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We present an alternative to parametric search that applies to both the non-geodesic and geodesic
Fréchet optimization problems. This randomized approach is based on a variant of red-blue inter-
sections and is appealing due to its elegance and practical efficiency when compared to parametric
search.

We introduce the first algorithm to compute the geodesic Fréchet distance between two polyg-
onal curves A and B inside a simple bounding polygon P . The geodesic Fréchet decision problem
is solved almost as fast as its non-geodesic sibling in O(N2 log k) time and O(k + N) space after

O(k) preprocessing, where N is the larger of the complexities of A and B and k is the com-
plexity of P . The geodesic Fréchet optimization problem is solved by a randomized approach in
O(k + N2 log kN log N) expected time and O(k + N2) space. This runtime is only a logarithmic
factor larger than the standard non-geodesic Fréchet algorithm [Alt and Godau 1995]. Results

are also presented for the geodesic Fréchet distance in a polygonal domain with obstacles and the
geodesic Hausdorff distance for sets of points or sets of line segments inside a simple polygon P .

Categories and Subject Descriptors: F.2.2 [Analysis of Algorithms and Problem Complexity]: Nonnumerical
Algorithms and Problems—Geometrical Problems and Computations

General Terms: Algorithms, Theory

Additional Key Words and Phrases: Fréchet Distance, Geodesic, Shortest Path, Simple Polygon

1. INTRODUCTION

The comparison of geometric shapes is essential in various applications including com-
puter vision, computer aided design, robotics, medical imaging, and drug design. The
Fréchet distance is a similarity metric for continuous shapessuch as curves or surfaces
which is defined using reparametrizations of the shapes. Since it takes the continuity of the
shapes into account, it is generally a more appropriate distance measure than the often used
Hausdorff distance. The Fréchet distance for curves is commonly illustrated by a person
walking a dog on a leash [Alt and Godau 1995]. The person walksforward on one curve,
and the dog walks forward on the other curve. As the person anddog move along their
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respective curves, a leash is maintained to keep track of theseparation between them. The
Fréchet distance is the length of theshortestleash that makes it possible for the person and
dog to walk from beginning to end on their respective curves without breaking the leash.
See section 2 for a formal definition of the Fréchet distance.

Most previous work assumes an obstacle-free environment where the leash connecting
the person to the dog has its length defined by anLp metric. In [Alt and Godau 1995] the
Fréchet distance between polygonal curvesA andB is computed in arbitrary dimensions
for obstacle-free environments inO(N2 log N) time, whereN is the larger of the com-
plexities ofA andB. Rote [Rote 2005] computes the Fréchet distance between piecewise
smooth curves. Buchin et al. [Buchin et al. 2006] show how to compute the Fŕechet dis-
tance between two simple polygons. Fréchet distance has also been used successfully in
the practical realm of map matching [Wenk et al. 2006]. All these works assume a leash
length that is defined by anLp metric.

This paper’s contribution is to measure the leash length by its geodesic distance inside a
simple polygonP (instead of by itsLp distance). A few related works have also measured
the leash by its geodesic distance. Maheshwari and Yi [Maheshwari and Yi 2005] compute
the Fŕechet distance for polygonal curvesA andB on the surface of a convex polyhedron
in O(N3k4 log(kN)) time. Chambers et al. [Chambers et al. 2008] compute the Fréchet
distance inO(N4k3 log kN) time by restricting the leash to different homotopy classes.
The Fŕechet distance has even been applied to morphing by considering the polygonal
curvesA andB to be obstacles that the leash must go around [Bespamyatnikh2002; Efrat
et al. 2002]. The morphing method works inO(N2) time but only applies whenA andB

are disjoint and lie on the boundary of a simple polygon. Our work can handle both this
case and more general cases. We consider a simple polygonP to be the only obstacle and
the curves, which may intersect each other or self-intersect, both lie insideP .

