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Abstract

We study the construction of prediction algorithms in a situation in which a learner faces
a sequence of trials, with a prediction to be made in each, and the goal of the learner is
to make few mistakes. We are interested in the case that the learner has reason to believe
that one of some pool of known algorithms will perform well, but the learner does not
know which one. A simple and effective method, based on weighted voting, is introduced
for constructing a compound algorithm in such a circumstance. We call this method the
Weighted Majority Algorithm. We show that this algorithm is robust in the presence of
errors in the data. We discuss various versions of the Weighted Majority Algorithm and
prove mistake bounds for them that are closely related to the mistake bounds of the best
algorithms of the pool. For example, given a sequence of trials, if there is an algorithm
in the pool A that makes at most m mistakes then the Weighted Majority Algorithm will
make at most c(log |.A| + m) mistakes on that sequence, where ¢ is fixed constant.
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1 Introduction

We study on-line prediction algorithms that learn according to the following protocol.
Learning proceeds in a sequence of trials. In each trial the algorithm receives an instance
from some fixed domain and is to produce a binary prediction. At the end of the trial
the algorithm receives a binary label, which can be viewed as the correct prediction for
the instance. We evaluate such algorithms according to how many mistakes they make
[Ang88,BF72,Lit88,Lit89b]. (A mistake occurs if the prediction and the label disagree.) We
also briefly discuss the case in which predictions and labels are chosen from the interval
[0, 1].

In this paper! we investigate the situation where we are given a pool of prediction
algorithms that make varying numbers of mistakes. We aim to design a master algorithm
that uses the predictions of the pool to make its own prediction. Ideally the master algorithm
should make not many more mistakes than the best algorithm of the pool, even though it
does not have any a priori knowledge as to which of the algorithms of the pool make few
mistakes for a given sequence of trials.

The overall protocol proceeds as follows in each trial: The same instance is fed to all
algorithms of the pool. Each algorithm makes a prediction and these predictions are grouped
together to form the instance that is fed to the master algorithm. The master algorithm
then makes its prediction and receives a label, which it passes to the whole pool. We make
no probabilistic assumptions about the choice of the instances and the labels; that is, the
bounds we prove in this paper on the predictive performance of various algorithms all hold
for a worst case sequence of instances and labels.

Our goal can be thought of as one of constructing learning algorithms that learn to
take advantage of patterns in the input in order to make few mistakes. The scheme that we
present for combining algorithms is general in the sense that, whatever types of patterns are
handled by algorithms in the pool, these patterns are handled by the resulting combination
of algorithms. We present two types of results: relative and absolute. The relative results
give the number of mistakes of the master algorithm as a function of the number of mistakes
of the pool members; these results do not depend on any details about the patterns handled
by the algorithms. To apply the relative results we want to start with a pool of algorithms
that contains one or more members capable of handling whatever input we face without
many mistakes. If this pool is not too big, then the combination algorithm formed by
applying the master algorithm to the pool will not make many mistakes. If, in addition, all
of the algorithms in the pool are efficient and the pool is sufliciently small then the resulting
algorithm will be computationally efficient.

For the absolute results we make particular assumptions about the input and look for
a pool that will do well under these assumptions. We take a particular interest in patterns
in the information seen by the learner in which labels (usually) depend functionally on
the instances. The function that maps from the instances to the labels is called the target
SJunction. We say that a trial is consistent with a particular target function f if the label
of the trial is given by the value of f at the instance of the trial. Given a class of potential

! Notable differences of this paper from earlier versions of the paper [LW89a,LW89b] include more general
derivations of bounds for various versions of the Weighted Majority Algorithm (Section 5) and the insertion
here of some previously omitted proofs (Sections 7 and 8). In addition, we have modified algorithm WMI
(now called WMIQ, Section 4), and have included some new results about infinite pools in Section 7. We

have also amplified the discussion of the randomized algorithm WMR (Section 6).



1. Introduction 3

target functions (a target class), we are interested in algorithms that make few mistakes
when presented with any sequence of trials that is consistent with a target function chosen
from the class. We sometimes also put additional structure on target classes, and ask that
algorithms make fewer mistakes for some functions in a class (for example, functions that
we consider simpler) than for others. In this paper we will discuss the construction of such
algorithms for various target classes by applying master algorithms to pools that have been
tailored for the given target classes.

We also want to be able to handle cases in which the data seen by the learner is noisy
or for some other reason is not quite consistent with any function in the target class, or
even any function at all. The number of anomalies of a sequence of trials with respect to a
given target function is defined to be the number of trials that are not consistent with the
function. The number of anomalies of a sequence of trials with respect to a given target
class is the least number of anomalies of that sequence with respect to a member of the
class. We will be interested in algorithms that are able to learn target classes in the presence
of anomalies, that is, in algorithms that are able to make few mistakes on any sequence of
trials that has few anomalies with respect to the target class. We will look at the rate of
growth of the number of mistakes with the number of anomalies.

There is a straightforward way to construct a canonical algorithm for learning any
particular finite target class of computable functions. A pool of algorithms is formed from
the functions of the target class. Fach function f of the target class is represented by an
algorithm of the pool that computes f; at each trial the prediction made for an instance z by
that pool member is just f(z) (such an algorithm pays no attention to the labels). We will
refer to pools of this type interchangeably as pools of algorithms and as pools of functions.
The Halving Algorithm [Ang88,BF72] (it is given this name in [Lit88]) can be interpreted
as a master algorithm that learns a target class using such a pool. For each instance,
the Halving Algorithm predicts according to the majority of all consistent functions of the
pool. (A function is consistent if its values agree with the labels on all instances seen in the
previous trials.) Note that the functions that are not consistent have been eliminated from
the decision process. Each time the master algorithm makes a mistake a majority of the
consistent functions are eliminated. If the sequence of trials is such that there is a consistent
function in the pool F then the Halving Algorithm makes at most log, |F| mistakes. This
type of scheme has been previously studied by Barzdin and Freivalds [BF72,BF74], who
worked with a variation that applies to infinite pools of functions.

We would like an algorithm that will still function well in the presence of anomalies.
If the number of anomalies of a sequence of trials with respect to a pool of functions is
non-zero, the Halving Algorithm will eventually eliminate all functions of the pool, and
there will be no functions left to base the future predictions on. The new master algorithm
we develop here, called the Weighted Majority Algorithm (WM) is more robust?.

We describe the deterministic version of the Weighted Majority Algorithm as it applies
to finite pools of arbitrary prediction algorithms making binary predictions. (Later we will
give other versions of the algorithm in which these qualifications are varied.)

Weighted Majority Algorithm (WM): Initially a positive weight is associated with each
algorithm (function) of the pool. (All weights are initially one unless specified otherwise.)
Algorithm WM forms ils prediction by comparing the total weight qo of the algorithms of

?Related ideas for working with pools of learning algorithms have been developed within the framework
of inductive inference in the limit [FSV89,Pit89,PS88].
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the pool that predict 0 to the lolal weight ¢1 of the algorithms predicting 1. WM predicts
according to the larger total (arbitrarily in case of a tie). When WM makes a mistake®, the
weights of those algorithms of the pool that disagreed with the label are each multiplied by a
fized B such that 0 < 3 < 1.

If WM is applied to a pool of functions with 5 = 0 and the initial weights equal,
then it is identical to the Halving Algorithm. If 3 > 0, then WM gradually decreases the
influence of functions that make a large number of mistakes and gives the functions that
make few mistakes high relative weights. No single inconsistency can eliminate a function.
Suppose that WM is applied to a pool F of functions and that the sequence of trials has
m anomalies with respect to F. In this case WM makes no more than a constant times
log | F'| +m mistakes, where the constant depends on the fixed parameter 3. In the case that
the Vapnik-Chervonenkis dimension [VC71,BEHW89] of F' is Q(log |F|) our lower bounds
imply that WM is optimal (except for a multiplicative constant).

For the general case where WM is applied to a pool A of algorithms we show the
following upper bounds on the number of mistakes made in a given sequence of trials:

1. O(log|A| + m), if one algorithm of A makes at most m mistakes.
2. O(log |“ki| + m), if each of a subpool of k algorithms of A makes at most m mistakes.

3. O(log |%| + 7¢), if the total number of mistakes of a subpool of £ algorithms of A is
at most m.

Note that if the subpool size k is Q(|.A|) then the bounds for cases 2 and 3 are O(m)
and O(7), respectively. We give an example of how Case 1 can be applied. Suppose that
the instance domain is {0,1}". Boolean functions of the following form are called 7-ofk
threshold functions: f(z1,...,z,) = 1iff Ele z;, > 1, where k, r and the distinct i; are
integers in the range from 1 to n. Suppose we wish to design a prediction algorithm that
has a small mistake bound for the target class of all r-of-k threshold functions (as r and
k vary in the range 1 < r < k < n). The algorithm Winnow [Lit88] (the Fixed Threshold
algorithm of [Lit89b]) can be used, with a bound of O(knlogn) mistakes. We can obtain
this bound without a priori knowledge of r or k. If we know an upper bound 7’ on the value
of r, the mistake bound of Winnow can be improved to b, = O(kr'logn), which grows
only logarithmically in » when %k and 7’ remain small. The improvement of the mistake
bound to b,/ is obtained by choosing parameters for Winnow that depend on r'. Let A,/
denote Winnow when tuned to »'. If A,/ receives a sequence that is not consistent with any
r-of-k threshold function such that r < r/, then the number of mistakes that it makes might
greatly exceed b,..

We can overcome not knowing r by applying WM to the pool {AZi}OSiS[IOgg n]- From
the results presented in this paper, it follows that the number of mistakes made in this
manner for a sequence consistent with an r-of-k threshold function will be bounded by a
constant times loglogn 4 b,, which is O(krlogn).

The applications of the Weighted Majority Algorithm that we consider fall into two
categories. The first category is illustrated by the previous example, where it is used to
combine a small number of algorithms to produce a combination that is computationally
efficient with good mistake bounds. Examples such as this one show that the Weighted
Majority Algorithm is a powerful tool for constructing new efficient learning algorithms.

*The mistake bounds that we prove in this paper will actually hold for two versions of WM, one that
modifies weights only when a mistake is made (this version is given here) and one that modifies the weights

at every trial by the multiplicative changes described.
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It can be used in cases where there are several types of prediction algorithms available,
or there is a choice of parameters for a learning algorithm, and the learner is unsure as to
which choice is the best. The resulting algorithm will be eflicient whenever the pool consists
of a small number of efficient algorithms. The second category of use involves applying the
Weighted Majority Algorithm to pools of functions. This use gives mistake bounds that
grow at close to the optimal rate as the number of anomalies grows and establishes the best
that can be achieved in this respect for deterministic algorithms. Many function classes
of interest will, however, be too large to make this use of WM computationally practical.
Note that a smaller pool size is required for efficiency than for small mistake bounds, since
all of the pool algorithms need to be simulated, while the number of mistakes grows only
logarithmically with the size of the pool.

In Section 2 we prove mistake bounds for the Weighted Majority Algorithm WM which
show that in some sense it can be used to select the predictions of the right subpool of
algorithms. In Section 3 we discuss a modification of WM that never decreases its weights
below a certain lower threshold. This variant of WM, which we call WML, has even
stronger selective capabilities. Suppose that we are given a sequence of trials such that
there is one algorithm in the pool that makes few mistakes (say mq) for an initial segment
of the sequence and a second algorithm that makes mo mistakes for a second segment of
sequence, and so forth. Assume the original sequence is partitioned into s segments. WML
has no a priori knowledge as to how many segments there are, when the different segments
begin, and which algorithms perform well in each segment. We can show that the number
of mistakes made by WML is bounded by a constant times (slog|A| + >_7_; m;), where
the constant depends on the parameters of the algorithm. For example, suppose that the
algorithms of the pool are functions and each segment of the sequence is consistent with
some function of the pool. Intuitively this means that the sequence is labeled according to
some target function of the pool but at the end of each segment the target function changes.
Fach time the target changes to a new function, there is a cost of O(log|.A|) mistakes in
the mistake bound for WML. We describe the details of this modification in Section 3.

