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Abstract— We present the first algorithm for the geodesic Fréchet distance
between two polygonal curvesA and B inside a simple polygonP . If A and
B have total complexity N and P has complexity k, then the algorithm runs
in O(k+N2 log kN log N) expected time andO(k+N2) space. This runtime
is quite good as it is only a logarithmic factor larger than the non-geodesic
Fréchet algorithm [2].

We also unveil an alluring alternative to parametric search that applies
to both the non-geodesic and geodesic Fréchet distance algorithms. This
randomized approach is based on a variant of red-blue intersections and
is appealing due to its elegance and practical efficiency when compared to
parametric search.

Motivation

The Fréchet distance [2] is a similarity metric used to compare contin-
uous shapes such as curves or surfaces. It is important because the com-
parison of geometric shapes is essential in various applications including
computer vision, computer aided design, robotics, medicalimaging, and
drug design. The Fréchet distance for two curvesA, B : [0, 1] → R

l is
defined asδF (A, B) = inff,g:[0,1]→[0,1] supt∈[0,1] d( A(f(t)),B(g(t)) ),
wheref and g range over continuous non-decreasing reparametrizations
andd is a distance metric for points. Most previous work on the Fréchet dis-
tance assumes an obstacle-free environment where distances are measured
using anLp metric. Our work is different because we measure all distances
using geodesics inside a simple polygonP , where ageodesicis a path that
avoids all obstacles and cannot be shortened by slight perturbations [9].
Note thatP is the only obstacle (A andB arenot obstacles).

Red-Blue Intersections

Red-blue intersections are interesting in their own right and are useful
for computing the Fréchet distance. This section shows how to efficiently
count and report a certain type of red-blue intersections inthe plane
inside a search domainx ∈ [α, β]. Let R = {r1(x), r2(x), ..., rm(x)}
be a set ofm continuous “red” curves in the plane such that each
red curve is monotonedecreasingand hasO(k) complexity. Let B =
{b1(x), b2(x), ..., bn(x)} be a set ofn continuous “blue” curves in the
plane where each blue curve is monotoneincreasing and hasO(k)
complexity. Let V (k) be the time to compute thevalue of any red or
blue curve at a givenx-position, and letI(k) be the time to find the
intersectionof any ri(x) and bj(x).

Assume all red and blue curves havemin(ri(x)) = ymin for all 1 ≤
i ≤ m andmax(bj(x)) = ymax for all 1 ≤ j ≤ n. In addition, assume the
(open) domain(α, β) contains no left endpoint of any red or blue curve.

Theorem 1: The number of intersections in the domain[α, β] between
every red curveri(x) ∈ R and all bj(x) ∈ B can be counted in
O(N(V (k) + log N)) total time, whereN = max(m, n).
Proof Sketch: A key idea is that ifri(α) ≥ bj(α) at x = α, then
the curvesri(x) and bj(x) will intersect for somex ≥ α. This follows
becausemin(ri(x)) ≤max(bj(x)). Intersections in the domain[α, β] can
be counted by taking “snapshots” of the curve positions at the endpoints
α andβ. Theα-snapshot is found by computing the values of all red and
blue curves atα in O(N ∗ V (k)) time and sorting these values to create
the list Lα in O(N log N) time. The listLβ can be found similarly in
O(N(V (k) + log N)) time.

For counting queries, the sorted listLα is preprocessed inO(N) time
by one linear scan overLα. For eachri(α) ∈ Lα, let Γ(ri(α)) be the

∗The full version of this paper is available as a technical report [5].
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Fig. 1. Intersection counting calculates thatr3(x) intersects two blue curves for
x ≥ α but only intersects one blue curve forx ≥ β. Subtracting these quantities and
accounting forx = β intersections reveals thatr3(x) must have one intersection
in the domain[α, β].

number ofbj(α) such thatri(α) > bj(α). DefineΓ(ri(β)) similarly (see
Figure 1). In essence, each red curve keeps track of how many blue curves
lie below it at x = α (resp.x = β) because these curves will intersect
for somex ≥ α (resp.x ≥ β). For counting purposes, the number of
x ≥ α intersections minus the number ofx ≥ β intersections yields the
number of intersections forα ≤ x < β. Special situations such asx = β

intersections and curves with right endpoints inside(α, β) are not difficult
to handle. ⊓⊔

Theorem 2: The intersections in the domain[α, β] between every red
curve ri(x) ∈ R and all bj(x) ∈ B can bereported in O(N(V (k) +
log N+I(k))+K) total time, whereK is the total number of intersections
reported.
Proof Sketch: The goal is to compute for everyri(x) a list of all bj(x)
such thatri(x) ∩ bj(x) for α ≤ x ≤ β. This can be done by building a
balanced binary search tree fromLα andLβ . ⊓⊔

Geodesic Fréchet Decision Problem

The non-geodesic decision problem solved by Alt and Godau [2]
determines whether the Fréchet distance is at most a givenε > 0. The free
spaceis defined asFSε(A,B) = {(s, t) | d(A(s),B(t)) ≤ ε} ⊆ [0, 1]2

whereA and B are two polygonal curves. A free space cellC ⊆ [0, 1]2

is the parameter space defined by two line segmentsab ∈ A andcd ∈ B,
and the free space inside the cell isFSε(ab, cd) = FSε(A,B) ∩ C.

Alt and Godau [2] solve the non-geodesic decision problem using a free
space diagramwhich consists of all free space cells for all pairs of line
segments ofA andB. Their dynamic programming algorithm checks for
the existence of a monotone path in the free space from(0, 0) to (1, 1) by
propagating reachability information cell by cell throughthe free space.

In our technical report [5], we show that the free space inside ageodesic
free space cell is x-monotone, y-monotone, and connected. As such, only
the boundaries of a cell need to be computed to propagate reachability,
and we show how to compute a cell boundary inO(log k) time using the
algorithms of Guibas and Hershberger [6], [7].

Theorem 3: After a one-time preprocessing step ofO(k) time [6], the
geodesic Fréchet decision problem for polygonal curvesA andB inside a
simple polygonP can be solved for anyε ≥ 0 in O(N2 log k) time and
O(k + N) space.
Proof Sketch: There areO(N2) cells in the free space diagram. Com-
pute all cell boundaries inO(N2 log k) time and propagate reachability
information through all cells inO(N2) time. Return true if the upper right
corner of the free space diagram is reachable. Return false otherwise.

The space bounds follow because onlyO(1) space is needed per cell
and dynamic programming only requires that two rows of cellsreside
in memory at any one time. TheO(k) term comes from storing the
preprocessing structures of [6] throughout the algorithm’s execution. ⊓⊔
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Geodesic Fréchet Optimization Problem

Let ε∗ be the minimum value ofε such that the Fréchet decision problem
returns true. That is,ε∗ equals the Fréchet distanceδF (A,B). Parametric
Search is a technique commonly used to findε∗ (see [2], [4], and [10]).
The typical approach to findε∗ is to sort all the cell boundary functions
based on the unknown parameterε∗. The comparisons performed during
the sort guarantee that the result of the decision problem isknown for all
“critical values” [2] that could potentially defineε∗.

Previous sorting algorithms have operated on cell boundaries of constant
complexity. The geodesic case is different because each cell boundary has
O(k) complexity. As a result, a straightforward parametric search based
on sorting these values would requireO(kN2 log kN) time even when
using Cole’s [4] optimization.1

The seminal work of Alt and Godau [2] defines three types of critical
values that are useful for computing the exact geodesic Fréchet distance.
These critical values depend on the (at most one) free space interval on a
cell boundary. The upper boundary of this interval is a monotone increasing
function bij(ε), and the lower boundary of this interval is a monotone
decreasing functionaij(ε).

There are exactly two type (a) critical values between the start points
and end points of the polygonal curvesA andB. Type (b) critical values
occur O(N2) times whenaij(ε) = bij(ε). Type (c) critical values occur
O(N3) times whenaij(ε) = bkj(ε).

The (at most one) intersection ofaij(ε) and bkj(ε) can be found in
O(log k) time using monotonicity properties and the algorithms of Guibas
and Hershberger [6], [7]. Hence, any type of critical value can be calculated
in O(log k) time by using shortest paths and intersecting two monotone
functions.

Randomized Algorithm:The below randomized algorithm solves the
geodesic Fréchet optimization problem inO(k + N2 log kN log N) ex-
pected time. This is faster than the standard parametric search approach
which requiresO(kN2 log kN) time. Resolving the type (a) and (b) critical
values as a first step permits using red-blue intersection counting (cf.
Theorem 1) to resolve the type (c) critical values.

1) Precompute and sort all type (a) and type (b) critical values.
Run the decision problemO(log N) times to resolve these val-
ues. This shrinks the search domain forε∗ down to [α, β] in
O(N2 log k log N) total time.

2) Count the numberκj of type (c) critical values for each rowj in
the domain[α, β] using Theorem 1. Intersection counting requires
O(N log kN) time per row for a total ofO(N2 log kN) time for
all rows. LetCj be the counting data structure for rowj.

3) To achieve a fastexpectedruntime, pick a random intersectionϑj

for each rowj usingCj .2

4) To achieve a fastworst-caseruntime, useCj to find the curveaMj(ε)
in each row that has the most intersections. Add all intersections in
[α, β] that involveaMj(ε) to a global poolP of unresolved critical
values3 and deleteaMj(ε) from any future consideration.

5) Find the medianΞ of the values inP . Also find the medianΨ of
the O(N) randomly selectedϑj .

6) Run the decision problem twice: once onΞ and once onΨ. This
shrinks the search domain[α, β] and alwayshalves the size ofP .
Repeat steps 2 through 6 until allrow-based type (c) critical values
have been resolved.

7) Resolve allcolumn-based type (c) critical values in the same spirit as
steps 2 through 6 and return the smallest critical value thatsatisfied
the decision problem as the value of the geodesic Fréchet distance.

1A variation of the general sorting problem called the “nuts and bolts” problem
(see [8]) is tantalizingly close to an acceptableO(N2 log N) sort, but it is not
solvable in the general case.

2Picking a critical value at random is related to the distanceselection problem [3]
and is mentioned in [1], but to our knowledge, this alternative to parametric search
has never been applied to the Fréchet distance.

3The idea of a global pool is similar to Cole’s [4] optimization for parametric
search.

Geodesic Fréchet Distance Runtime

Theorem 4: The exactgeodesicFréchet distance between two polygo-
nal curvesA andB inside a simple bounding polygonP can be computed
in O(k +N2 log kN log N) expected time andO(k +N3 log kN) worst-
case time, whereN is the larger of the complexities ofA andB andk is
the complexity ofP . O(k + N2) space is required.
Proof Sketch: The randomized algorithm executesO(log N) times in
the expected case since it resolves arandom critical value at each step.
In the worst-case, each row can require at mostO(N) iterations (because
each of theO(N) aij(ε) in a row can be picked asaMj(ε)). Sinceall rows
are processed each iteration, the entire algorithm requires at mostO(N)
iterations. A similar argument applies tocolumn-based critical values.

The size of the poolP is expressed by the recurrenceS(x) =
S(x−1)+O(N2)

2
, where x is the current step number, andS(0) = 0.

Intuitively, each step addsO(N2) values toP and then half of the values
in P are always resolved. It is not difficult to see thatS(x) ∈ O(N2) for
any step numberx.

Each iteration of the algorithm is dominated by theO(N2 log kN)
time spent on intersection counting. Consequently, the expected runtime is
O(k+N2 log kN log N) and the worst-case runtime isO(k+N3 log kN)
including O(k) preprocessing time [6] for geodesics insideP .

The preprocessing step of [6] requiresO(k) space, and this space must
remain allocated throughout the algorithm.O(N2) additional space is
sufficient for the remaining steps. ⊓⊔

Non-Geodesic Fréchet Distance Runtime

Although the exact non-geodesic Fréchet distance is normally found in
O(N2 log N) time using parametric search (see [2]), parametric search
is often regarded as impractical because it is difficult to implement4 and
involves enormous constant factors [4]. To the best of our knowledge, our
randomized algorithm is the first practical alternative to parametric search
for solving the exact Fréchet optimization problem.

Theorem 5: The exact non-geodesicFréchet distance between two
polygonal curvesA and B can be computed inO(N2 log2 N) expected
time andO(N2) space, whereN is the larger of the complexities ofA
andB.
Proof Sketch: The argument is very similar to the proof of Theorem
4. The main difference is that the randomized algorithm can compute
distances inO(1) time (instead ofO(log k) time). ⊓⊔
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