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Abstract. We revisit the problem of computing the Fréchet distance be-
tween polygonal curves, focusing on the discrete Fréchet distance, where
only distance between vertices is considered. We develop efficient approx-
imation algorithms for two natural classes of curves: κ-bounded curves
and backbone curves, the latter of which are widely used to model molec-
ular structures. We also propose a pseudo–output-sensitive algorithm for
computing the discrete Fréchet distance exactly. The complexity of the
algorithm is a function of the complexity of the free-space boundary,
which is quadratic in the worst case, but tends to be lower in practice.

1 Introduction

The Fréchet distance is a natural measure of similarity between two curves
[AG95]. An intuitive definition of the Fréchet distance is to imagine that a
dog and its handler are walking on their respective curves. Both can control
their speed but can only go forward. The Fréchet distance of these two curves is
the minimal length of any leash necessary for the dog and the handler to move
from the starting points of the two curves to their respective endpoints. The
Fréchet distance and its variants have been widely used in many applications
such as dynamic time-warping [KP99], speech recognition [KHM+98], signature
verification [PP90], and matching of time series in databases [KKS05].

Alt and Godau [AG95] present an algorithm to compute the Fréchet distance
between two polygonal curves of n and m vertices, respectively, in O(nm log(nm))
time. Improving this roughly quadratic-time solution for general curves seems
to be hard, and so far, no algorithm, exact or approximate, with running time
lower than O(nm) has been found for this problem for general curves. A slightly
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Fig. 1. (a) Light and dark curves are close under Hausdorff, but far under Fréchet
distance. (b) π is κ-bounded if and only if for any p, q ∈ π, subchain π(p, q) lies inside
the shaded region: the radius of the two disks (centered at p and q, respectively) is
κd(p, q)/2. (c) The free-space diagram D(π, σ, δ) and a viable path. (d) The directed
graph G corresponds to the white cells in (c).

simpler version of the Fréchet distance is the discrete Fréchet distance, which
only considers vertices of polygonal curves. Its computation takes Θ(n2) time
and space using dynamic programing [EM94], and no subquadratic algorithm is
known either. Both the continuous and discrete Fréchet distance are related to
the edit distance problem, for which no substantially subquadratic algorithm is
known.

On the other hand, another similarity measure, the Hausdorff distance, can
be computed faster in the plane and approximated efficiently in higher dimen-
sions. Unfortunately, the Hausdorff distance does not reflect curve similarity well
(see Figure 1(a) for an example). Alt et al. [AKW04] showed that the Hausdorff
distance and the Fréchet distance are the same for a pair of closed convex curves.
They also showed that the two measures are closely related for κ-bounded curves
(see Figure 1(b) for definition). In particular, they showed that the Fréchet dis-
tance between any two κ-bounded curves is bounded by κ+1 times the Hausdorff
distance between them. This leads to a (κ + 1)-approximation algorithm for the
Fréchet distance for any pair of κ-bounded curves that runs in near linear time
in R2. Little is known about computing the Fréchet distance for other types of
curves, including even x-monotone curves.

The problem of minimizing the Fréchet distance under various classes of
transformations has also been studied [AKW01,Wen02,CM05], however the run-
times are very high and practical solutions remain elusive. Fréchet distance has
also been extended to graphs (maps) [AERW03,BPSW05], to piecewise smooth
curves [Rot05], to simple polygons [BBW06], and to surfaces [AB05]. Finally,
Fréchet distance was used for high-dimensional approximate nearest neighbor
search [Ind02], for efficient curve simplification [AHPMW05], and for curve mor-
phing [EGHPM01].

Our results. Given the apparent difficulty of improving the worst-case time com-
plexity of computing the (continuous or discrete) Fréchet distance between two
unrestricted polygonal curves, we aim at developing algorithms for more realistic
cases. First, in Section 3 we consider efficient approximation algorithms for the
discrete Fréchet distance. Most current algorithms for computing the Fréchet



distance rely on a so-called decision procedure which determines whether the
Fréchet distance between the two given curves is larger or smaller than a given
value. We observe that an approximate solution to the decision problem can lead
to an approximation of the discrete Fréchet distance, and curve simplification
can help us approximate the decision problem efficiently. We apply this idea
to two common families of curves: κ-bounded curves and backbone curves. In
the former case, given an arbitrary polygonal curve π and a κ-bounded polyg-
onal curve σ, of complexity n and m, respectively, we can (1 + ε)-approximate
their discrete Fréchet distance in O((m + nκdε−d) log(nm)) time in d dimen-
sions. In the second case, both curves are so-called backbone curves, used widely
to model molecular structures, such as protein backbones and DNA/RNA. We
(1 + ε)-approximate their discrete Fréchet distance in near linear time in two
dimensions, and in O(nm1/3 log(nm)/ε2) time in three dimensions.

