceptron-Loss(T,O) as:

Perceptron-Loss(T,O) =


0 if T = −1 and O ≤ −1
0 if T = 1 and O ≥ 1
|T −O| otherwise

How large is Perceptron-Loss(T,W · I) if T 6= sign(W · I)?

Let U be the optimal weight vector. Let W′ be the weight vector after updating. Define
‖W‖ =

√
W ·W. For a labeled example (I, 1) where W · I < 1, show the following:

Perceptron-Loss(1,W · I)− Perceptron-Loss(1,U · I)

≤ U · I−W · I

=
‖U−W‖2 − ‖U−W′‖2

2α
+
α‖I‖2

2

Similarly, for a labeled example (I,−1) where W · I > −1, show that:

Perceptron-Loss(−1,W · I)− Perceptron-Loss(−1,U · I)

≤ W · I−U · I

=
‖U−W‖2 − ‖U−W′‖2

2α
+
α‖I‖2

2

Now consider a sequence of m updates on m labeled examples (I1, T1), (I2, T2), and so on.
This will result in a sequence of weight vectors W1,W2, . . .. Suppose that the initial weight
vector W1 is all zeroes. Suppose n ≥ ‖Ik‖2 for all examples, and A ≥ ‖U‖. Show that:

m∑
k=1

Perceptron-Loss(Tk,Wk · Ik)

≤
(

m∑
k=1

Perceptron-Loss(Tk,U · Ik)
)

+
A2

2α
+
mαn

2

Find a value for the learning rate α that minimizes the above expression. How does the loss
of the perceptron algorithm compare to the loss of the optimal weights?
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Do-it Yourself Proof for LMS Convergence

Let W be a weight vector and (I, T ) be an example with a numeric outcome T . Define
W · I =

∑
WjIj. Use the following as the update rule:

Wj ← Wj + α(T −W · I)Ij

Define Square-Loss(T,O) = (T −O)2

Let U be the optimal weight vector. Let W′ be the weight vector after updating. Define
‖W‖ =

√
W ·W. For an example (I, T ), show the following:

Square-Loss(T,W · I)− Square-Loss(T,U · I)

≤ 2(T −W · I)(U · I−W · I)

=
‖U−W‖2 − ‖U−W′‖2

α
+ α‖I‖2Square-Loss(T,W · I)

Let n ≥ ‖I‖2. Show that the above implies:

Square-Loss(T,W · I)

≤ Square-Loss(T,U · I)

1− αn
+
‖U−W‖2 − ‖U−W′‖2

α(1− αn)

Now consider a sequence of m updates on m examples (I1, T1), (I2, T2), and so on. This will
result in a sequence of weight vectors W1,W2, . . .. Suppose that the initial weight vector
W1 is all zeroes. Suppose n ≥ ‖Ik‖2 for all examples, and A ≥ ‖U‖. Show that:

m∑
k=1

Square-Loss(Tk,Wk · Ik)

≤
∑m
k=1 Square-Loss(Tk,U · Ik)

1− αn
+

A2

α(1− αn)

Suppose we choose α = 1/(2n). What does this say about the convergence of gradient
descent?
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