A core insight of this paper is that the free space in a geodesic cell (see section 2)
is x-monotone,y-monotone, and connected. We show how to quickly compute thecell
boundary and how to propagate reachability information through a cell in constant time.
This is sufficient to solve the geodesic Fréchet decision problem. To solve the geodesic
Fréchet optimization problem, we replace the standard parametric search approach by a
novel and asymptotically faster (in the expected case) randomized algorithm that is based
on red-blue intersection counting. Palazzi and Snoeyink [Palazzi and Snoeyink 1994] have
previously explored red-blue intersections for line segments using a slab-based approach,
but they require that all red segments are disjoint and all blue segments are disjoint (see
also [Chazelle et al. 1994]). Our approach is more general because it applies to functions
instead of line segments, and we have no disjointness requirement. Other randomized
alternatives to parametric search have been mentioned in [Agarwal et al. 1994; Matoǔsek
1991].

We show that the geodesic Fréchet distance between two polygonal curves inside a sim-
ple bounding polygon can be computed inO(k + N2 log kN log N) expected time, where
N is the larger of the complexities ofA andB andk is the complexity of the simple poly-
gon. The expected runtime is almost a quadratic factor ink faster than the straightforward
approach, similar to [Efrat et al. 2002], of partitioning each cell intoO(k2) subcells with
combinatorially distinct shortest paths. It is notable that the randomized algorithm also
applies to the non-geodesic Fréchet distance in arbitrary dimensions. We also present al-
gorithms to compute the geodesic Fréchet distance in a polygonal domain with obstacles
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and the geodesic Hausdorff distance for sets of points or sets of line segments inside a
simple polygon.

2. PRELIMINARIES

Let k be the complexity of a simple polygonP that contains polygonal curvesA and
B in its interior. In general, ageodesicis a path that avoids all obstacles and cannot
be shortened by slight perturbations [Mitchell et al. 1987]. Inside a simple polygon, a
geodesic is a unique shortest path between two points. Letπ(a, b) denote the geodesic
insideP between pointsa andb. Thegeodesic distanced(a, b) is the length of a shortest
path betweena andb that does not cross the boundary of the obstacle polygonP , where
the length of the path is measured byL2 distance.

A bitonic function has at most one change in monotonicity. A functionH is “↓↑-bitonic”
when it decreases monotonically and then increases monotonically.

The Fŕechet distance for two curvesA,B : [0, 1] → R
l is defined as

δF (A,B) = inf
f,g:[0,1]→[0,1]

sup
t∈[0,1]

d′( A(f(t)), B(g(t)) )

wheref andg range over continuous non-decreasing reparametrizationsandd′ is a dis-
tance metric for points, usually theL2 distance, and in our setting the geodesic distance.
For a givenε > 0 the free spaceis defined asFSε(A,B) = {(s, t) | d′(A(s), B(t)) ≤
ε} ⊆ [0, 1]2. A free space cellC ⊆ [0, 1]2 is the parameter space defined by two line
segmentsab ∈ A and cd ∈ B, and the free space inside the cell isFSε(ab, cd) =
FSε(A,B) ∩ C.

The decision problem to check whether the Fréchet distance is at most a givenε >

0 is solved by Alt and Godau [Alt and Godau 1995] using afree space diagramwhich
consists of all free space cells for all pairs of line segments of A andB. Their dynamic
programming algorithm checks for the existence of a monotone path in the free space from
(0, 0) to (1, 1) by propagatingreachability informationcell by cell through the free space.

In our setting, each point(s, t) in the free space diagram has an associated geodesic dis-
tance and a binary classification. The geodesic distance for(s, t) equalsd(f(s), g(t)) for
pointsf(s) ∈ A, g(t) ∈ B. The binary classification for(s, t) is decided byd(f(s), g(t)) ≤
ε and indicates whether(s, t) is a point in the free space. Unless otherwise indicated,
geodesic distance is used throughout this paper as the underlying distance measure.

2.1 Funnels and Hourglasses

The associated geodesic distances for points in a free spacecell C can be described by
either the funnel or hourglass structure of [Guibas et al. 1986]. A funnelFp,cd describes all

shortest paths between an apex pointp and a line segmentcd, so it represents a horizontal
(or vertical) line segment in a cellC. The boundary ofFp,cd is cd◦π(d, p)◦π(p, c), where
π(d, p) andπ(p, c) are shortest path chains and◦ denotes concatenation.

An hourglassHab,cd describes all shortest paths between two line segmentsab andcd

and represents all distances in a cellC. For non-crossing segments, the boundary of the
hourglassHab,cd is ab◦π(a, c)◦cd◦π(d, b), and for crossing line segments the boundary is
π(a, c)◦π(c, b)◦π(b, d)◦π(d, a) (see Figure 1). Both funnel and hourglass boundaries have
O(k) complexity because shortest paths inside a simple polygonP are simple, polygonal,
and only have corners at vertices ofP [Guibas et al. 1987].
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There are three types of hourglasses: open, closed, and intersecting. Anopen hourglass
is defined by non-crossingab and cd and two disjoint shortest path chainsπ(a, c) and
π(d, b). A closed hourglasshas non-crossingab andcd and a collapsed interior such that
π(a, c) andπ(d, b) share a common polygonal sub-path. Anintersecting hourglasshas
crossingab and cd and four shortest path chainsπ(a, c), π(c, b), π(b, d), andπ(d, a).
Open, closed, and intersecting hourglasses are illustrated in Figure 1.

a) b) c)

a

b d

b

b

c

d

a

a c

d

c

Fig. 1. a) An open hourglass, b) a closed hourglass, and c) an intersecting hourglass

Any horizontal or vertical line segment inC is associated with a funnel’s distance func-
tion Fp, cd : [c, d] → R with Fp, cd(q) = d(p, q). The below three results are generaliza-
tions of Euclidean properties and will prove useful in section 3 for analyzing the structure
of a free space cell.

LEMMA 2.1. Fp, cd is piecewise hyperbolic withO(k) complexity and is↓↑-bitonic.

PROOF. The shortest pathπ(p, q) in a simple polygon between a fixed pointp and any
pointq ∈ cd can be described by a funnelFp,cd with convex chainsπ(d, p), π(p, c) [Guibas
et al. 1986]. By extending all line segments on these convex chains into lines and inter-
secting these lines withcd, a partition ofcd into O(k) intervalsI1, I2, ..., IR is obtained
(see Figure 2a).
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Fig. 2. a) A funnelF
p,cd

can be partitioned intoO(k) intervals such that chain vertexpj defines intervalIj . b)
The funnel’s distance functionF

p, cd
is piecewise hyperbolic.

All shortest pathsπ(p, q) from p to any pointq ∈ Ij are polygonal and have the form
p, pi, pi+1, ..., pj , q orp, pi, pi−1, ..., pj , q wherepi, ..., pj are the funnel chain vertices
visited byπ(p, q). For example, all shortest paths fromp to q ∈ I1 in Figure 2 have the
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Fig. 3. Shortest paths in the hourglassH
ab,cd

defineH
ab, cd

.

formp, p2, p1, q. LetL be the length of the path fromp to q so thatd(p, q) = L+||pj−q||.
As q varies alongIj , L andpj are fixed, sod(p, q) equals theL2-distance from a point to
a line segment (plus the constantL). The graph ofd(p, q) for q ∈ Ij therefore defines a
hyperbolic arcαj . Hence,Fp, cd is piecewise hyperbolic withO(k) complexity.

Observe that theslopesof the line segments defining the funnel chainsπ(c, p) and
π(p, d) in order fromc to p to d form a monotone sequence. This follows from the convex-
ity of each chain. We now show that at most one arc ofFp, cd is bitonic, and the remaining
arcs are monotone.

Each intervalIj for 1 ≤ j ≤ R is defined by two raysRj−1 andRj that originate from
the chain vertexpj and intersectcd. Arc αj is bitonic if and only if the perpendicular from
pj to the lineζ throughcd lies strictly in the interior ofIj . Otherwise,αj is monotone.
Note that the slopeµ of any perpendicular toζ is a constant. SinceIj is defined by two rays
Rj−1, Rj from pj to ζ, a perpendicular frompj will only intersectζ in Ij when the slope
µ lies between the slopes ofRj−1 andRj . Since the ray slopes are monotone through the
intervalsI1...R, at most one bitonic arcαv for 1 ≤ v ≤ R exists, and the remaining arcs
are monotone. The ray slopes also ensure that the arcsα1...(v−1) are monotone decreasing
and the arcsα(v+1)...R are monotone increasing. Hence,Fp, cd is ↓↑-bitonic.