In Section 4 we investigate a second variant of WM which deals with countably infinite
pools of algorithms, indexed by the positive integers. Barzdin and Freivalds [BF72,BF74],
considering pools of (recursive) functions, show that there is an algorithm that makes at
most log, i+1log, log i+ o(log log ¢) mistakes when given any sequence of trials consistent with
the i-th function. We use an adaptation of their method applicable to pools of algorithms
even in the case that no algorithm in the pool is consistent with the sequence of trials (i.e.
every algorithm makes mistakes). We describe a variant WMI9 of the Weighted Majority
Algorithm that has the property that for any countably infinite pool, any sequence of
trials, and every index ¢, the number of mistakes it makes is bounded by a constant times
(log i+ m;), where m; is the number of mistakes made by the ¢-th algorithm of the pool on
the given sequence of trials.

We give a number of upper bounds obtainable when different initial weights for the
algorithms are used. The variant WMIy incorporates a method of Barzdin and Freivalds
that lets one deal explicitly with computational imprecision.

An application of these techniques to deal with an unknown parameter can be found
in [HSW90]. The classes DIFF(C, B) discussed in that paper have the property that each
function in such a class has a certain “depth,” which is a non-negative integer. The basic
algorithm given in that paper requires as input an estimate of the depth of the target.
Mistake bounds are derived [HSW90, Figure 10] under the assumption that this estimate
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is at least as large as the actual depth; to obtain a good bound it must not be too much
larger than the actual depth. A version of WMIy was used to deal with the case where
a good estimate of the depth is unavailable. Algorithm WMIy was applied to an infinite
pool, where every algorithm in the pool was the basic algorithm, with each pool member
using a different estimate of the depth. Algorithm WMIy was used since there was no a
priori upper bound on the depth, and thus a finite pool would not suffice. This constitutes
another example where the weighted majority techniques lead to an efficient algorithm for
learning a parameterized function class, provided that an efficient algorithm is know when
the parameter is given.

In Section 5 we generalize WM to WMG which is able to handle pools whose members
produce predictions chosen from the interval [0, 1]. WMG uses the weighted average of the
predictions of the pool members to form its own prediction: it predicts 1 if the average
is larger than %, 0 if the average is less than % and either 0 or 1 if the average is %
The predictions of WMG and the labels are still binary. In the same section we also
prove bounds for a continuous variant WMC of WM which allows the predictions of the
algorithms of the pool and the master as well as the labels to be in [0,1]. WMC simply
predicts with the weighted average of the predictions of the pool members. The purpose
of Section 5 is a unified treatment of the proofs of all upper bounds for WMG, WMC as
well as a randomized version WMR introduced in Section 6. In the concluding section, we
give a table that compares all of the varieties of the Weighted Majority Algorithm that we
discuss. Simple but specialized proofs for each of the upper bounds for WMG and WMR

are provided in the appendix.

In Section 6 we discuss the properties of the randomized version WMR of the Weighted
Majority Algorithm. The main result of this section is an expected mistake bound for WMR.
The proof relies on the lemmas used to prove bounds for WMG and WMC in the previous
section. Like the deterministic algorithms WMG and WMC, the randomized algorithm
WMR also uses the weighted average of the predictions of the pool members for making its
prediction: it predicts 1 with probability equal to the average. An alternate interpretation
of the randomized algorithm involves making each prediction by choosing a member of the
pool at random (with probability proportional to its current weight) and predicting 1 with
probability equal to the prediction of the chosen pool member. The randomized version
of the algorithm has the property that the weights can be updated so that the rate at
which WMR is expected to make mistakes in the long run can be made arbitrarily close
to the rate at which the best prediction algorithm in the underlying pool makes mistakes.
With an appropriate measure of loss the same holds for the deterministic algorithm WMC
whose predictions are allowed to be in [0, 1]. This represents an improvement by a factor of
two over the limiting mistake bound we give for the deterministic algorithm WMG whose
predictions must be binary.

We consider in Sections 7 and 8 the special case in which the basic algorithm WM is
applied to pools of functions. In Section 7, we assume that the pool contains a function
consistent with all of the trials. Let M; be a bound on the number of mistakes made by
WM if the ¢th function in the pool is consistent. Changing the initial weights can be used to
decrease some of the M; at the expense of increasing others. For certain classes of functions
we characterize what sets of M; are possible mistake bounds for the Weighted Majority
Algorithm, and show that for these classes of functions no other algorithm can do better.
In Section 8 we consider the case in which no function in the pool is consistent with all
of the trials; we prove a lower bound on the rate at which the mistake bounds must grow
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as the number of anomalous trials grows. We compare that lower bound with the upper
bounds that we obtain from the Weighted Majority Algorithm. Under certain conditions
the Weighted Majority Algorithm is provably a small constant factor from optimal. We
make a similar comparison for the randomized algorithm WMR.

The concluding section, Section 9 gives an overview of the various algorithms introduced
here and mentions a number of directions for future research.

DeSantis, Markowsky and Wegman [DMW88] applied an algorithm similar to WMC' to
a countably infinite pool (as in WMIy) in a completely different setting. For a countably
infinite indexed pool of conditional probability distributions the goal is to iteratively con-
struct a “master” conditional probability distribution which assigns a probability to the
examples seen so far that is close to the highest probability assigned to the examples by
any conditional probability distribution in the pool.

More recent work on learning classes of Boolean functions is given in [HKS91,HO91].
This work presents a Bayesian approach that considers average case upper bounds on the
loss of prediction algorithms and gives upper bounds on the loss in terms of the Vapnik-
Chervonenkis dimension [VC71,BEHWR89]. The Bayes optimal classification algorithm that
they consider is a special case of the Weighted Majority algorithm WM, and the randomized
version WMR is the Gibbs algorithm of [HO91]. Furthermore our algorithm WMR is similar
to a learning procedure studied in [LTS89]. However the analysis given there is very different
from ours.

Notations and assumptions: In this paper we design various master algorithms that
use the predictions of the pool of algorithms to make their own predictions. Each algorithm
in the pool is given an initially positive and always non-negative weight that is updated at
the end of each trial. The default values for all initial weights are 1. The total initial weight
of all algorithms in the pool is denoted by w;,;; and the total final weight after all examples
have been processed by wyy,.

For logarithms, we use “In” to denote natural logarithms and “log,” to denote logarithms
to the base 2. Where the choice of base is not significant, such as in big-O and little-o
notation, and in formulas consisting of ratios of logarithms, we omit designation of the
base; for ratios we intend that the same base be chosen for numerator and denominator.
Throughout the paper we shall implicitly assume that all sequences of instances and labels
are finite. Note that if a fixed mistake bound holds for all finite sequences, then it must
also hold for all infinite sequences.

2 Proving Mistake Bounds for the Weighted Majority Algorithm

In this section we prove the bounds on the number of mistakes for the basic Weighted
Majority Algorithm WM. For this and the next two sections the predictions of the algo-
rithms in the pool and the master algorithm must all be binary (that is, in {0,1}). Recall
the description of WM given in the introduction. For a given trial, we use ¢p and ¢ to
denote the total weight of the algorithms in the pool that predict 0 and 1, respectively.?

*Two generalizations WMG and WMC of this deterministic master algorithm WM are given in Section
5. Both master algorithms allow the predictions of the algorithms in the pool to be continuous in [0, 1]
instead of only binary. The predictions of WMG must be binary and the predictions of WMC' are allowed to
be continuous in [0,1]. Theorem 5.1 gives the same bounds for WMG as Theorem 2.1 and a slightly better

bound is given for WMC in Theorem 5.2.



8 2. Proving Mistake Bounds for the Weighted Majority Algorithm

The parameter 3 is the factor by which weights are multiplied in case of a mistake and is
always in the range 0 < § < 1. We suppose that we run WM with a pool A of prediction
algorithms, indexed with the integers from 1 through |A|. We use the notation introduced
at the end of Section 1.

All proofs are surprisingly simple. We will show that after each trial in which a mistake
occurs the sum of the weights is at most « times the sum of the weights before the trial, for
some u < 1. In trials where no mistake occurs the total weight may only decrease. Thus
Winitu™ > Wy, must hold, where m is the number of mistakes of WM. This implies that

Winat
w

lo

in

log *

u

145
5

m is at most . The proof below uses u =

Theorem 2.1: Let S be any sequence of instances and binary labels. Lel m be the number

1o wi@it
of mistakes made by WM on the sequence S when applied to a pool A. Then m < log#
T+5

Proof. By the above discussion we only need to show that in trials in which WM makes
a mistake the ratio of the total weight after the trial to the total weight before the trial is at
most # Before the trial the total weight is gg + ¢1. Suppose, without loss of generality,
that in this trial the learner’s prediction was 0, and thus gg > ¢;. In this case the total
weight after this trial will be Bgo + ¢1 < Bgo + ¢1 + %(qo —q)= #(qo +q1). O

Note that wyg;, > > imq w;8™, where w; denotes the initial weight of the ith algorithm
in the pool, and m; denotes the number of mistakes made by that algorithm on the sequence
S. When 8 = 0, we use the convention 0° = 1. As discussed in the introduction, if 8 = 0
and the initial weights are equal, then WM is the Halving algorithm. In that case, if all m;
are positive then wy;, = 0 and the bound of the theorem becomes vacuous.

For the following corollaries we assume that 8 > 0, and also that all initial weights are
1. Otherwise, our assumptions and notation are as in the theorem.

Corollary 2.1: Assume that A is a pool of n prediction algorithms and that m; is the
number of mistakes made by the i-th algorithm of the pool on a sequence S of instances with

binary labels. Then WM when applied to pool A with equal initial weights makes at most

logn+m; log 1 X i
W mistakes on the sequence S, for 1 < i < |A|.
48

Proof. This follows from the above theorem and the fact that w;,;; = n and wy;, > ™.

O

Note that if the initial weights were not assumed to be equal then logn in the above
bound would need to be replaced by log wZU"i”, where w; is the initial weight of the «th

algorithm.

Corollary 2.2: Assume that A is a pool of n prediction algorithms and that there is a
subpool of A of size k such that each of the algorithms of the subpool makes at most m
mistakes on a sequence S of instances with binary labels. Then WM when applied to pool
log 2 +mlog &
Lﬁgogﬁ mistakes on the sequence S.

log 135

A with equal initial weights makes at most

Proof. This follows from the above theorem and the fact that w;,;; = n and wy,, > EB™.
|
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Corollary 2.3: Assume that A is a pool of n prediction algorithms and that there is a
subpool of A of size k such that all algorithms of the subpool together make at most m
mistakes in lotal on a sequence S of instances with binary labels. Then WM when applied
log %—I—%log%

to pool A with equal initial weights makes at most log 2
T+5

mistakes on the sequence S.

Proof. Without loss of generality, let the first k£ algorithms of A be the subpool. Thus

Ele m; < moand wy, > Zle B™ . Since the latter sum is at least k3%, it easy to derive
the bound of the corollary using the previous theorem. l

Similar bounds to those of the above corollaries can be proven for the case when 5 = 0
and the number of mistakes m of the subpool is 0. In that case the upper bound on the
number of mistakes made by WM becomes log, 7.

3 Shifting Target

The crux of what we have shown so far is that if 0 < 8 < 1, then WM selects the right
information from a pool of algorithms: 3 < 1 allows it to home in on the right information
and B8 > 0 assures that any change that is made is gradual; any update that leads away
from the goal can be reversed. There is a cost for changing the weights only gradually since
the algorithm does not home in as fast.

We now modify WM so that its recovery capabilities are made even stronger. Suppose
that a particular unknown subpool of a pool of algorithms has good predictive performance
(as characterized in the above corollaries). However, after a number of trials a different
subpool has good performance and the performance of the original subpool degrades. Then
a third subpool takes over and so forth. We want to modify WM so that it keeps track of
predictions of the right subpool without too many additional mistakes. In what follows we
only consider subpools of size one. (Generalizations in the spirit of the above corollaries are
easily obtained.) Thus the scenario is that one algorithm of the pool makes few mistakes
for an initial number of trials. After that some other algorithm of the pool performs well
for a number of trials and so forth. The modified Weighted Majority algorithm WML has
no a priori knowledge as to which algorithm’s prediction is currently accurate or for how
many trials.

Weighted Majority Algorithm WML: The algorithm has two fized parameters (3
and v with the ranges 0 < B < 1 and 0 < 7 < %, respectively. Fach algorithm of the
pool A receives a positive initial weight. The algorithm WML is identical to WM except
that whenever the original algorithm updates a current weight (by multiplying it by ), the

modified algorithm only makes the update if the weight before the update is larger than |W—|

times the total weight of all algorithms at the beginning of the trial.
Note that in the case v = 0, WML is identical to WM.

Lemma 3.1: Let S be any sequence of instances with binary labels and lel mqy be the
minimum number of mistakes made on the sequence S by any one of a pool A of n
algorithms. If the initial weight of each algorithm is at least ﬁn_w times the total initial

log ;7+m0 log %

weight, then WML when applied to pool A makes at most mistakes on S,

log %
where u = # + (1 = B)y. Furthermore, the final weight of each algorithm is at least ﬁn_w
times the total final weight.
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Proof. Assume without loss of generality that the prediction of WML was 0 in a
trial in which a mistake was made. Thus weights of pool members predicting 0 are to be
decreased. Let gg and ¢; be the total weight at the beginning of the trial of the algorithms
predicting 0 and 1 respectively. Let ¢* be the total weight of the algorithms of the pool
that predicted 0 but whose weights are not changed during this trial because they are
too small. By assumption ¢* < 7(¢o + ¢1). Then the total weight after the trial will be
Blgo—¢)+ ¢ +q < #(qo + ¢1) + (1 — 5)¢*. The ratio of this total to the total before

the trial is bounded by # + (1 — B)y. Since we have assumed that v < %, this bound
is less than 1. Thus a bound for WML follows from the argument at the beginning of the

previous section using the fact that the final sum of weights is at least %winitﬁmo.

It is easy to see that since the total weight is never increased, and individual weights are
not decreased if they are too small, the final weight of each algorithm will have the specified
relation with the total final weight. [l

We can apply the above lemma to subsequences of a sequence of trials and get the
following.

Theorem 3.1: Let S be a sequence of instances with binary labels and let Sy, - - -, Sk be any
partitioning of S into k subsequences. Let l; be the number of trials in the i-th subsequence.
Let A be any pool of n algorithms and let m; be the minimum number of mistakes made by
any algorithm of the pool A on the subsequence S;, for 1 < ¢ < k. If all initial weights of
the algorithms are at least ﬁn_w times the total initial weight, then WML when applied to pool

log %+mi

log 1
A makes at most S-F_, min({l;, °5Y) mistakes on S, where u = M5 4 (1-8)y.

log %

Proof. We simply apply the previous lemma to each subsequence S;. O

4 Selection From an Infinite Pool

In this section we assume that there is a countably infinite pool of algorithms indexed
with some computable indexing (that is, we assume that there exists a simulation algorithm
for the pool that can simulate any algorithm of the pool, given its index). We assume that
the ¢—th algorithm makes at most m; mistakes for a sequence of instances and labels
S. We will develop a version of the Weighted Majority Algorithm that makes at most
}1>1{1’(c(10g2 i+ m;)) mistakes on S, where ¢ is a constant that depends on the parameters of

the algorithm.

Assume for the moment that the original algorithm WM could keep track of infinitely

many weights and suppose, for example, that the initial weight associated with the ith pool
member is w; = m, for « > 1. Then the total initial weight is w;e = > ;2 w; = 1.
B

For each ¢ we have that the final sum of the weights is at least w;3™ = HESIE Applying

logi(i+1)+m;log %
log 775

Theorem 2.1 we get that WM makes at most 11>11;( ) mistakes when applied
Z_
to the countably infinite pool on the sequence §.

The above approach is flawed because we obviously can’t run WM on infinitely many
weights. Instead, we construct an algorithm WMIs that uses an increasing initial segment
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of “active” weights®. This algorithm and its analysis is based on techniques introduced by
Barzdin and Freivalds [BF74] (they consider only the 8 = 0 case). These techniques, in
addition to dealing with an infinite pool size, also allow one to work with finite-precision
approximations to the weights in calculating the predictions of the algorithm. Though we
do not consider this issue elsewhere in the paper, the analysis of this algorithm can be taken
as an example of how to take approximate computations into account.®

Weighted Majority Algorithm WDMIs: The algorithm is run on a countably infinite
pool of algorithms, indexed with the positive integers. It has one fixed parameter 3 in the
range 0 < 8 < 1. It is also given lwo computable functions, W and w defined on the positive
integers (W needs only to be computable to arbitrary precision); the first is used to determine

the initial weights, and the second is some function satisfying W(z) > 252, W(j) and
lim I//I\/(z) = 0. (Since there is flexibility in the choice Ofw we can assume for convenience
11— 00

that it is chosen so that it is exactly computable.) This algorithm is similar to WM. Instead
of working with the weights of all of the algorithms, WMIy works with only the weights of an
active subpool in each trial. The prediction of the algorithm is based solely on the predictions
of the active subpool and only weights corresponding to algorithms of the active subpool are
subject to change. The active subpool consists of pool members with indices 1 through [, for
some [ that is determined by the algorithm. The value of | is initialized to zero. Then initially
and at the conclusion of any trial in which a mistake is made it is increased, if necessary,

until the inequality W(l +1)< (l—ﬁ)(?nm:f)(m“)w(l) is satisfied, where u = # and m is
the number of mistakes thal have been made. When [ is increased the weightls of the newly
active algorithms are initialized. The initial weight of the t-th algorithm of the pool is set to
W(i). To make a prediction, WMIg computes the sum qo of the weights of the active pool
members predicting 0 for the current instance, and the sum g of the weights of the aclive
pool members predicting 1. Suppose that a tolal of m mistakes have been made in previous

. wm LT . . wm LW
trials. If qo > q1 + (l_ﬁ)(mﬁ/)((l%_l_?) then WMIqy predicts 0; if ¢1 > qo + (1—ﬁ)(m+vy)((lﬂ)l+2)

then WMI9y predicts 1. If neither of these inequalities holds, WMIy is allowed to predict 0
or 1. (This allows WMIs to use finite-precision approzimations to qo and q,.) After the
label is received in a trial in which WMIy has made a mistake, the weight of each active
pool member that disagreed with the label is multiplied by 3. The final action of each trial
in which a mistake is made is to increase | as necessary, as described earlier.

When the sums of tails of the series Y 2, W (i) are easy to compute, it is natural to
take W(i) = 252, W(j). When this is done, W (1) is the sum of the initial values of
the full infinite sequence of weights. Note that instead of storing the current weights, an
implementation of WMI9 can store the number of mistakes made by each pool member
(while active) and use this information to calculate gy and ¢; to the necessary precision.

Theorem 4.1: Let S be any sequence of instances with binary labels on which the tth
algorithm A; makes at most m; mistakes (for all i > 1). Let W and W be computable
functions satisfying the inequalily given in the description of WMlgy. After any initial
sequence of trials, lel w; be the current value of the i-th weight of WMIy, for « <1, and let

®We use the name WMI5 to distinguish this algorithm from the similar algorithm called WMI in earlier
versions of this paper [LW89a,LW89b]. The version presented here improves the best mistake bound that can
be obtained from the algorithm to match the essentially optimal bound of Barzdin and Freivalds [BF72,BF74]
in the case where # = 0 and there exists a consistent pool member.

®The earlier version, WMI [LW89a,LW89b], does not take finite precision into account.
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wi = W() fori > 1. Letu = # Then the following holds for WMI9 when applied to the
countably infinite pool A on the sequence S:

1. At the beginning of any trial the size of the active pool is the minimum [ such that
Fa um-l-l
W+ < Gpyimenemr)
made by WMIg in prior trials.

1/47(1), where m is the number of mistakes that have been

2. After any initial sequence of trials in which m mistakes have been made by WMIy

Zwi < <2— ! )umI//I\/(l)
= m+ 1

3. If 0 < B < 1, then the total number of mistakes made by WDMIy is al most
log(W (1)/W (i) )+m; log L +1o
12{( (W () (lii—l—l ¥ g2). If B = 0 and for some i, m; = 0, then the tlolal

number of mistakes made by WMIg is bounded by 1 4 log,(W(1)/W (7)).
Proof of 1. This follows immediately from the construction of WMI5.

Proof of 2. We prove this by induction on m. It clearly holds for m = 0. Suppose
that the claim holds for some m > 0 and consider the trial in which the (m + 1)-st mistake
is made. Let gg be the sum of the weights, at the beginning of that trial, of the active pool
members predicting 0, let ¢; be the sum of the weights of the active members predicting

1, and let ¢* be the sum of the (future initial) weights of the inactive members. Thus
g =22 W) < W(l+1)< (1_5)(;71:11)@”)17/(1). Suppose that WMIy predicted 0.
(An analogous argument applies in the case that WMIs predicted 1.) Thus we must have

o < ot (l_g)wg:ﬁ/)((z_l_?). The (m + 1)-st mistake causes the total weight > 2, w; to be

updated to

w (1) ) ‘e
)

Bao+q+q° < ﬁqﬁqﬁ#(%—ql*(1—6)(m+1)(m+2

1+ 1 o 1-3 2u o
- T(Q_—m+1)u W+ — <(1—ﬁ)(m+1)(m+2))“ W)
= <_—m12)um+lvv(1)

as desired.

Proof of 3. First we consider the case 0 < 8 < 1. Since the ¢-th algorithm in the pool
makes at most m; mistakes, the final sum of the weights 72, w; is at least 3™ W (7). By 2,
if WMI5 makes m mistakes then the final sum of the weights is at most QUmW(l). Solving

the resulting inequality for m gives the desired upper bound on m. When m; = 0, then the
final sum of the weights is at least W(z). When § = 0, then u = 1. Thus if WMI5 makes

m mistakes in this case then W (7) < 2(%)mW(1), which yields the desired bound. O

As we vary our choices of initial weights we encounter a trade-off between the size of
the mistake bound that we obtain and the size to which the active pool may grow.” We

"If the same weight sequence is used, the earlier algorithm WMI [LW89a,LW89b] uses a slightly smaller
active pool, at the expense of a slightly larger mistake bound. See [LW89a,LW89b] for the corresponding
versions of Corollaries 4.1, 4.2, and 4.3.
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examine this trade-off in the following corollaries, which follow immediately. For brevity,
we omit statement of the results for 3 = 0. Some results regarding the 8 = 0 case are given
at the end of the next section.

Corollary 4.1: Let S be any sequence of instances with binary labels on which the tth
algorithm makes alt most m; mistakes (i > 1). Let W (1) = m and W (i) = Ym W)=
%. Then the following holds for WMI9 when applied to the countably infinite pool A on the
sequence S:
1. After m nustakes have been made by WDMIy the size of the active pool is
(1= B)(m+ 1)(m + 2)(:25) ] - 1.
2.If 3 > 0 the total number m of mistakes made by WMIy is at most

X log, (¢(i41))+m; log, %—I—l
inf 5 .
i>1 logs 135

O

In the introduction of this section we derived a bound for running WM on infinitely
many weights. The bound for this infeasible algorithm is identical to the one given in
the above corollary except for the absence of 1 in the numerator. Note that in the above
corollary the pool size grows exponentially in m, which is of course an improvement over an
infinite pool size. In Section 7, we will study the best that can be done when g = 0, without
regard to computational complexity; we will give a weight sequence that gives a somewhat
smaller mistake bound than the bound of this corollary. There we will be uninterested in
the pool size. For the rest of the current section we will take the point of view of one
interested in practical application of this algorithm, for whom questions of computational
efficiency, and therefore of the size of the active pool, are important. We thus do not want
the pool size to grow exponentially in the number of mistakes that are made (particularly
in cases where the number of mistakes grows linearly with the number of trials, which can
be expected, for example, when the learner faces noisy data; see Section 8).

By choosing a different weight sequence one can assure that the pool size grows only
linearly in m, but this increases the rate of growth of the mistake bound with the index ¢:
in the above corollary the dependence on the index ¢ is logarithmic; below it is linear.

Corollary 4.2: Let S be any sequence of instances with binary labels on which the tth

algorithm makes at most m; mistakes (¢ > 1). Let W (i) = (%)Z and I//I\/(z) =252 W(j) =

i—1
(%) . Then the following holds for WMI9 when applied to the countably infinite pool A

on the sequence S:
1. After m mistakes have been made by WDMIy the size of the active pool is

[logy(1 = ) +logy((m + 1)(m + 2)) + (m + 1) logy .

; , . ooitmilogy 541
2. The total number m of mistakes made by WMI9 is at most 111f(%
i>1  log 135

).
O
Observe that the weights chosen in both corollaries might be useful for particular

applications. For example, if m; = (¢), then choosing the weights as a sequence decreasing
exponentially with ¢ (as done in the second corollary) only increases the mistake bound by a
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constant factor over the bound using the choice of weights given in the first corollary. Thus
at the cost of increasing the mistake bound by a constant factor a significantly smaller pool
size is obtained using the exponentially decreasing weight sequence.

In general, when given an infinite sequence of algorithms A; with mistake bounds m;, it
is reasonable to choose the initial weights such that

L. 3772, W(j) is finite and
2. the two summands log(W(1)/W(i)) and m; log% of the numerator of the bound on
the total number of mistakes given in Part 3 of the above theorem are roughly equal.
The following corollary gives a weight sequence that is useful when m; grows exponentially
with ¢. A very similar version has been applied in [HSW90].
Corollary 4.3: Let 5 be any sequence of insltances with binary labels on which the ith

9i—1 o i—1
algorithm makes at most m; mistakes (i > 1). Let W(1) = (%) and W (i) =2 (%)
Then the following holds for WMIy when applied to the countably infinite pool A on the
sequence S:

1. After m mistakes have been made by WDMIy the size of the active pool is
[bgz[logz(l — B) +log,y((m + 1)(m + 2)) + (m + 1) log, 35 + 1]],
201, log, %—I—l

2. The total number m of mistakes made by WMIy is at most inf( 2
i>1 logy 735

).
Proof. Given the inequality W (i) > 252, W(j) then parts 1 and 2 of the corollary are
a straightforward application of parts 1 and 3, respectively, of the previous theorem. To
show the above inequality we bound the infinite sum from above by the geometric series

2i—1
with ratio % and first summand (%) :

ST S @07

j:2€—1

O

We give an example making use of the results of this corollary. The example is a
generalization of the r-of-k threshold function example given in the introduction. We
assume that we are to learn a class of target functions using an algorithm A that takes
a single parameter g. Associated with each target function are two parameters £ > 1 and r
(these can be thought of, if one likes, as measures of the complexity of the target function).
We assume that algorithm A has the property that whenever its parameter ¢ is at least k
then the number of mistakes made by A is bounded by B(g¢,7) = ¢ - g(r), for any target
function with parameters k& and r. If the parameter ¢ < k, then B(q,r) is not assumed
to be a bound on the number of mistakes (in fact, the number of mistakes the algorithm
makes might be unbounded). Assume that ¢g(r) > rq for all choices of r.

A bound of this form will be minimized if we choose the parameter ¢ = k. (We are
not claiming that the algorithm will necessarily make the fewest mistakes for a given target
function when ¢ = k, but that the best bound that we can obtain from the information
given will be obtained when ¢ = k. If our bounds accurately reflect the behavior of the
algorithm then this will indeed be a good choice of ¢.) Our goal here is to construct an
algorithm that makes a number of mistakes close to B(k,r), without knowing k, for any &
and r and any target function with parameters k and r chosen from the target class.
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Under the assumptions that we have made, the mistake bound for A(g) is at most
2B(k,r) for any ¢ in the range k < ¢ < 2k. Because of this, it suffices for our purposes
to apply WMI»s to the infinite pool of algorithms A(1), A(2), A(4), A(8), .... Though the
optimal choice of ¢ may not be included in this pool, an algorithm is included whose bound
is at most twice the bound for the optimal choice.

The mistake bound given to us for the i-th algorithm of this pool is m; = B(2i~1,r) =
2i=1g(r) for any 7 such that 2°~' > k. This bound grows exponentially in i. Thus the
weights given in Corollary 4.3 will serve us well.

By Corollary 4.3 we get a mistake bound of

9i-1 (1 + g(r)log, %) +1

log, ﬁ

where i is the least positive integer such that 2=! > k. By assumption g(r) > ro. Thus the
above expression is bounded by

B(Qi_l,'r) (% + log, %) +1

log, ﬁ

Since B(q,r) = q-g(r), and there exists some i such that & < 2°~! < 2k, we obtain a bound

2B(k,r) (% + log, %) +1

log, ﬁ

which is O(B(k,r)). The active pool size of this algorithm grows logarithmically in the
number of mistakes that have been made.

5 Generalized Analysis

In this section we introduce two new master algorithms WMG and WMC. The original
algorithm WM is a special case of the generalized version WMG. The generalized analysis
given here for the new variants will also be used in the next section for deriving bounds
for the randomized version WMR of WM. The purpose of this section is to give a unified
analysis for all three versions WMG, WMC and WMR. Separate direct and simple proofs
for the upper bounds of WMG and WMR are provided in the appendix.

Assumptions for WMG and WMC: Both new algorithms allow the predictions of
the algorithms of the pool to be chosen from [0, 1] (instead of being binary as for WM).
The predictions of WMG must be binary while the predictions of WMC are allowed to be
chosen from the interval [0,1]. The labels associated with the instances are assumed to be

binary for WMG and in [0, 1] for WMC.

The update step of the Weighted Majority Algorithm and its variants is the step in which
each weight is multiplied by some factor. In algorithm WM this step only occurs during
trials in which a mistake is made. However, it is easy to see that the same mistake bound
we have given will be obtained if updates are performed in every trial.
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Update criteria for WMG and WMC: WMC updates at every trial (the same

criterion is used for WMR introduced in the next section). For WMG an update step is

executed either in every trial or only in trials in which a mistake occurs.®

We introduce notation to enable us to refer to values that occur in each trial in which
an update step occurs. We use the term wupdate-trial j to refer to the jth trial in which
an update step occurs. We assume that there are a total of ¢ such trials. (Thus ¢ either
denotes the total number of trials or the total number of mistakes, depending on the update
criterion.) We assume that the master algorithm is applied to a pool of n algorithms, letting

(
k3
the prediction of the master algorithm in update-trial 7, p(j) denote the label of update-trial
7 and ng), .. .,w;]) denote the weights at the beginning of update-trial j. (Consequently,

H_l), .. .,w7(~f+1) denote the weights following the final trial.) We assume that all initial

(1)

7

Let sU) = o0, wz(-j) and

29 denote the prediction of the ¢th algorithm of the pool in update-trial 5. Let M) denote

w)

weights w;™’ are positive.

Thus s(t) = w;,; and s(t+1) = W i,

Prediction of WMC and WMG: In the case of WMC the prediction AU) equals v(7).

For WMG, A9 is 1 when v(9) is greater than % and is 0 when v is less than % (either

prediction is allowed if v\/) = ).

If predictions are continuous then the notion of mistake has to be replaced by a quantity
that measures how far the prediction is from the correct label. In this paper we will use
the absolute loss. If an algorithm predicts z in a trial with label p, we say that its loss
in that trial is |@ — p|; this definition applies both to algorithms in the pool and to the
master algorithm. We denote the total loss of the master algorithm over all trials by m,
and the total loss over all trials of algorithm ¢ of the pool by m;. Since an update occurs
in at least those trials in which the master algorithm makes a mistake, the total loss of
the master algorithm is m = E;’:l |/\(j) - p(j)|. Algorithms in the pool may incur loss in
trials without updates, so, unless updates occur in all trials, we cannot get the total loss
of algorithms in the pool by summing over update trials. Instead, we have the inequality

m; > 2221 |x£]) — p(j)|. Note that in the case where both the predictions of the pool
members and the labels are binary, the losses of the pool members become numbers of
mistakes, and similarly if both the predictions of the master algorithm and the labels are
restricted to being binary then the loss of the master becomes a measure of its mistakes.

More than one form of the update is possible. We will specify a class of possible updates;
our bounds apply to all members of the class. All updates in the class coincide with the
update of WM given in the introduction in the special case that the pool members produce
boolean predictions.

Update step for WMG and WMC: In an update step of WMG and WMC (and
(9)

the randomized version WMR of the next section) each weight w;"’ is multiplied by some

8More precisely, bounds for WM and WMG hold as long as an update step occurs in every trial in which
a mistake occurred and possibly in some trials in which no mistake occurred; for simplicity, we restrict
discussion to the extreme cases mentioned.
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factor F that depends® on 3, z i , and p( 7

wz(-j-l_l) =F wz(-j), where F' can be any factor that satisfies

ﬁ|$§J)_p(J)| <F<1-(1- ﬁ)|$£]) _ ,O(j)|- (5.1)

The following lemma implies that such a factor exists; in particular either the upper or the
lower bound given for F can be chosen as the update factor. Recall that we defined 0° to
equal 1.

Lemma 5.1: For 3> 0and 0<r<1, 5" <1+r(f-1).

Proof It is easy to check the inequality for the case of 3 = 0. If 3 > 0 then the inequality
follows from the convexity of 6" as a function of r for any § > 0. Convexity implies that
for 0 <r <1, <(1-7r)B%°+ rBt, which is another way of writing the inequality. O

The next lemma is the basic lemma used to derive bounds for the loss of the master
algorithms WMG and WMC (and for the expected loss of WMR of the next section).

Lemma 5.2: Assume that wl(-l)>0f0ri:1, ,m. Assume 0 < g < 1, O<p()<1 and
O<ac( <lforj=1,...,tandi=1,...,n. Assumewz(»ﬁ)ng(» (1 —(1—ﬁ)|xi — pW))
forj_1,...,tandz_1,...,n. Then if 3 = 0 and |7\ — pW)| = 1 for some j in {1,...,1}
then wy;, = 0. Otherwise

In 2 <Zln (1- 1—ﬂ)|ﬂ/(j)—p(j)|)

w
init i=1

Proof  First we deal with the case where 3 = 0 and there is a trial j such that

|y — pl)| = 1. In this case, We have v() = 1 — pl)). For this to occur, for any i
such that w( ) > 0 we must have |x — pU)| = 1. This forces the use of update factors that
make wl(-]-l_ ) = 0 for all 2. Thus wy;, = 0, as desired. Where this case does not occur, we

have from Inequality 5.1 that

n n

U <301 = (1= Bl = o) = 50 = (1= ) 3 w2l )

By the triangle inequality, the above is bounded above by

n

s = (1= B) 3wl (@) = p)] = s — (1= B)ly st — plDs0)]
=1
= sV = (1= B = ).
Thus

¢
St+1) H (1- /(j) _ p(j)|)

®Theorems 5.1 and 5.2 can be obtained without requiring that F satisfy the lower bound specified in
Inequality 5.1 (but since the bounds of these theorems grow as wy;, shrinks, the bounds may become
uninteresting if F' is too small). Both bounds on F of Inequality 5.1 are used to obtain Corollaries 5.1 and
5.2.



18 5. Generalized Analysis
Taking logarithms gives the desired result. U

We use the above lemma to obtain the same bound for WMG as we did for WM in
Theorem 2.1. Recall that for WMG, p(j), AU) ¢ {0,1} but the ng) are allowed to be chosen

from [0, 1]. For the case where the ng) are discrete as well, the algorithms WM and WMG
are identical.

Theorem 5.1: Let S be any sequence of instances with binary labels. Suppose the algorithm
WMG (updating in every trial or only when mistakes are made) is run with 0 < § < 1 on
the sequence S and m is the total number of mistakes of WMG when applied to some pool
Winat
Wfin

lo

of prediction algorithms. Then m <
°8 T35

Proof If 5 =0and |y() —pl)| =1 for some j in {1,...,t}, then wyin = 0 and the bound
becomes vacuous. Otherwise, let m(9) be 1 if WMG makes a mistake in update-trial j, and
0 otherwise. The total number of mistakes made by WMG is m = E§'=1 m). (For the
version of WMG that only updates when a mistake is made, we are only paying attention
to trials in which a mistake is made; thus m{) is 1 for all j.) Note that if ) < % then

Since log(1 — (1 — B)|yW) — pl)|) < 0, we have

1
dlog(1— (1= —pV) < 37 log(1— (1= By — V)
7=1

7 s.t. m=1
1 1 1
< mlog(l—S(1-8)) = mlog(5 + 58)
2 2 2
It is easy to see that the conditions for the application of Lemma 5.2 apply and thus

Diin < mlog + /6
Winit 2

log
O

A simple proof of the above bound that does not rely on Lemma 5.2 is given in the
appendix. The method there is to redefine ¢y and ¢; and essentially use the proof of
Theorem 2.1.

From the definition of the total loss m; of the ith algorithm and the definition of the

update step (Inequality 5.1) we have wz(t-H) > wl(-l)ﬁmi and wy, > i, wl(-l)ﬁmi. These
inequalities become equalities if an update occurs in each trial and all update factors are
made as small as allowed. Using these inequalities, corollaries in the spirit of corollaries 2.1
to 2.3 could easily be derived. We will only state the one corresponding to Corollary 2.1.

For this corollary assume all initial weights are equal and 3 > 0.

Corollary 5.1: Assume that A is a pool of n prediction algorithms and that m; is the total
loss of the i-th algorithm of the pool on a sequence S of instances with binary labels. Then
log n+m; log %

log 1i,6

WMG when applied to pool A with equal initial weights makes at most mistakes

on the sequence S, for 1 < i < |A|.
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In general, the larger the lower bound used for wy;,, the better the upper bound provided
by the above theorem. If in each update the smallest allowable factor is used (Inequality

5.1) then wy;, > 30, wz(»l)ﬁmi. However if the largest factor is used in each update we get

Wiin > Yoy wl(-l) Mo (1—-(1- ﬁ)|x£]) — p|) which may be much larger than the previous
lower bound on wy;, when 3 is close to 0. The upper bounds we will derive for WMC and
WMR will have the same form as the one given in the above theorem for WMG. Thus the

same comments on the lower bound of wy;, will apply to those bounds as well.

The next lemma will be used for deriving bounds for WMC (and for WMR in the next
section).

Lemma 5.3: If the condilions of Lemma 5.2 are salisfied, then

t In Winit
S ) < pli)] <
i=1 1-4

Proof The lemma follows from the observation that In(1 — (1 — 3)|7) — pU)|) < —(1 -
B)|7) — pl)| and Lemma 5.2. O

Recall that for WMC all predictions and labels are allowed to be in [0, 1] and that the
prediction of WMC in trial j is AU) = ’y(j). Lemma 5.3 gives an upper bound on the total
loss m of WMC'. In the next section we will see that this bound is identical to the bound
on the expected total loss we obtain for WMR in Theorem 6.1. Recall that both WMC
and WMR update in every trial. For WMC we assume that all instances and labels are
deterministic.

Theorem 5.2: Let S be any sequence of instances and labels with labels in [0,1]. Let m be
the total loss of WMC on the sequence S when applied to some pool of prediction algorithms.

In wi@it
Then m < lzifﬁ‘" .
Proof The theorem follows immediately from Lemma 5.3. O

It is interesting to compare the above bound for WMC (continuous prediction) to the
bound obtained in Theorem 5.1 for WMG (discrete prediction). The latter bound is similar

In “’injt
in form: nw;" . The numerators of both bounds are identical. The denominators both
45

approach zero when 3 approaches 1. However, the denominator of the bound for WMC is
larger for § less than 1. The ratio of the denominators approaches 2 as 3 approaches 1,
making the bound for WMC better than the bound for WMG by nearly a factor of two for
0 close to 1.

Corollary 5.2: Assume that A is a pool of n prediction algorithms and that m; is the total
loss of the i-th algorithm of the pool on a sequence S of instances with labels in [0, 1]. If we
apply WMC to pool A with equal initial weights, then it will have a total loss of at most

Inn+m;In 1

5 £ on the sequence S, for 1 < i < |A|.
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6 Randomized Predictions

In this section we give a randomized version of WM called WMR.

Assumptions for WMR: The predictions of the pool members are in [0,1]. The
prediction of WMR is binary but probabilistic. The labels associated with the instances
are binary.

We will use the notation introduced in the previous section. Recall that at trial ;7 WMC
U) 2:‘;1 ng)mgj)

Y,
Also WMG predicts 1 when () > % and 0 when () < % (and either when ) = %)
Prediction of WMR: The new randomized algorithm WMR simply predicts 1 with

probability v(),

predicts v which is the weighted average prediction of the pool members.

Note that if the predictions xgj) of the members of the the pool are binary then “;’(j) =

L where ¢p is the total weight of all algorithms predicting 0 at trial j and ¢; is defined

90+91
similarly.

Update criterion of WMR: Like WMC, WMR updates in every trial.
Update step of WMR: The update step of WMR is the same as the update step of
WMG and WMC described in the previous section (Inequality 5.1).

Bounds on the performance of WMR depend on adequate independence between the
randomization performed by WMR and the choice of the instances and labels. We will
obtain bounds on the expected number of mistakes made by WMR under the following
assumption, which we will refer to as the weak independence condition:

EAD| @M, pM), (2, pl))) =40 (ass))

for j = 1,...,t. (Here we use conditional expectations with respect to random variables,
as described, for example, in [Bil86,5hi84]. The notation (a.s.) stands for “almost surely,”
that is, with probability 1.) The variables appearing in the condition are defined in Section
5. Note that this definition allows each of the acgj) and pl) to be random variables. If
they are deterministically chosen, then all of the weights and ,,,(j ) are deterministic and the
construction of the algorithm guarantees that the weak independence condition holds. (In
that case, for the weak independence condition to hold, it suffices that E(/\(j)) =~ for
all 7, which follows from the construction of the algorithm.)

In addition to bounds on the expected number of mistakes, we will also give a bound
on the probability that the total number of mistakes exceeds the expected number by some
margin. For this bound, we make the following assumption that we will refer to as the
strong independence condition:

EQO|(,p0), .., (2@, p0) A0, A0D) =90 (as)

for j = 1,...,t. Note that in addition to conditioning on the past predictions, we are also
now conditioning on the entire past, present, and future sequence of instances and labels.
Satisfaction of the strong independence condition implies satisfaction of the weak one.
These independence conditions hold under a variety of assumptions about the way the
randomization of WMR is performed and the way the instances and labels are chosen. We
can assume that the instances and labels are generated either deterministically or randomly
without paying any attention to the predictions of the algorithm. For the weak independence
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condition, we can also let them depend arbitrarily on the predictions made by the algorithm
in previous trials. In the case that the generation of the instances and labels is independent
of the randomization of the algorithm, the weak independence condition will hold even
if the random choices of the algorithm are not independent of each other. For example,
one way to implement the randomization of WMR is to choose a real number r uniformly
from the range [0, 1] and to predict 1 if ~) > 7. For the purpose of obtaining expected
mistake bounds, it does not matter whether the random numbers used in each trial are
chosen independently or not; in fact, a single choice of r can be made initially, and this
same number can be used for each trial. In this case, the randomization of the algorithm
is confined to this single choice. If instead a new value for r is chosen independently in
each trial (and independently of the choice of the instances and labels), then the strong
independence condition holds.

There is another way to perform the randomization. Omne can make each prediction
by choosing a member of the pool at random, with probability proportional to its current
weight, and then predicting 1 if that pool member predicts 1 and 0 if it predicts 0. If the
pool member’s prediction is strictly between 0 and 1, then the prediction is determined by
a biased coin flip with the probability of predicting 1 equal to the value of the prediction
of the chosen pool member. As above, the probability of predicting 1 is ,/(j). If the random
choices made by this version of WM R are independent of each other and of the choices of
the instances and labels then the strong independence condition holds.

In the special case when 3 = 0 and all predictions of the pool members are binary, Maass
has observed in independent research [Maa91] that it suffices to make new random choices
in just the trials in which a mistake has been made. If a mistake is not made in a trial, then
one uses the same pool member for prediction in the next trial. Maass views the algorithm
WMR for this special case with the “lazy” update criterion from a different perspective
than ours and has obtained an elegant derivation of the In n bound on the expected number
of mistakes made by WMR when there is an algorithm in the pool of n algorithms (with
equal initial weights) that is consistent with all examples.

In the appendix we show that if the random choices at the end of each trial with a
mistake are independent then the strong independence condition holds for WMR with the
lazy update criterion and the restrictions that 8 = 0 and all predictions of the pool members
are binary.

In this section we only show the weaker result that the weak independence condition
holds, and we further restrict the instances and predictions of the pool members to be
deterministic. We assume equal initial weights. Theorem 6.1 gives the In n bound on the
expected number of mistakes if there is a pool member consistent with all examples. Since
the instances and predictions of the pool members are deterministic, to show that the weak
independence condition holds it suffices to show that E(AW)) = 4\), Thus it is sufficient to
show that at each trial the member with which we predict is equally likely to be any of the
remaining consistent pool members. (The choice of pool member is not independent from
one trial to the next.)

We use induction on the trial number to prove this claim. The claim clearly holds at
the first trial. Note that since the sequence of instances and the algorithms of the pool are
deterministic, the determination of which pool members are consistent at each trial is not
a probabilistic event. The probability of choosing a particular inconsistent pool member
for a response at a given trial is 0. The probability of choosing a particular consistent pool
member is the sum of the probability that it was the chosen member at the previous trial,
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plus the probability that a mistake was made at the previous trial times the probability of
choosing the particular member at this trial. If there were n; consistent members before
the previous trial and ny before the current trial, then from the induction hypothesis the
probability of making a mistake at the previous trial is % Thus the probability of

choosing a particular consistent member at this trial is L+ + ="z L — 1 nroving the
] n no no

claim.
The following theorem gives a bound on the expected number of mistakes made by
WMR if the weak independence condition holds.

Theorem 6.1: Let S be any sequence of instances with binary labels. Let m be the number
of mistakes made by WMR on the sequence S when applied to some pool of prediction
algorithms.

E(In %)

Then under the weak independence condition we have E(m) < 5

Proof By the weak independence condition
E(|,\(j) _ p(j)| | (90(1),,0(1)), B _7($(j)7p(j))) — |7(j) _ p(j)|.

Thus E(|,\(j) _p(j)|) = E(|7(j) _p(j)|)_ Thus E(m) = E(Z;:l |,\(j) _p(j)|) = E(E§:1 |7(j) _
pW)|). The desired bound follows immediately from Lemma 5.3. O

If the predictions of the algorithms of the pool and the labels are all chosen deter-
ministically, then the weights are also deterministic; the bound of Theorem 6.1 becomes

n Yinit
This bound is identical to the bound on the total loss proven for WMC (Theorem 5.2).
The comparison made at the end of Section 5 with the bound of WMG also applies here.
The bound for WMR, like the bound for WMC, is better than the bound for WMG by
nearly a factor of two for 3 close to 1. In the case of WMC this improvement was obtained
by allowing predictions from the interval [0, 1]; here predictions are binary (as for WMG)
and the improvement comes from the randomization. Recently, Vovk [Vov90b,Vov90a] has

shown that with a different rule for computing the randomized prediction one can obtain
In wi@it

the somewhat better expected mistake bound lnwfi, exactly a factor of 2 better than
T+5

our deterministic bound. The bound obtained here and Vovk’s bound for his algorithm

approach each other as 3 approaches 1.

We also obtain the following corollary, analogous to Corollary 5.1 for WMG.

Corollary 6.1: Assume that A is a pool of n prediction algorithms and that m; is the total
loss of the i-th algorithm of the pool on a sequence S of instances with binary labels. If

WMR is applied to pool A with equal initial weights, then the expected number of mistakes

. log n+E(m;)log § .
is at most % on the sequence S, for 1 < i < |Al.

Proof This follows immediately from Theorem 6.1 and the fact that wy;, > > i, wl(»l)ﬁm".
O

In the case that the strong independence condition holds, Chernofl bounds can be used
to obtain bounds on the probability that the actual number of mistakes is much larger than
the expected number.
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We will use a theorem regarding Chernoff bounds applied to supermartingales that is
given in [Lit89a]. Let (X,.A, P) be a probability space and let Gi,...,G, be o-algebras
contained in A and let Sy,...,5; be a sequence of random variables on this probability
space. Then the sequence (51,G1),...,(9,Gy) is a supermartingale if G; C --- C G,,, 9; is
G;-measurable for ¢+ = 1,...,n, E(|5;]) is finite for ¢ = 1,...,n, and E(9;+1]G;) < 5; (a.s.)
fore=1,...,n— 1.

Theorem 6.2: [Lit89a] Let (X, A, P) be a probability space and let G C Gy C Gy C--- C
G; be o-algebras contained in A. Let &q,...,& be a sequence of random variables on this
probability space such that 0 < &; < 1 for each i, and lel ¢q,. .., ¢; be G-measurable random
variables with 0 < ¢; <1 forv=1,...,t. Lel

Sj=> (&~ )

=1

and let So = 0. Let p = %E;zl c;. Let a be a G-measurable random variable. Then if the
sequence ((S0,Go), - - -, (St,Gt)) is a supermartingale, then the following statement holds at
almost every point in X for which 0 < p < 1. If 0 < a < u then

P(S; > at|G) < e /(1)

We obtain the following bound.

Theorem 6.3: Let S be any sequence of instances with binary labels and let A be some
pool of prediction algorithms. Suppose that WMR, applied to A, is run on this sequence.
Let m be a random variable giving the number of mistakes made. Suppose that the strong
independence condition holds. If S contains t instances, and if b and a are functions of
(M, pMy, o (2D, pO)Y such that E(m|(z™M), pM), ..., (&, p®)) < b (a.s.) and 0 < a <
1, then

P(m > (14 a)b|(z™, pM), .. (2@, p0)) < @3 (a.s.)

Proof Suppose there are ¢ trials. Let {; = A — pD|. Thus m = 22‘:1 . Let ¢; =
E(&](2M, pM), . (2, o) + 16— E(m|(z™), pM),..., (21, p1))). Thus 5_; ¢; = b.

j=1
Let S; = 37 (& — ¢;) and let S = 0. Let G = Gy denote the o-algebra generated by
(x(l),p(l)), .. .,(x(t),p(t)), and for j = 1,...,¢, let G; denote the o-algebra generated by G
and Aq,...,A;. Note that S5; is G;-measurable and since 'y(j) is a function of the instances

and labels it is G-measurable. Note also that E(£;|G) and E(&|(z(M), p(), ... (2, p())
are two ways of writing the same thing. Under the strong independence assumption we
havefor j=1,...,n—1

E( —¢jlGi-) = WY oV —¢;  (as.)
This is G-measurable, and thus equals E(§; — ¢;|G) = E(§;|G) — ¢; < 0 (a.s.). Thus
E(S;1Gj-1) = Sj—1 + E(& — ¢;(G;-1)

<551 (a.s.)
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Thus if we let @ = ab/t and p = b/t the hypotheses of Theorem 6.2 are satisfied, yielding

{
P(3 (& — ¢) > ablG) < =@t/ Gw)

=1

which is one way of writing the desired inequality. O

We will give an application of this theorem in Section 8. There the instances and labels
are deterministically chosen. One use of the theorem for random instances and labels is
in a case where there exists some constant by such that P(b < bg) > 1 — § for some small
8. Then P(m > (14 a)band b < bol(zW), pM), ..., (2, p1))) < e72"%/3 (a5.) and thus
P(m > (14 a)b) < e=®h/3 4§,

7 Pools of Functions

In this section we consider the case in which the Weighted Majority Algorithm is applied
to a pool of functions. (All functions are from the instance domain to {0,1}.) We can think
of such a pool of functions as a pool of prediction algorithms by interpreting a function
f in the pool as the prediction algorithm that predicts f(x) for any trial with instance
X. The results in this section apply to the case where there exists a function in the pool
that is consistent with the sequence of trials. In this section we consider only deterministic
algorithms for the case when all predictions are binary; the only master algorithm we
work with is WM (This section is independent of Sections 5 and 6). We study what can
be achieved by the Weighted Majority Algorithm if one desires to obtain better mistake
bounds for some functions in a pool of algorithms at the expense of worse bounds for
others. We show that under certain (rather strong) restrictions on the target class, WM
is an optimal (deterministic) algorithm in a strong sense: given any deterministic on-line
prediction algorithm A, there exists a way to choose initial weights for WM so that for each
function in the target class the mistake bound for WM is at least as small as the mistake
bound for A. (Note that this is stronger than just saying that the worst case mistake bound
for WM for the target class is no larger than the worst case bound for A for the target
class.)

At the end of this section we turn from finite to infinite target classes, giving results
regarding what sequences of mistake bounds are possible for arbitrary target classes.

Theorem 7.1: Lel ¢1,..., ¢, be a pool of functions with range {0,1} and let My, ..., M,
be non-negative integers such that Y7, 2=Mi < 2. If algorithm WM is applied to the pool
with initial weighls w; = 27M; and with 8 = 0, and if the sequence of trials is consistent
with some function @; of the pool, then the algorithm makes at most M; mistakes.

Proof From Theorem 2.1, we obtain the following upper bound on the number of mistakes

of WM:
logy > 27M —log, 27 M < 1+ M,.
j=1

Since both M; and the number of mistakes made are integers, this gives the desired bound.

O
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We next show that in one special case the Weighted Majority Algorithm is optimal.
We say that a set of {0,1}-valued functions, ¢4, ..., ¢,, each with domain X, is shattered
by X if (¢1(2),...,pn(z)) ranges over all of {0,1}" as = ranges over X. This notion of
shattering has been considered by Assouad [Ass83]. It is dual to the notion of shattering
used to define the Vapnik-Chervonenkis dimension of a concept class [VC71,BEHWS89]. If
a pool of functions is shattered by its domain, then there is a lower bound matching the
above upper bound for the number of mistakes made by any deterministic algorithm.

Note that the applicability of the optimality result that follows is limited. A simple
counting argument shows that for a domain X to shatter a function class requires the size
of the function class to be no greater than log, | X]|.

We first give two lemmas that we will need.

Lemma 7.1: Suppose that 1, ..., 1, are positive real numbers such that the quotient r;/7;11
is an integer for i = 1,...,nm — 1. Then if 0 < s < Y7, r; and s/ry is an inleger, there
exists an m < n such that Y 'y r; = s.

Proof If r; = sthen we are done. Otherwise, 71 < s. Let j be the largest integer such that
Ef;ll r; < s. By hypothesis, j — 1 < n so 7 < n. From the choice of j we have Egzl r; > S.
It will complete the proof of the lemma to show that it is also the case that Zgzl r; < s. To
see this, note that there must exist integers [ and I’ such that Ef;ll ri = Irj and s = l'r;.

Since we are assuming that Ir; < I'r; we must have E‘Zzl ri =+ 1)r; <lU'r; =s, as

desired. O]

Lemma 7.2: Given ry,...,7; > 0, suppose thatl logyrq,...,log, r; are integers (notl nec-

essarily posilive) and suppose that | is an integer such that Maxr; <2< Ele r;. Then

there exists a set K C {1,...,5} such that Y ;e i = 2.

Proof Letr,..., 7% beapermutation of ry,...,7; such that rf > --- > r’. Let k; = log, r!.
Then r{/ri,, = 2ki—ki+1 which is an integer fori = 1,...,5—1. Similarly, 2!/} is an integer.
Thus by Lemma 7.1 there exists some m such that 37 rl = 2L O

Theorem 7.2: Let {¢1,...,0,} be any collection of {0,1}-valued functions that is shat-
tered by its domain (the domain can be finite or infinite), let A be any deterministic on-line
learning algorithm, and for i = 1,...,n let M; denote the marimum number of mistakes A
makes on any sequence consistent with ;. Assume that all of these M; are finite. Then
S 27 M9,

Proof We will first give a rough outline of the proof. An adversary constructs a sequence
of trials for the learning algorithm. The adversary assigns to each function ; in the target
class a weight that is equal to 27, These weights remain fixed, except that after each trial
is generated the adversary sets to zero the weights of those functions that are not consistent
with the trials that have been generated. The adversary picks instances and labels so that
the learner makes a mistake at each trial and so that, no matter what the learning algorithm
does, the sum of the weights of the consistent functions decreases by approximately a factor
of two at each trial. Eventually, since consistent functions are eliminated at each trial, there
must be a consistent function ¢; whose weight is a substantial fraction of the sum of the
weights of the remaining consistent functions. If we let s = 3-% , 2=™: then the sum of the
weights of the remaining consistent functions will be roughly s27!, where ¢ is the number
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of trials that have been generated. The weight of the consistent function ¢; will be 2=M;
Our argument will show that for this j the value of s27¢/2=M is bounded by some small
constant, call it ¢ for now. The learner will have made ¢ mistakes; since ¢; is consistent
with all of the trials, we must have t < M;. Thus we have s/c¢ < 21=M; < 1. When we fill
in the details this will give the bound of the theorem.

We now give the details of the proof. The adversary maintains weights corresponding
to the functions ¢1,...,®, in variables uj, ..., u,. Initially for each i, u; = 2=Mi. The
trials are generated by repeating the following procedure; each iteration other than the
final one generates one trial. Let r denote the number of the trial to be generated during
the current iteration. For the first iteration r = 1 and it is incremented by 1 at each
iteration. At the beginning of the rth iteration, the adversary sets k, = [log, > iy u;].
Thus 2% < 37, u; < 25+ (Note that k, is not necessarily positive.) If maxu; > 2Fr—!

k3

then the adversary stops without generating any further trials. A total of r—1 trials will have

been generated. Otherwise, we apply Lemma 7.2, with the r; in the lemma corresponding

to the current values of the u;. (In iterations after the first, some of the u; will be zero; it

that case we apply the lemma to the subsequence consisting of the u; that are non-zero.)

Since max u; < 2F71 < "™ «;, this lemma tells us that there exists some K C {1,...,n}
k3

such that 3", u; = 2% 71, The adversary chooses an instance x for the current trial such
that ¢;(x) = 0 for ¢ € K and p;(x) = 1if ¢ ¢ K. This is possible because the target class
is shattered by the domain. It chooses the label p so that it is not equal to the prediction
of algorithm A. (We will argue later that there will be at least one function in the target
class consistent with all pairs of instances and labels chosen by the adversary.) Thus the
learner makes a mistake at each trial. In preparation for the next iteration, the adversary
sets u; to zero if ¢;(x) # p, for each 1.

The adversary continues to generate trials by repeating this strategy until it terminates
as described. In a moment, we will argue that it does indeed terminate. First note that
at the rth iteration, Y2™, u; > 2. If the strategy does not terminate at the beginning of
this iteration, then for the set K determined during this iteration, 3, u; = 2% 71, Thus
we also have } g5 u; 2> 2F»=1 Hence when the adversary updates the u; at the end of the
iteration, it will decrease S.™ , u; by at least 257 ~!. Furthermore, the new value of Y7 u;
will be at least 2% 1. The strategy must terminate since at least one non-zero u; is set to
zero during each iteration.

For » > 1, the argument of the previous paragraph tells us that at the beginning
of the rth iteration, 3.7  u; > 2¥-171 Since at that time 2% *! > 7 u; we have
k, +1 > k,_1 — 1. Therefore, k. > k.1 — 1. Hence k, > k; — (r — 1). This holds even
if termination occurs at the beginning of iteration r. If a total of ¢ trials are generated,
then termination occurs at the beginning of the (¢ 4+ 1)st iteration, at which time we have
max u; > 2kiy1-1 > 2k1—(t+1)

k3

We now show how to choose a target function ¢;. Choose j such that at the beginning of
iteration ¢ + 1 we have u; = maxu;. Since u; > 0 it is still at its initial value. Substituting

k3

the definitions of u; and k; into the inequality at the end of the previous paragraph, we

obtain
2_MJ > 2|_10g2 Z:;l 27 Mi|—(t41)

From this we get
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t+1-M;> {bg(z ZQ‘MiJ

=1
Since u; is non-zero at termination, the function ¢; must have been consistent with all of

the labels and therefore could be the target function. Since the learner has made ¢ mistakes,
we must have ¢t < M;, so

{ngEQ_M"J <1

=1
Thus
n
log, > 27" < 1
=1
Cle)
n
oM<
=1
as desired. O
Suppose that for some set of integers My,..., M, we want to construct a learning

algorithm that makes no more than M; mistakes if the target function turns out to be
w; for i = 1,...,n. When the domain shatters the target class {¢1,..., ¥}, the following
corollary tells us that if any algorithm can accomplish this, then there is a way to choose
the initial weights for WM that will do so.

Corollary 7.1: Let {¢1,...,0n} be a collection of functions with range {0, 1} that is shat-
tered by the domain X . Suppose that A is an on-line learning algorithm and that My, ..., M,
are positive integers such that A makes at most M; mistakes when given a sequence of trials
consistent with o;, fort=1,...,n. Suppose algorithm WM is applied to the pool p1, ..., p,
with initial weights w; = 2=M; and with 3 = 0. If there exists an i in the range 1,...,n
such that the sequence of trials is consistent with @;, then WM makes at most M; mistakes.

Proof From Theorem 7.2 we have 3%, 2=M: < 2. Thus we obtain the desired mistake
bound from Theorem 7.1. O

We also can obtain interesting results for infinite pools, using algorithm WMIs.

Theorem 7.3: Let My, My, Ms, ... be an infinite sequence of non-negative integers. As-
sume that the values M; are given by a computable function of i. Then we have (a) =
(b) = (¢) = (d), where (a), (b), (c), and (d) are the following statements:

(a) 352,27 M: is finite and ils value can be computed to arbilrary precision.

(b) There exists ¢ € R such that for all domains X and computably indexed collections
of lotal recursive funclions ¢1,@s,s3,... on X there exisls an on-line prediction
algorithm A such that for all positive integers v, for all sequences of trials consistent
with ;, the algorithm A makes al most M; + ¢ mistakes.

(c) For all domains X and computably indexed collections of total recursive functions
©1,%2,P3,... on X there exists c € R, j > 0, and an on-line prediction algorithm
A such that for all integers v > j, for all sequences of lrials consistent with p;, the
algorithm A makes at most M; + ¢ mistakes.

(d) 352,27 M s finite.



28 7. Pools of Functions

It is interesting to state the contrapositive of the last implication: If 352, 2=M: diverges,
then there exists a domain X and a computably indexed collection of total recursive
functions ¢1, ¢, @3, ... such that for all ¢ € R and j > 0, and for all on-line prediction
algorithms A there exists an integer ¢ > j for which there is a sequence of trials consistent
with ¢; on which the algorithm A makes greater than M; 4 ¢ mistakes. Since this holds for
all positive 7, in fact there exist infinitely many such z.

Proof  Statement (c) is weaker than (b). Thus to prove the theorem it suffices to
demonstrate that (a) implies (b) and that (c) implies (d). To see that (a) implies (b)
we construct an on-line prediction algorithm A using WMIy. We apply WMI9 to the pool
©1, @2, ... with initial weights 27, We can construct the function W needed by WMIy
by using our ability to compute the sum of the initial weights to arbitrary precision. This,
coupled with our ability to compute initial partial sums of the weights lets us compute
upper bounds on } 72, 27M; that approach 0 as i goes to infinity. We set the parameter 3
of WMI, to zero. Then if ¢; is consistent with a sequence of trials, then Theorem 4.1 gives
a bound of log, W(l) + M; + 1. We can thus take ¢ = log, W(l) + 1.

(c) implies (d): We choose the domain X to consist of all finite strings of 0’s and 1’s.
We choose the collection of functions 1, ¢, ... to be the functions defined by ¢;(z) =1
if the string = is of length at least 7, and if the i¢th bit of z is 1; otherwise ¢;(z) = 0.
Choose ¢ and j appropriately to obtain the mistake bounds promised by the hypothesis (c).
Notice that for any n > j, the collection ¢;,..., ¥, is shattered by the domain. Thus for

the algorithm A to have the given mistake bounds we must have >} ; 2= (Mite) < 9 by

Theorem 7.2. Thus the partial sums of 3,52, 27M: are increasing and bounded above, so
the series converges to a finite sum as desired. U

The algorithm that we use for parts (b) and (c¢) is thus a version of WMIy. As indicated

o~

in the preceeding proof, we can take the constant ¢ of part (b) to be log, W(1) + 1. The
value of W(l) is some computable upper bound on .22, 27M:. By making this upper
bound sufficiently precise, we can take c to be log, 352, 27Mi 4+ 2. (Here the additive
constant 2 could be replaced by any constant greater than 1.) If we are to choose a
constant ¢ that will work regardless of the target class, then the proof indicates that we
must have Y27, 2=(Mi+9) « 9 for all n. Thus we must have Y32, 2-(Mi+e) < 9 that is,
¢ > log, 352, 27Mi _ 1. This theorem lets us rederive some of the results of Barzdin and
Freivalds [BF72,BF74], given in the following corollary.

Corollary 7.2: ([BF72,BF74]) For any algorithm A and function f, let M(A, f) denote
the maximum number of mistakes made by A on any sequence of trials consistent with f.
Given any domain X,

(a) for every computably indexed collection of total recursive functions ¢i1,ps,... on
X there exists an on-line prediction algorithm A such that M(A, 1) is finite and
M(A, ;) =logy i + logylogi + o(loglog ), for i > 1.

(b) there exists a computably indexed collection of total recursive functions 1, @2,... on
X such that for every on-line prediction algorithm A there exist infinitely many @ such
that M (A, ;) > log, i + log, log 1.

Proof Part (a) follows immediately from Theorem 7.3 and the fact that > 32, m

converges. Part (b) follows from Theorem 7.3 and the fact that 332, —— diverges. (See

7ln
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the statement of the contrapositive of the final implication of the theorem that appears
immediately following the theorem.) O

We also obtain the following result given in slightly weaker form in [BF74]. (Their lower
bound is log, n — 3.)

Theorem 7.4: There exists a domain X and a computably indezed class of total recursive
Sfunclions o1, s, ... such that for any n > 1 and any on-line prediction algorithm A there
exists a sequence of trials consistent with some function from {@1,...,¢,} on which A
makes at least |log, n| mistakes.

Proof We choose the domain and target class as in the proof of the implication (¢) =
(d) of Theorem 7.3. Thus if M; is a mistake bound for the given algorithm for sequences

consistent with ¢; we have 7, 27Mi < 2. Let M = ?ax }MZ-. Then n2=M < 2. Thus
1€{1,....,n

M >log,n — 1. Since M is an integer, this implies that M > |log, n], as desired. U

8 Anomalies

We continue to consider pools of functions, now without the requirement of shattering
imposed in part of the previous section. In this section we consider the case where there
is no function in the pool that is consistent with all of the trials. With respect to a given
function, we define the number of anomalies in a sequence of trials to be the number of
trials that are inconsistent with that function. Given a pool of functions F, we will say that
a sequence has 7 anomalies if 7 is the minimum number of anomalies of the sequence with
respect to any function in F. In this case we cannot necessarily say that particular trials
are anomalous; for example, there may be two functions in F’ minimizing the number of
anomalies, and they may be consistent with different trials. As in the previous section, we
will assume that all functions in the pool are {0, 1}-valued. In this section we will consider
the randomized algorithm WMR as well as WM. We will assume that the instances and
labels are chosen deterministically.

Note that there are two types of situations in which anomalies arise: one in which the
sequence of trials is in fact consistent with some target function, but not with any function
in the pool, and the other in which the same instance appears in the sequence with different
labels at different appearances. The latter may occur if there are errors in the instances
or the labels, or if there is insufficient information reported in each instance to uniquely
determine the appropriate label. Our upper bounds apply in both types of situations. Our
lower bounds are for the second type of situation.

We give a lower bound that shows that the rate at which the mistake bound for
the deterministic version of WM grows with the number of anomalies can be made (by
appropriate choice of ) arbitrarily close to the best possible for deterministic prediction
algorithms. We also show that the rate at which the expected mistake bound for WMR
grows can be made arbitrarily close to the best possible rate of growth for randomized
algorithms. Given some class of functions £, let \S; be the collection of all sequences of
trials & that have at most 7 anomalies. We define opt(F#,7n) to be the minimum over all
deterministic algorithms A of the maximum over all sequences § € 5, of the number of
mistakes made by A on §. Thus the value opt(F,n) is thus the best bound for the class
F' that can be obtained (deterministically) in the presence of 7 anomalies. We define
optp AND(F, 1) to be the minimum over all algorithms (including randomized algorithms)
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A of the maximum over all sequences § € 5, of the expected number of mistakes made by
A on §. The randomization used by A is assumed to be independent of the choice of the
sequence.

Theorem 8.1: For all target classes F' and all p > 0, if |F'| > 1 then opt(F,n) > opt(F,0)+
27.

Proof Let k = opt(F,0). Since |F| > 1, k > 1. Saying that opt(F,n) > k+ 27 is equivalent
to saying that for any deterministic learning algorithm A, there exists a function f € F
and a sequence of trials having at most 7 anomalies with respect to f, such that A makes
at least k 4+ 2n mistakes when presented with that sequence of trials. Given an algorithm
A, we will show how an adversary can choose a function and a sequence of instances such
that A makes at least k& + 21 mistakes.

We will use the notion of a mistake tree used in [Lit88,Lit89b]. A mistake tree for a pool
of functions F over a domain X is a binary tree each of whose nodes is a non-empty subset
of F' and each of whose internal nodes is labeled with a point of X. Its root is F. Given
any internal node F' labeled x, the left child of that node, if present, must be the subset
of F' consisting of all functions in F’ that are 0 at x. (The left child can be present only
if this subset is non-empty.) The right child, if present, must be the set of functions in F”
that are 1 at x. (Again, this subset must be non-empty for the right child to be present.)
A complete k-mistake tree is a mistake tree that is a complete binary tree of height k. (We
define the height of a tree to be the length in edges of the longest path from the root to a
leaf.) It is shown in [Lit88,Lit89b] that for any pool of functions F' there exists a complete
opt(F,0)-mistake tree.

The adversary’s strategy is divided into two stages. For the first stage, the adversary
keeps track of a current mistake tree. Initially this is a complete k-mistake tree for F. If
k = 1, the adversary proceeds immediately to the second stage. Otherwise, the first instance
chosen by the adversary is the label of the root of the tree. Whatever the algorithm predicts,
the adversary tells the algorithm that its prediction is wrong. This response of the adversary
eliminates some functions as possible target functions. One of the two subtrees of the root
of the adversary’s current mistake tree is a complete k — 1 mistake tree for the remaining
candidate functions. The adversary sets its current mistake tree to that subtree. It chooses
the next instance to be the label of the root of the new current tree. The adversary continues
in this manner, forcing the algorithm to be wrong at each instance. After j mistakes, the
adversary’s current tree is a complete k — j mistake tree for the remaining candidate target
functions. As long as j < k, the root of the current tree has two children corresponding to
non-empty subclasses of F'; thus the adversary can choose a point (the label of the root) at
which it can force the algorithm to make a mistake. The adversary continues with the first
stage until k£ — 1 mistakes have been made.

At the end of the first stage, there will be an instance x and a pair of functions f; and
f2 in F both of which are consistent with the first £ — 1 trials such that fi(x) # fa(x).
(The instance x is the label of the root of the final 1-mistake tree of the adversary, and
the functions f; and f; can be chosen from the left and right children of the root.) The
adversary now generates 27 + 1 trials, each with the same instance x. For each trial the
adversary chooses the label to be unequal to the prediction of the algorithm. Suppose
without loss of generality that for the majority of the second-stage trials the generated
labels are consistent with f;. Then at most 5 of the trials are inconsistent with f;. Thus
we have found a sequence of trials with at most n anomalies with respect to F’ on which
the algorithm has made 27 4+ k mistakes, as desired. O
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log|F|+7log
log 135
k =1). As g approaches 1, the coefficient of 7 approaches the optimal value of 2. However,

at the same time the coefficient of log|F| approaches infinity. Thus some compromise is

needed. For 3 = %, we have the bound lioglgi;FL'i'”,
23
log, | F'|; for others it is strictly less, and there is an additional gap between the lower bound

that we give and our bound for WM.

In the case of 7 anomalies, our mistake bound for WM is (see Corollary 2.2,

For some concept classes opt(F,0) =

We can establish a lower bound for randomized algorithms by essentially the same
argument. The lower bound applies even in the case that the choice of the instances and
labels is made without any dependence on the predictions of the algorithm, and thus it also
applies to the model in which such dependence is allowed.

Theorem 8.2: For all targel classes F and all n > 0, if |F| > 1 then optganp(F,n) >
%opt(F, 0)+ 7.

Proof We describe how to adapt the proof of Theorem 8.1. We require the adversary
to compute the sequence of instances and labels ahead of time, since we do not want the
sequence to depend on the random choices made by the algorithm. We can, however, assume
that the adversary has full knowledge of the algorithm. The adversary proceeds exactly as
above, except that instead of choosing labels as above, it determines the probability that the
algorithm will predict 1 at the current trial, given the preceding sequence of instances and
labels chosen by the adversary. (The probability is not conditioned on previous responses
of the algorithm.) The adversary chooses the label 0 if and only if this probability exceeds
%. Thus at each trial the expected number of mistakes is at least %, giving a lower bound
one-half the size of the lower bound we obtained for deterministic algorithms. U

Suppose we run WMR with 0 < § < 1 on a pool of size n with equal initial weights
and that there are 1 anomalies. Let m denote the number of mistakes made by WMR.
Corollary 6.1 gives an upper bound on the expected number of mistakes of

Inn+ nln %
T
In this section we have shown that the best possible value of the coeflicient of 7 in the

upper bound for any algorithm is 1. Its value in the upper bound for WMR can be made
arbitrarily close to 1 by choosing 3 sufficiently close to 1.

It is also interesting to look at the upper bound given by Theorem 6.3 in this situation.
Since the instances and labels are here assumed to be chosen deterministically, by Theorem
6.3for0<a<1

(1+a)lnn  n(l+a)ln(1/p)
1-p 1-p

—a?(In n491n(1/8))
(-5

P(m > )<e

By making 5 close to 1 and a close to 0, the factor % multiplying 1 can be made

arbitrarily close to 1. A natural assumption is that the number of anomalies grows in
proportion to the number of trials. In that case, after sufficiently many trials, with g
sufficiently close to 1, we will have high confidence that the ratio of the number of mistakes
to the number of anomalies is not much more than 1. (By contrast, in the bound for the
deterministic algorithm WM, the factor multiplying 7 is always greater than 2.)
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Master Predictions of Predictions of Labels Bound Comments
Algorithm  Pool Members Master Algorithm
n win‘it
WM binary binary binary lw#
]
WML binary binary binary (Thm 3.1) for shifting target
WMI, binary binary binary (Thm 4.1) for infinite pools
n wz‘n‘it
WMG [0,1] binary binary : “fin
niiE
In wi@it
e 0,1 0,1 0,1] i
In “’injt
WMR [0,1] binary binary lifﬁ‘" randomized predictions

Table 9.1: Summary of Weighted Majority Versions

9 Conclusion

We have investigated various master prediction algorithms that use the predictions of
a pool of algorithms to make their own predictions. Initially each member of the pool
is given a positive weight. The weight of a pool member represents the “belief” of the
master algorithm in the predictions of the member. These weights are updated depending
on how good the predictions of the corresponding algorithms are. In all our algorithms the
prediction of the master is based on the weighted average of the predictions of the pool
members.

In the most basic master algorithm all predictions of the pool members and the master
as well as the labels of the examples are required to be binary. For that algorithm the master
simply predicts in the same way as the weighted majority of the pool members do. Various
variants of this basic algorithm have been introduced that allow continuous predictions and
labels in [0, 1]. We have also given a probabilistic variant. Table 9.1 gives a summary.

We have developed upper bounds for the predictive performance of the master algorithms
in terms of the performance of the algorithms in the pool. We have applied WM in various
settings (corollaries 2.1 to 2.3). Similar corollaries hold for all variants. The simplest
corollary gives a bound on the performance of the master as a function of the best algorithm
(specialist) in the pool (Corollary 2.1). We have given a version WML of WM that works
well for cases where different pool members are specialists for various sections of the trial
sequence. Probabilistic versions and versions that allow continuous predictions which also
have the capability of tracking the specialist can easily be developed. The same holds for
the version WMIy of WM that allows the pool to be countably infinite. Furthermore it
would be easy to combine the capabilities of tracking the specialist and handling infinite
pool size into a single algorithm.

We have tried to keep the exposition simple in that each master algorithm focuses on one
setting in which weighted majority techniques are useful. We have developed a unified proof
method for all bounds as well as given simple direct proofs that sometimes seem unrelated.
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Note that each of the master algorithms spends little computation time beyond that
required for simulating the algorithms in the pool (which might be done in parallel).
The number of operations required in each trial to compute the prediction of the master
algorithm and to update the weights, if necessary, is linear in the size of the pool for all
algorithms other than WMIy, where it is linear in the size of the active subpool plus the
time required to compute Ww.

As discussed in the introduction our techniques can be used to find the best setting of
parameters of a given algorithm and to establish loss bounds for learning classes of functions.
Our methods justify the following philosophy: For a given application find a large pool of
candidate prediction algorithms which might work well for the application and combine
their predictions using one of the master algorithms presented. (The practical size of the
pool will depend on available computational resources.) The additional loss of the master
over the best pool member is essentially only logarithmic in the size of the pool and there is
only minimal computational overhead aside from running all pool member in parallel. One
might design schemes for removing algorithms from the pool if their weight degenerates
after a reasonable number of examples have been processed and schemes for replacing the
removed algorithms by new trial candidates. However if the trial sequence is non-stationary
in that a previously bad algorithm may become a specialist at a later point, then algorithms
should be removed only temporarily.

One might also design master algorithms for case where not all algorithms of the pool
are available during the initial trials but the algorithms of the pool “wake up” and “fall
asleep” at various times. Finally one could use our master algorithms for designing simple
networks of algorithms. In each node the input predictions are combined into an output
prediction by using one of the master algorithms. The simplest network would be a tree
with the algorithms of the pool at the leaves and WM algorithms at the internal nodes.
In case of a mistake the weights of the subpool of the children of the root which predicted
wrong are updated and recursively, for all nodes whose weights were updated, the weights
of the subpool of their children that predicted wrong are updated. Does this hierarchical
application have any advantage over a single master that combines all predictions of the
pool?

In all master algorithms presented the parameter 8 (0 < § < 1) measures how drastic
the update is. (The smaller 3 the more drastic the update.) We always kept § constant
for all trials. Particularly when there is statistical noise on the examples, it might be
advantageous to slowly increase g with time.
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Appendix

We first give alternate proofs for theorems 5.1 and 6.1 which give upper bounds on the
loss of WMG and WMR, respectively. Secondly, we show that an algorithm introduced by
Maass (described in Section 6) satisfies the strong independence condition.

The alternate proofs are simple and are very similar to the proof of the upper bound on
the number of mistakes of WM given in Theorem 2.1. Recall that in that proof gg is the
sum of all the current weights w; such that the i-th algorithm predicts 0 and ¢; is defined
similarly. Thus the i-th algorithm either contributes all of its weight to ¢o or to ¢;. For

WMG and WMR we allow the prediction z; to be continuous in [0, 1] and if xgj) is not 0 or
1, the weight w; is split between gg and ¢y, leading to the following more general definition:

n n
o = sz(l —z;)and ¢ = szxz
=1 =1
Note that the total weight before the trial is again gy + ¢; Also if z; € {0,1} then the above
coincides with the previous definition of gg and ¢; which was used for WM.
Alternate proof of Theorem 5.1, the upper bound on the total loss of WMG:
Recall that WMG may predict 0 if gg > ¢; and 1if ¢; > ¢o.

If no mistake occurs in a trial then the weight may only decrease. As in the proof of
Theorem 2.1 we only have to show that if WMG makes a mistake then the total weight
t g0+ q1).

Assume ¢ > qg at trial 7 and WMG’s prediction is 1 even though the correct prediction
is p = 0. Then the total after the update is

after the update is at mos

S w1 = (1= B)z;) = > wi(l — @ + Ba:) = qo + Bas.
=1 =1
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In the other case assume ¢g > ¢; and WMG’s prediction is 0 even though the correct
prediction is p = 1. Then

Zwi(l—(l— (1—a) sz (1 —2;)+ ;) = Bgo + 1.
=1

In both case the larger gg and ¢; is multiplied by 8 and thus as in the proof of Theorem
2.1, it is easy to show that the total after the update is at most 1""ﬁ(qo +¢1). O

Alternate proof of Theorem 6.1, the upper bound on the expected total loss
of WMR: Assume there are ¢ trials. For the j-th trial, with sums of weights ¢o and ¢;
as described above, and with label pl), let s() = ¢q 4+ ¢; and let ul9) = ¢, where b is

the complement of the label p(j). Thus s(1) = Winse. Let s(t+1)

the probability that WMR makes a mistake is % Also the total weight decreases by

(1- ﬂ)u(j). We observe that st = g0) — (1-7p)u (1) and

s(9) s(9) (7)
1 1 ny
/S(J+1> T /(;+1) s(7) r=01-0) s(7)
The expected number of mistakes in the ¢ trials is the sum of the probabilities of making a
mistake in each trial, which equals

= Wyin. In the j-th trial

G (1)

) Zt: /S(J) 1 1 /5(1) 1 d In S+
i - Zdy = —sUtH
— sl ) io3 /s w 1o 0 Jst+1) x 1-p3

J=1

S

as desired. [l

Next we show that an appropriately constructed version of the algorithm introduced by
Maass (described in Section 6) satisfies the strong independence condition. We will use the
following lemma regarding conditional expectations (cf. [Bil86, exercise 34.4]):

Lemma A.1: Let £ be a random variable such that E(|€]) < co. Let 1 be a {0, 1}-valued
random variable, let G be some finite o-algebra, and let A be the o-algebra generated by G
and n. Then

nE(né|G) = E(n|G)E(nE|lA)  (a.s.)

Proof For any atom U € G such that P(U) > 0 we have

[ E0e19) = [ ne= [ B = [ aBE=a [ 5

where @ is the unique value of E(£|A) on the set U N7~'(1). This equals

« [ E(|9) = abP(V)
U

where b is the unique value of E(7|G) on the set U. Let ¢ be the unique value of E(7£|G)
on U. Then we obtain ¢P(U) = abP(U). This gives the desired result for any point in

UnNn=1(1). The result is trivial on the rest of U, thus proving equality holds almost surely,
as desired. O
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Theorem A.1: Assume that all pool members make binary predictions. Suppose that algo-
rithm WMR is implemented as follows: The weights are updated in each trial as described
i Section 5, using § = 0. Since the pool members’ predictions are binary this amounts
to either leaving each weight unchanged or setting it to zero, depending on whether or not
the corresponding pool member’s prediction matches the label. Fach prediction is made by
making the same prediction that a randomly chosen pool member makes. However, a new
pool member is not chosen in every trial. Initially, and at the beginning of any trial im-
mediately following a mistake, a new choice is made. Otherwise the most recently chosen
pool member is used. Suppose that the random choice is made as follows: al each trial j
for which a new pool member must be chosen, the algorithm independently chooses a real

number 9 uniformly from [0,1]. It then chooses the pool member with index k for whatever
k=1 () LINNG)) .
k satisfies Eﬁ < rl) < E*S(# (The event ) = 0 has 0 probability—it can choose

arbitrarily in that event; we assume that real numbers are available, and will not discuss
approzimations necessary for actual implementation of the algorithm.) If this algorithm is

run and the choices of all of the r\9) are independent of each other and of the choices of all
of the instances and labels, then the strong independence condition is satisfied.

Proof Suppose there are ¢ trials. Let () denote the index of the pool member chosen in
trial j. It suffices to show that for 1 <j<tand 1 <k <n

(7)
P(V(j) = kl(x(l)vp(l))v . -7('r(t)7p(t))7 /\(1)7 . -7/\(j_1)) - wi)

We prove this by induction. This clearly holds for the first trial. For other trials, we have

P(V(j) = k|(w(1)710(1))7 -7( (t)vp(t))vA(l)v'--7/\(j_1))
= P(v\¥) = k and AU~ V| ) c (2@, p0), AL A
+P(vV) = k and AU-D ;é P (2™, pMy, (2@, 0y, AW A=)

We look at these two terms separately:
P(V(j) =k and /\(j_l) 7£ p(j_1)|(w(1)7 p(l))v R (w(t)v p(t))v /\(1)7 ey /\(j_l))
Ef—_ll w? (G Z?:l wz('j)

_ =1 7)
=P(E5G— < <=0

and AU £ pli=D(zM) sy (30 p0) A0 AG-D)

. . (7)
This is 0 if AU~ = p(]_l) and otherwise equals % For the other term, we have wherever

A(j_l) — p(]_l)

P =k and AUY = pl=01 W) o0y 2 p0) A0 AG-1)
P(v (4) = k and \U- ) p(J 1)|(x(1),p(1)),...,( (t)vp(t)) ,\(1)7'” ,\(j—2))
PG = pU=D)|(z(M), p)) ... (2@ p®)), XD Al=2))

using Lemma A.l. Since a new random choice is not made when no mistake is made, this
equals

P(vU=1 =k and A\U-1 = p( DM, pMW)y, L (2@, p), A0 AG=2))y
( ] 1) = p ] l)l( 7 (1))7 . -7(w(t)7p(t))7A(l)7 . -7/\(j_2))
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By the induction hypothesis
(3-1) . .
—L:(kj_l) if .T;C]_l) = p(]_l)
0 otherwise

(3)
This equals ;("Ujk—_l) Also
PAUY = pl=11 W) pWy @ p0) A0 AG=2)

B w;j—U s
- D sG-1) 7 sG-1)

S
k s.t. l’gj_l):p(]_l)

Thus we get

P(l/(j) =k and AUD = p(j_1)|(a@(1), p(l)), .. .,(x(t), p(t)), A .,/\(j_l))

. . wi?) . .
equals 0 where AU=1) £ pli=1) and equals = ~&7 where A1) = pi=1) Putting the two

terms that we started with together yields the desired result. U