In Section 4, we shift our focus back to the exact computation of the discrete
Fréchet distance. Previously, the problem of deciding whether the Fréchet dis-
tance was smaller than some threshold was cast as finding some viable path in
the so-called free-space diagram. We observe that such a path can be computed
using only a subset S of cells in the free-space diagram. The size of S is nm in
the worst case, but should be smaller in practical settings. Based on this obser-
vation, we present algorithms that compute the discrete Fréchet distance under
the L∞ norm in O(|S| log(nm) + (n + m) log2d(nm)) time in d dimensions. The
case of the L2 norm can be handled as well but with worse performance; running
time and details are omitted from this version.

2 Preliminaries

Fréchet distance. A (parameterized) curve in Rd can be represented as a contin-
uous function f : [0, 1] → Rd. A (monotone) reparametrization α is a continuous
non-decreasing function α : [0, 1] → [0, 1] with α(0) = 0 and α(1) = 1. Given two
curves f, g : [0, 1] → Rd, their Fréchet distance, δF(f, g), is defined as

δF(f, g) := inf
α,β

max
t∈[0,1]

d(f(α(t)), g(β(t))).

where d(x, y) denotes the Euclidean distance between points x and y, and α and
β range over all monotone reparametrizations.

Discrete Fréchet distance. A simpler variant of the Fréchet distance for two
polygonal curves π = 〈p1, p2, . . . , pn〉 and σ = 〈q1, q2, . . . , qm〉 is the discrete
Fréchet distance, denoted by δD(π, σ). Imagine that both the dog and its handler
can only stop at vertices of π and σ, and at any step, each of them can either stay
at their current vertex or jump to the next one. The discrete Fréchet distance is
defined as the minimal leash necessary at these discrete moments.

To formally define the discrete Fréchet distance, we first consider a discrete
analog of (α, β), i.e, the correspondences between continuous reparametrizations.
In particular, an order-preserving complete correspondence between π and σ is a



set M ⊆ {(p, q) | p ∈ π, q ∈ σ} of pairs of vertices which is (a) order-preserving :
if (pi, qj) ∈ M , then no (ps, qt) ∈ M for s < i and t > j, nor for s > i and
t < j; and (b) complete: for any p ∈ π (respectively, q ∈ σ), there exists some
pair involving p (respectively, q) in M . The discrete Fréchet distance between π
and σ, δD(π, σ), is then

δD(f, g) := min
M

max
(p,q)∈M

d(p, q),

where M range over all order-preserving complete correspondences between π
and σ.

It is well known that discrete and continuous versions of the Fréchet distance
relate to each other as follows:

δF(π, σ) ≤ δD(π, σ) ≤ δF(π, σ) + max{`1, `2},

where `1 and `2 are the lengths of the longest edges in π and σ, respectively. This
suggests using δD to approximate δF. Unfortunately, it seems that computing
δD(π, σ) is asymptotically almost as hard as computing δF(π, σ).

Decision problem. In the original paper [AG95], to compute δF(π, σ), first, the
decision problem “Given a parameter δ ≥ 0, is δF(π, σ) ≤ δ?” is solved by a
dynamic programming algorithm that runs in Θ(nm) time and space. This al-
gorithm is then used as a subroutine to search for δF(π, σ) using the parametric
search paradigm within O(nm log nm) time [AG95,AST94]. Our algorithms fol-
low a similar framework combining decision problem and binary search (instead
of parametric search). Thus we describe below how to solve the decision problem
for the discrete case.

Given two polygonal chains π and σ and a distance threshold δ ≥ 0, we
construct the following free-space diagram D = D(π, σ, δ): D is an n×m matrix
(grid) and a cell D[i, j] has value 1 if d(pi, qj) ≤ δ, and value 0 otherwise. We refer
to 1-cells as white and 0-cells as black. A viable path in D is a path connecting
(1, 1) to (n, m), visiting only white cells of D, and moving in one step from (i, j)
to either (i, j + 1), (i + 1, j), or (i + 1, j + 1). It is easy to check that a complete
order-preserving correspondence M induces a viable path in D and vice versa
(see Figure 1 (c)). Hence the problem of deciding “δD(π, σ) ≤ δ?” is equivalent
to deciding the existence of a viable path in D.

Given D, one can extract a viable path, if it exists, in Θ(nm) time using dy-
namic programming. Alternatively, one can traverse a directed graph G defined
as follows: The nodes of G are the white cells of D. A white cell is connected
to its top, right, and/or top-right neighbor cells by a directed edge, if they are
white. See Figure 1(d). The size of G is O(|W |), where |W | is the number of
white cells of D. Given G, testing “δD(π, σ) ≤ δ?” corresponds to a connectivity
check in G (from (1, 1) to (n, m)) that can be performed in time O(|W |).

Approximations. We say that τ is an (1 + ε)-approximation of δ(π, σ) if

(1− ε)τ ≤ δ(π, σ) ≤ (1 + ε)τ.



An algorithm (1 + ε)-approximates the decision problem “Is δ(π, σ) ≤ τ?”, if it
returns yes whenever δ(π, σ) < (1− ε)τ and no whenever δ(π, σ) > (1 + ε)τ . If
τ is a (1 + ε)-approximation of δ(π, σ), the algorithm is allowed to return either
yes or no. We also call such an algorithm a fuzzy decision procedure.

3 Approximation Algorithms Based on Simplification

In this section, we first introduce a general framework for approximating the
discrete Fréchet distance by using a fuzzy decision procedure. Based on this
framework we then develop efficient approximation algorithms, using curve sim-
plification and packing arguments, for two families of common curves: κ-bounded
curves and backbone curves.

3.1 Approximation via a fuzzy decision procedure

Given a set P of N points in Rd, a well-separated pairs decomposition (WSPD)
of P with separation constant s is a collection {(Ai, Bi)} of pairs of subsets
of P , with the property that (1) for every pair of points x, y ∈ P , there is an
index i, so that x ∈ Ai and y ∈ Bi and (2) the minimum distance between Ai

and Bi is at least s times the diameter of either set. The size of a WSPD is∑
i(|Ai| + |Bi|). For a constant s, a WSPD of size O(N) can be computed in

O(N log N) time [CK95]. For every pair (Ai, Bi) in the WSPD, we choose an
arbitrary pair of points (pi, qi), with pi ∈ Ai and qi ∈ Bi, as its representatives.
We set s = 10. It is easy to check that the distance between any two points
x, y ∈ P is (1 + 1

5 )-approximated by the distance between the representatives of
the corresponding WSPD pair.

Consider an optimization problem whose solution δ∗ is a distance determined
by a pair of points in P . Let X be the set of all distances induced by pairs of
points of P . We now describe how to solve the optimization problem approxi-
mately by using an exact decision procedure. We start by constructing a WSPD
as above and considering the set Y := {d(pi, qi)} of O(N) distances between
representative points of the decomposition pairs. By definition of WSPD, every
distance in X is (1+ 1

5 )-approximated by some distance in Y . Hence some value
in Y is a (1 + 1

5 )-approximation of δ∗, as δ∗ is defined by a pair of points in P .
Next, form a larger set Y ′ of distances by adding to Y ′, for each value y ∈ Y ,
the two values 4

5y and 6
5y. We then perform a binary search on Y ′ using the

decision procedure to identify the smallest interval I = [a, b] that contains δ∗.
(The cost is dominated by O(log N) invocations of the decision procedure and
the O(N log N) time to construct the WSPD.) Notice that b ≤ 3

2a, as by above
discussion, δ∗ is contained in the interval [ 45y, 6

5y] for some y ∈ Y and we have
included both 4

5y and 6
5y in Y ′. We now perform another (numerical) binary

search on this interval to identify the interval [a′, b′] ⊆ [a, b] containing δ∗ with
b′ ≤ (1 + ε)a′, giving rise to a (1 + ε)-approximation of δ∗. The second binary
search invokes the decision procedure O(log ε−1) times.



Interestingly, the decision procedure does not have to be exact—the above
binary search can be adapted to work with a fuzzy decision procedure with the
same performance guarantees. We omit the details from current version.

Theorem 1. Let P be a set of N points in Rd, and let Z be any optimization
problem, for which the optimal answer is a distance induced by a pair of points
of P . Given a fuzzy decision procedure for Z, one can (1 + ε)-approximate the
optimal solution in

O(N log N + TFDecision(N, 1/10) log N + TFDecision(N, ε/4) log ε−1)

time, where TFDecision(N, c) is the running time of the fuzzy decision procedure
on N points when the required approximation factor is 1 + c.

Returning to the computation of discrete Fréchet distance, observe that there
must exist some p∗ ∈ π and q∗ ∈ σ such that d(p∗, q∗) = δD(π, σ). Hence, by
applying the above theorem to the set of all vertices from π and σ, we only need
a fuzzy decision procedure for δD(π, σ) in order to approximate δD(π, σ).

3.2 Approximation with simplifications

The remaining question is how to implement a fuzzy decision procedure effi-
ciently. We show that curve simplification together with a packing argument can
be used to achieve guaranteed efficiency for the two classes of common curves
that we investigate.

Greedy simplification. Given a polygonal chain π = 〈p1, . . . , pn〉, we simplify π
to obtain π̃ = 〈p̂1, . . . , p̂k〉, where vertices of π̃ form a subsequence of π, with
p̂1 = p1 and p̂k = pn. Let Iπ(i) = j if p̂i = pj ∈ π; the subscript π is omitted
when it is clear from context. We say that π̃ µ-simplifies π if (i) I(i) < I(k)
for i < k, and (ii) d(p̂i, pk) ≤ µ for any k such that I(i) ≤ k < I(i + 1).
(This definition is slightly different from the standard one in the literature.) We
construct π̃, a µ-simplification of π, in a greedy manner: Start with p̂1 = p1. At
some stage, suppose we have already computed p̂i = pj . In order to find I(i+1),
we check each vertex of π starting from pj in order, and stop when we reach
the first edge pkpk+1 of π such that d(pj , pk) ≤ µ and d(pj , pk+1) > µ. We set
p̂i+1 = pk+1 and continue, until we reach pn, at which point we add pn as the
final vertex of π̃. The entire procedure takes linear time. By construction, the
following observation is straightforward.

Observation 2 Any edge p̂ip̂i+1 in π̃ other than the last edge, d(p̂i, p̂i+1) > µ.

The following fact follows easily by an explicit construction. We omit the details.

Lemma 1. If π̃ and σ̃ be µ-simplifications of curves π and σ, respectively, then

δD(π, σ)− 2µ ≤ δD(π̃, σ̃) ≤ δD(π, σ) + µ.



The above lemma implies that if the answer to δD(π̃, σ̃) ≤ δ is yes, then,
δD(π, σ) ≤ δ + 2µ. If it is no, then δD(π, σ) ≥ δ − µ. Thus the decision prob-
lem for δD(π̃, σ̃) (1 + 2µ/δ)-approximates that for δD(π, σ). We next show that
δD(π̃, σ̃) can be answered asymptotically much faster for two special classes of
curves, giving rise to efficient fuzzy decision procedure for them.

3.3 Fréchet distance for κ-bounded curves

As defined by Alt et al. [AKW04], π is κ-bounded if π(x, y) ⊆ B(x, κ
2 d(x, y)) ∪

B(y, κ
2 d(x, y)), for all x, y ∈ π, where π(x, y) is the arc of π between x and y

and B(x, r) is the radius-r Euclidean ball centered at x6. See Figure 1(b) for an
illustration in two dimensions. Examples of κ-bounded curves include κ-straight
curves [AKW04] which in turn include curves with increasing chords [Rot94] and
self-approaching curves [AAI+01].

We now describe how to construct a fuzzy decision procedure for the problem
“δD(π, σ) ≤ δ?” for two polygonal curves π, σ where σ is κ-bounded. We first
µ-simplify π and σ into π̃ and σ̃ respectively, using µ := εδ/2. By Lemma 1, the
decision problem for δD(π̃, σ̃) is an (1 + ε)-approximation decision procedure for
δD(π, σ). Hence we now focus on checking whether δD(π̃, σ̃) ≤ δ. Let n, m, r, s
be the size of π, σ, π̃, and σ̃ respectively; r ≤ n and s ≤ m.

Decision problem for δD(π̃, σ̃). Let D̃ be the free-space diagram for π̃ and σ̃
with respect to δ. Recall that δD(π̃, σ̃) ≤ δ if and only if there exists a viable
path in D̃. This can be tested in O(|W |) time once W , the set of white cells of
D̃, is given. We first bound the size of W .

For every p̂ ∈ π̃, let N(p̂) be the set of vertices from σ̃ contained in B(p̂, δ).
Obviously, |W | =

∑
p̂∈eπ |N(p̂)|. Consider any two points q1, q2 ∈ σ̃ that lie in

B(p̂, δ) for some p̂ ∈ π̃. If q1q2 is an edge of σ̃, d(q1, q2) ≥ µ by Observation 2.
Otherwise

σ(q1, q2) ⊆ B(q1,
κ

2
d(q1, q2)) ∪B(q2,

κ

2
d(q1, q2)),

as σ is κ-bounded. Furthermore, in this case, let q1q ⊂ σ̃ be the edge with q ∈
σ(q1, q2); d(q1, q) ≥ µ by Observation 2. It then follows that (1+κ/2)d(q1, q2) ≥ µ
and therefore d(q1, q2) ≥ 2µ/(κ + 2). Hence N(p̂) = O((κδ/µ)d) by a straight-
forward packing argument. This means that the number of white cells is |W | =
O(s(κδ/µ)d) = O(n(κδ/µ)d) given that σ is a κ-bounded curve.

We still need to compute N(p̂) efficiently, that is, to enumerate the set of
vertices of σ̃ contained in B(p̂, δ) for every p̂ ∈ π̃. This can be done by a spherical
range query, which unfortunately, there is no known efficient algorithms. We
hence replace exact spherical range queries by approximate ones by rounding
vertices of σ̃ to vertices of some grid of appropriate size. Overall, the set of white
cells in D̃ can be computed in O(r + s + r(κδ/µ)d) time. Details are omitted
from the conference version.

6 We have slightly abused the notation by treating a curve section as a point set.



Putting everything together and substituting µ = εδ/2, we have a (1 + ε)-
approximation decision procedure for δD(π, σ) that runs in O(n + m + nκdε−d)
time and space in Rd. An application of Theorem 1 now yields

Theorem 3. A (1 + ε)-approximation of δD(π, σ) for a polygonal curve π and
a κ-bounded curve σ, of size n and m respectively, can be computed in O((m +
nκdε−d) log(n/ε)) time and O(n + m + nκd/εd) space in d dimensions.

3.4 Fréchet distance for protein backbones

In molecular biology, it is common to model a protein backbone by a polygonal
chain, where each Cα atom becomes a vertex, and each edge represents a covalent
bond between two consecutive amino acids. All the bonds have approximately
the same bond length, and no two atoms (thus vertices) can get too close to
each other due to van der Waals interactions. This is the motivation behind the
study of backbone curves, which have the following properties:

P1. For any two non-consecutive vertices u and v of the curve, d(u, v) ≥ 1,
P2. Every edge of the curve has length between c1 and c2, where c2 > c1 > 0 are

constants.

Although proteins lie in three-dimensional space, there are simplified models for
protein backbones in both two and three dimensions [GIP99,KS94].

Given backbone curves π and σ in Rd and given a distance threshold δ ≥ 0,
we want to test whether δD(π, σ) ≤ δ. We µ-simplify π and σ to obtain π̃ and
σ̃ as in the previous section, for µ = εδ/2, and construct the free-space diagram
D̃ for π̃ and σ̃ with respect to δ. D̃ is an r× s grid, where by Observation 2 and
property P2, r = |π̃| ≤ c2n/µ and s = |σ̃| ≤ c2m/µ. Given D̃, we can compute
W , the set of white cells in D̃ by the same approach as the one for κ-bounded
curves in O(r + s + |W |) time and space. Once D̃ and W are given, the decision
problem can be solved in time proportional to |W |. Below we present an upper
bound for |W |.

Bounding |W |. A straightforward bound7 for |W | is O(min{rδd, sδd}), as by a
packing argument and property P1, there are at most O(δd) vertices lying in
δ-neighborhood of any vertex of π̃ and σ̃. If δ < 1, then the number of white
cells is O(n + m). Hence we now assume that δ ≥ 1.

We can improve this bound on |W | by a more careful counting analysis.
Assume without loss of generality that r ≤ s. For any vertex p̂ ∈ π̃ and its
δ-neighborhood B(p̂, δ), let E(p̂) be the set of edges of σ̃ intersecting the ball
B(p̂, δ). The number of vertices of σ̃ in B(p̂, δ) is upper bounded by O(|E(p̂)|).
Furthermore, given any edge e = (q̂i, q̂i+1) ∈ σ̃, let σ(e) = σ(qIq(i), qIq(i+1))
(that is, the subchain σ(e) ⊆ σ that simplified into edge e in chain σ̃). E(p̂)

7 In what follows, the big-O notation may hide factors depending on constants c1 and
c2.



can be partitioned into two sets: (i) E1 = {e ∈ E(p̂) | σ(e) ⊆ B(p̂, δ)}, and (ii)
E2 = {e ∈ E(p̂) | at least one vertex of σ(e) lies outside B(p̂, δ)}.

By property P2, the number of vertices in σ(e) is at least µ/c2 for any e ∈ σ̃.
Therefore |E1| = O(c2δ

d/µ). On the other hand, for every edge e ∈ E2, there is
at least one vertex of σ(e) that lies in the spherical shell of B(p̂, δ + c2)\B(p̂, δ),
as the length of edges in σ is at most c2. Since the volume of this spherical
shell is O(c2(c2 +δ)d−1), the size of E2 is bounded by O((c2(c2 +δ)d−1/(cd−1

1 ))).
Therefore, |E(p̂)| = |E1|+ |E2| = O(δd−1 +δd/µ). Summing over all r vertices of
π̃, we obtain |W | = O(n

µ (δd−1+δd/µ)). As this number cannot exceed the size of

D̃ which is O(rs) = O(nm/µ2), we have |W | = min{nm/µ2, O(n
µ (δd−1 +δd/µ)}.

|W | is maximized when the two balancing terms are equal: nm
ε2δ2 = δd−2

ε2 , that is,
when δ = m1/d. This implies that |W | = O(nm1−2/d/ε2).

Finally, by applying Theorem 1 and putting everything together, we conclude
with the following result. We remark that similar but more involved argument
can also be used to approximate the continuous Fréchet distance for two back-
bone curves. We omit the details from current conference version.

Theorem 4. Given two backbone curves π and σ of n and m ≥ n vertices
respectively, we can compute a (1+ ε)-approximation of δD(π, σ) in time O((n+
m)ε−2 log(nm)) in the plane, and O(nm1/3ε−2 log(nm)) in three dimensions.

4 Pseudo–Output-Sensitive Algorithm

In this section, we present a pseudo-output-sensitive algorithm for computing
δD(π, σ) for general curves π and σ of size n and m, respectively. Although in
the worst-case the runtime may still be Θ(nm) for solving the decision problem,
we believe that our observation should help produce efficient algorithms for the
Fréchet distance in practice. In what follows, we describe results for the L∞
norm (which yield a constant-factor approximation for the L2 norm). The case
of the L2 norm is more involved and the running times are slower; details are
omitted from the conference version.

Binary search. We show how to compute δ∗ = δD(π, σ) using a variant of
binary search. Assume we have algorithms to solve the decision problem “Is
δ∗ = δD(π, σ) ≤ δ?” in time A(n+m) and to answer the distance selection query
“Given a set of N points P and a rank k, what is the kth smallest distance among
all pairwise distances from P?” in B(N) time. Combining the two algorithms
by performing a binary search on the set of all inter-vertex distances, we can
find δ∗ in O((A(n + m) + B(n + m)) log(nm)) time. For the L∞ norm, the
distance-selection problem can be solved in O(dN logd−1 N) in Rd [Sal89]. For
the decision problem, a straightforward bound for the runtime of A is O(|W |)
plus the time to compute W , the set of white cells in the free-space diagram
D = D(π, σ, δ) for a threshold δ > 0. Below we provide a tighter bound for A
although its worst-case complexity is still Θ(nm).



Boundary cells. Given an n×m matrix D representing the free-space diagram
with respect to some threshold δ, a boundary cell is a white cell whose immediate
neighbor above or below it is black. So if D[i, j] is a boundary cell, then the edge
qjqj+1 ⊂ σ (or qjqj−1) intersects the boundary of B(pi, δ) exactly once (one
endpoint must lie inside and one must be outside); we say that the edge qjqj+1

crosses the boundary of B(pi, δ). Let S = S(π, σ, δ) denote the set of boundary
cells of D(π, σ, δ). Although in the worst case |S| = Ω(|W |) = Ω(nm), we expect
it to be much smaller than |W | in practice. For example, consider the case when
vertices of σ form lines of a cubic lattice of size n1/3×n1/3×n1/3 and δ is roughly
n1/3/2. For a vertex p at the center of this cube, the number of white cells in
the corresponding column in D is Θ(n), while the number of boundary cells is
Θ(n2/3). The remaining questions are (i) how to compute the set of boundary
cells S(π, σ, δ) and (ii) how to solve the decision problem once S is given.

Computing S. Given p ∈ Rd and δ, let S(p, δ) denote the set of edges from
σ crossing the boundary of B(p, δ). Since one endpoint of each edge has to be
inside B(p, δ) and the other endpoint outside, this is different from the standard
segment/ball intersection problem. To compute S, we need to perform n edge/ball
crossing queries, one for each vertex from π. Under the L∞ norm, B(p, δ) is a
cube centered at p, and the basic operation is an edge/cube crossing query, where
all cubes are congruent. We can preprocess the set of edges in σ by building a
standard multi-level data structure for their endpoints (similar to the multi-
level range tree for orthogonal range reporting problem). In particular, there are
altogether 2d levels: the first d levels are used to locate edges with one endpoint
inside the query cube, and the second d levels are used to find those with the
second endpoint outside of the query cube. The entire data structure has size
O(m log2d−1 m) and can be built in O(m log2d m) time. Given any query cube
(in fact, the query can be any orthogonal box), the set of edges crossing it can
be reported in O(log2d m + k) time, where k is the number of such edges. The
query time can be improved to O(log2d−1 m + k) using the fractional-cascading
technique [CG86,Lue78].

Once S is given, we can solve the decision problem using dynamic program-
ming in O(|S|) time and space. The technical details are omitted due to lack of
space. Putting everything together, we conclude with the following theorem:

Theorem 5. Given any two polygonal curves π and σ in Rd, with n and m ver-
tices, respectively, one can compute δD(π, σ) under the L∞-norm in O(Φ log(nm)+
(n + m) log2d(nm)) time and O(Φ + (n + m) log2d−1(nm)) space, where Φ is the
maximum number of boundary cells for any threshold δ.

5 Conclusion and Discussion

In this paper, we considered the problem of computing the discrete Fréchet
distance between two polygonal curves either approximately or exactly. Our
main contribution is a simple approximation framework that leads to efficient
(1+ ε)-approximation algorithms for two families of common curves: κ-bounded



curves and backbone curves. We also considered the exact algorithm for general
curves, and proposed a pseudo–output-sensitive algorithm by observing that
only a subset of the white cells from the free-space diagram are necessary for the
decision problem. It will be interesting to investigate whether there are families
of curves that are guaranteed to have small Φ, which is the maximum number
of boundary cells, over all possible values of the threshold δ. We are currently
working on extending the pseudo-output-sensitive algorithms to the continuous
weak Fréchet distance.

It might be hard to develop algorithms that are significantly sub-quadratic
in the worst case, given that no such algorithm exists for the related and widely
studied problem of computing the edit distance for strings. Hence our future di-
rections will focus on practical variants of the Fréchet distance that can handle
outliers, partial matching, and/or efficient multiple-curve alignment. Another
important direction is to develop efficient (approximation) algorithms for mini-
mizing the Fréchet distance under transformations such as rigid motions.
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