COROLLARY 2.2. Any horizontal (or vertical) line segment in a geodesic1 free space
cell C has at most one connected set of free space values.

PROOF. A horizontal (or vertical) line segment in a cellC is associated with a funnel’s
distance functionFp, cd, and free space consists of all values less than or equal to a given
distanceε. Since Lemma2.1 ensures thatFp, cd is ↓↑-bitonic, Fp, cd has at most one
connected set of free space values.

Consider the hourglassHab, cd in Figure 3. Asp varies froma to b, theminimumdistance

from p to cd defines a functionHab, cd : [a, b] → R with Hab, cd(p) = minq∈[c,d] d(p, q).

LEMMA 2.3. Hab, cd is ↓↑-bitonic.

PROOF. Let theshortestdistance froma to any point oncd occur atMa ∈ cd. Similarly,
let the shortest distance fromb to any point oncd occur atMb ∈ cd. Observe thatHab, cd

andHab, MaMb
are identical functions (see Figure 3). We now show thatHab, MaMb

is
↓↑-bitonic regardless of whether the hourglassHab, MaMb

is open, closed, or intersecting
(cf. Figure 1).

Suppose thatHab, MaMb
is an open hourglass. IfMa = Mb, then observe that the

1A geodesicrefers to a shortest path in a simple polygon.
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Fig. 4. a) AnopenhourglassH
ab, MaMb

. F
aSa, Ma

andF
Sbb, Mb

are lightly shaded;L is heavily shaded.
b) A closedhourglass always hasMa = Mb. c) An intersectinghourglass can be split into two (shaded) open
hourglasses.

hourglass distance functionHab, MaMb
equals the funnel distance functionFab, Ma

2 and
is ↓↑-bitonic by Lemma 2.1. WhenMa 6= Mb the convexity and disjointness of the open
hourglass chains ensures that perpendiculars tocd throughMa andMb intersectab in two
pointsSa andSb (see Figure 4a). UsingSa andSb, the hourglassHab, MaMb

can be split
into three parts: two funnelsFaSa, Ma

, FSbb, Mb
, and anL2-sectionL that lies in-between

the two funnels. These three structures together form a↓↑-bitonic sequence for any open
hourglass by the proof of Lemma 2.1 because the line segment slopes on the chains form
a monotone sequence froma to Ma alongπ(a,Ma) and continuing fromMb to b along
π(Mb, b) (see Figure 4a). Since the three structures defineHab, MaMb

, it is also↓↑-bitonic.

Suppose thatHab, MaMb
is a closed hourglass.All shortest paths fromp ∈ ab to the

closestq ∈ cd will end at the same pointMa as shown in Figure 4b. Hence,Hab, MaMb

equalsFab, Ma
and is↓↑-bitonic by Lemma 2.1.

WhenHab, MaMb
is an intersecting hourglass,ab and cd will cross at the pointι as

illustrated in Figure 4c.Hab, MaMb
has the formHaι, ιMa

◦Hιb, Mbι, whereHaι, ιMa
and

Hιb, Mbι are distance functions foropenhourglasses. By the above arguments on open
hourglasses,Haι, ιMa

andHιb, Mbι are each (at worst)↓↑-bitonic. It follows fromd(ι, ι) =
0 thatHab, cd is ↓↑-bitonic.

3. GEODESIC CELL PROPERTIES

Consider a geodesic cellC for polygonal curvesA andB inside a simple polygon. Let
ab ∈ A andcd ∈ B be the two line segments definingC. A subsetS ⊆ R

2 is x-monotone
if every vertical line intersectsR in at most one connected interval.S ⊆ R

2 is y-monotone
if every horizontal line intersectsR in at most one connected interval.

LEMMA 3.1. For any ε ≥ 0, the free space in a geodesic cellC is connected,x-
monotone, andy-monotone.

PROOF. The monotonicity of the free space inC follows from Corollary 2.2. For con-
nectedness, choose any two free space points(p1, q1), (p2, q2), and construct a path con-
necting them in the free space as follows: move vertically from (p1, q1) to the minimum
distance inC on the vertical line defined byp1. Similarly, move vertically from(p2, q2)
to the minimum associated distance inC on the vertical line defined byp2. By Lemma

2Notice that the funnelF
ab, Ma

uses thesecondsubscript for the apex. This emphasizes that the apex occurs on

cd instead of onab.
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2.1, this movement causes the distance to decrease monotonically. By Lemma 2.3, any two
minimum points are connected by a↓↑-bitonic distance functionHab, cd (cf. section 2.1),
but as the starting points are in the free space – and therefore have distance at mostε – all
points on this constructed path lie in the free space.

The boundary of a free space cell consists of vertical and horizontal line segments. Each
boundary segment can be associated with a funnelFp, cd that has a↓↑-bitonic distance
functionFp, cd (cf. Lemma2.1). Givenε ≥ 0, computing the free space on a boundary
segment requires finding the (at most two) valuest1, t2 such thatFp, cd(t1) = Fp, cd(t2) =
ε (see Figure 5).

Free Space

c)

cd

I 5
I 4

I v
I 2

I 1
I 2

I 1

I 4

I v

I 5

a)

p

c

1

2

v 4 5

d
Fp, cd

α1

t 1

α2
αv α4

α5

t 2 }y= ε

b)

Fig. 5. a) A funnelF
p, cd

. b) The funnel’s bitonic distance functionF
p, cd

. c) Free space on a boundary segment
of a free space cell. At most two valuest1, t2 with F

p, cd
(t1) = F

p, cd
(t2) = ε define the free space on this

boundary segment.

LEMMA 3.2. Both the minimum value ofFp, cd and the (at most two) valuest1, t2 such
that Fp, cd(t1) = Fp, cd(t2) = ε can be found for anyε ≥ 0 and anyFp, cd in O(log k)
time afterO(k) preprocessing. Hence, the free space on the boundary of a cell can be
computed inO(log k) time.

PROOF. Although an explicit construction ofFp, cd would takeO(k) time, realize that
it is not necessary to explicitly constructall the arcs ofFp, cd. Instead, a binary search can
find the intersectionst1 andt2 of α1...R with y = ε by examining onlyO(log k) arcs.

Any shortest path chainπ(p, q) can be represented as a balanced binary treeT in
O(log k) time (afterO(k) preprocessing) by the algorithms of Guibas and Hershberger
[Guibas and Hershberger 1989; Hershberger 1991].T supports binary searches because
it stores chain edges at its nodes such that “the edges along the chain, taken in order, are
the same as the edges stored in the nodes, taken in symmetric order” [Hershberger 1991].
Even thoughT can haveO(k) complexity, it can be constructed in onlyO(log k) time by
merging preconstructed trees together at query time [Guibas and Hershberger 1989].

Construct the binary search treesTc andTd for the two shortest path chainsπ(d, p) and
π(p, c), respectively. These chains together define all arcsαj of the piecewise hyperbolic
distance functionFp, cd, where1 ≤ j ≤ R. The bitonic arcαv of Fp, cd can be found
by searchingTc andTd for the arcαj with the smallest value amongα1...R. At most one
bitonic arc exists becauseTc andTd together represent the chains of the funnelFp,cd (cf.
Lemma 2.1). After findingαv, t1 and t2 can be found by binary searches over at most
three monotone sequences of arcs defined byTc andTd.

COROLLARY 3.3. Fp, cd can be evaluated at anyε ≥ 0 in O(log k) time.
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PROOF. This follows immediately from the balanced binary treeT representation for
Fp, cd that is due to Guibas and Hershberger [Guibas and Hershberger 1989; Hershberger
1991].

3.1 Propagating Reachability Information Through a Cell in O(1) Time

Reachability information determines which points on the cell boundary are reachable by
a monotonepath that originates from the bottom-left corner of the freespace diagram
and travels only through the free space. Dynamic programming is traditionally used to
propagate reachability information through each cell to solve the Fŕechet decision problem
[Alt and Godau 1995].

LEMMA 3.4. Given the free space on the boundaries of a cellC and given reachabil-
ity information for the bottom and left boundaries ofC, reachability information can be
propagated throughC in constant time.

PROOF. The standard argument used for convex free space [Alt and Godau 1995] still
applies. By Lemma 3.1, the free space isx-monotone,y-monotone, and connected. Hence,
if some point on the left boundary is reachable, then the whole top boundary is reachable.
If no point on the left boundary is reachable, then project the reachable points from the
bottom boundary onto the top boundary. Analogous argumentshold for the bottom and
right boundaries.

4. RED-BLUE INTERSECTIONS

In this section we show how to efficiently count and report a certain type of red-blue inter-
sections in the plane. This problem is interesting both fromtheoretical and applied stances
and will prove useful in section 5.2 for the Fréchet optimization problem.

Let R = {r1, ..., rm} andB = {b1, ..., bn} be sets of continuous functions such that
ri, bj : [α, β] → R for 1 ≤ i ≤ m and1 ≤ j ≤ n. Assume every “red” functionri is
strictly decreasingand every “blue” functionbj is strictly increasing.Let I(k) be the time
to find the at most one intersection of the functionsri andbj ,3 and assumeri, bj can be
evaluated at any position inE(k) time.

THEOREM 4.1. The number of red-blue intersections betweenR and B in the slab
[α, β] × R can becountedin O(N(E(k) + log N)) total time, whereN = max(m,n).
These intersections can bereportedin O(N(E(k) + log N) + K · I(k)) total time, where
K is the total number of intersections reported. AfterO(N(E(k)+ log N)) preprocessing
time, arandomred-blue intersection in[α, β] × R can be returned inO(log N + I(k))
time, and the red function involved in the most red-blue intersections in[α, β] × R can be
returned inO(1) time. All operations requireO(N) space.

PROOF. Figure 6 illustrates the key idea. Suppose a red functionr3 lies abovea blue
function b2 at x = α. If it is also true thatr3 lies belowb2 at x = β, thenr3 andb2

must intersect in the slab[α, β] × R due to the continuity and monotonicity ofr3 andb2.
All red-blue intersections in the slab[α, β] × R can be counted by takingsnapshotsof the
functions atx = α andx = β. Let theα-snapshotLα be the list of functions in the order
they intersect the vertical linex = α. Let Lβ be theβ-snapshot atx = β. These snapshots

3There is at most one intersection due to the monotonicities of the red and blue functions.
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Fig. 6. r3 lies abovetwo blue functions atx = α but only lies aboveoneblue function atx = β. Subtraction
reveals thatr3 has one intersection in the slab[α, β] × R.

can be computed inO(N(E(k) + log N)) time by computing and sorting red and blue
values.4

Let Γ(ri(x)) be the number ofbj ∈ B such thatri(x) > bj(x) at a given value of
x. The number of red-blue intersections for eachri in the slab[α, β] × R is simply
Γ(ri(α)) − Γ(ri(β)) due to the continuity and monotonicity of the red and blue func-
tions (see Figure 6). AllΓ(ri(α)) (resp. Γ(ri(β))) values can be computed by a linear
scan overLα (resp. Lβ). Intersection counting simply sums up the number of intersec-
tions over all red functions, and this process also reveals which red function is involved in
the most red-blue intersections in the slab[α, β] × R.

We nowreport intersections instead ofcountingthem. Note that we avoid enumerating
all possible intersections and instead use the idea of Figure 6 to only compute intersections
that are actually reported. An intersection in the slab[α, β]×R occurs whenri(α) ≥ bj(α)
andri(β) ≤ bj(β). To test these conditions,incrementallyconstruct a balanced binary
search treeT . Let Iβ(ri) denote the rank ofri in the listLβ , and letIβ(bi) denote the rank
of bi in Lβ . Begin with an empty treeT , and march throughLα in ascending order (i.e.,
bottom-to-top in Figure 6). During this traversal, processeachbj by insertingIβ(bj) into
T in O(log N) time. Process eachri by querying the treeT with Iβ(ri). At query time
for ri, T contains only indices forbj such thatri(α) ≥ bj(α). All bj with indices inT

greater than the query index must intersectri because both conditionsri(α) ≥ bj(α) and
ri(β) ