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We study the problem of how to cover a set of points
by a small number of axis-parallel ellipses. This ques-
tion is well motivated by a special pattern recognition
task where one has to identify ellipse-shaped protein
spots in 2-dimensional gel electrophoresis images. See
[4] for a description of the application and for several
algorithms for practical variations of the problem. Here
we first investigate the covering problem from a theoreti-
cal point of view, and then consider a restricted variant
induced by the application.

1 The Covering Problem

We are given a set R of m required points, and a set .S
of n forbidden points in the plane.

The ellipse covering problem is to find a smallest
collection & = {FEj, ..., E;} of axis-parallel ellipses such
that the union covers R and respects S, i.e., R C int(UE)
and S Nint(UE) = (. Thus UE has to fully contain R
in its interior and may contain no points from S except
on its boundary.

Figure 1 shows a set of 43 required points (black)
and 24 forbidden points (white) forming a subset of the
grid, and a cover by four ellipses. We challenge the
reader to find a cover with only three ellipses.

The problem of covering a shape with ellipses
is related to the problem of covering a shape with
rectangles, which was shown to be NP-complete [3].
Thus, in the general setting there is not much hope
for finding a polynomial time algorithm. However
it is possible to employ the approximation paradigm
developed in [5, 8, 2, 1] in order to obtain a randomized
polynomial time algorithm that computes a covering
with ellipses such that the cardinality of the cover is
k = O(kopt logkopt), where kopt is the cardinality of
the optimal solution. Since the Delaunay circles of S
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Figure 1: An instance of the ellipse covering problem

constitute a cover of R, kopt, = O(n).

The approximation algorithm assumes that kop is
given; we make this assumption and determine kop¢ af-
terwards by applying unbounded binary search. Fur-
thermore, it assumes that a set E of all possible ellipses
is given, from which the optimal cover should be found.
It gives a weight to each ellipse in E, initially all set to
be 1. The algorithm consists of rounds. In each round a
random sample £ of size O(kopt, log kopt) of the ellipses
of E is picked, where the probability of an ellipse to be
picked is proportional to its weight. If there is a point
q € R which is not covered by &, the weight of each
ellipse ¥ € E that contains ¢ is doubled. The algorithm
stops when a cover is found. Since the VC-dimension of
the problem is finite, it follows from [5, 8, 2, 1] that the
expected number of rounds is O (kopt, logn).

First we sketch that each axis-parallel ellipse in an
optimal cover can be covered by a constant number of
axis-parallel ellipses that have four points of S on their
boundary, or by degenerate ellipses with fewer points on
the boundary. Although there are O(n*) such ellipses,
we can show that it suffices to consider only a set E
of O(n?) ellipses. We call an ellipse S-empty if it does
not contain any point of S in its interior. We call it an
i-point ellipse if it additionally contains at least ¢ points
of S on its boundary. We consider halfplanes and axis-
parallel parabolas as degenerate cases of axis-parallel
ellipses.



The basic idea is the following: we pick an axis-
parallel ellipse Ey in an optimal cover; by definition Fjy
is S-empty. Now essentially we blow up Ey to E{ until it
hits a point in S; we continue this process until we have
enough points on the boundary of Ej. During the blow-
up we maintain the property that Ej is S-empty and
that it contains Fy. However, in order to maintain this
containment property we will have to cover Fy not by a
single ellipse but by up to four ellipses which are derived
from Ep. We can prove the following combinatorial
lemma:

LEMMA 1.1. An S-empty azis-parallel ellipse E can
be covered by at most four S-empty regions which are
either 2-point halfplanes, azis-parallel 3-point parabolas
or azis-parallel 4-point ellipses.

Let S(t) := {(z,ty)|(z,y) € S} and consider the
dynamic Voronoi diagram of S(t) for varying ¢ > 0.
Then each degree 4 vertex corresponds to an S(t)-
empty 4-point disk, which in turn corresponds to an
S-empty 4-point ellipse y-scaled by 1/t. We consider
this dynamic Voronoi diagram as the lower envelope
of trivariate distance functions. It can be computed
using 3-dimensional linearization in time O(n?) (see
e.g.[7]). Thus there are indeed only O(n?) S-empty 4-
point ellipses.

We lift all points of S to a parabolic cylinder in
3-space such that each 3-point parabola corresponds
to a facet of the convex hull of these points. 2-point
halfplanes correspond to edges of the convex hull of S.
Thus there are only O(n) 3-point parabolas and 2-point
halfplanes. We identify each 4-point ellipse and each
3-point parabola with a point in 4-space. Let E’ be the
set of these points. Let E” the set of 2-point halfplanes,
and E:=E' UE".

We store all n? points of E’' in a partition tree
of [6], which can be constructed in O(n?logn) time.
Moreover, we employ the tree structure to add weight
information for the points, such that a doubling step
can be performed by a slightly modified halfspace
range query in O(n2polylogn) time. Using additional
summation information stored in the nodes, we can
pick a random ellipse or parabola in O(logn loglogn)
time. 2-point halfplanes in E” are handled in a separate
partition tree, however in a similar manner.

A point ¢ € R not covered by £ C E can
be found by point location in the arrangement of £
in O((k* + m)logk) time. For /m < k, batching
techniques speed up the runtime to O(y/mklogm). Let
O denote a variant of the O-notation which subsumes
polylogarithmic factors.
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THEOREM 1.1. In expected time O~(n2 + n%kopt +
mkopt + \/mkopf) one can find a set £ of axis-parallel

ellipses whose union covers R and avoids S, such that
I€] = O(koptlog kopt)-

2 An Applied Variant

In the application, R is a connected pixel pattern. Let
S be the set of pixels not in R that are one pixel away
from the boundary of R. Let n = |S|, which yields
m = |R| = O(n?). In a typical application the region
R to be covered is "fat” and its cardinality is indeed
proportional to n?. Let kopt be the size of an optimal
solution to this covering problem. From the way S
and R are defined in this setting, it follows that every
connected horizontal or vertical sequence of points of R
is always bounded from both sides by a point of S. From
this we can conclude that halfplanes or parabolas cannot
occur. Thus we simply consider all 4-point ellipses,
i.e., all vertices of the lower envelope. Now we can
employ Theorem 1.1 and obtain a O(kopt log kopt,) cover

in expected O(n2kop; + 1.2 kopy) time.
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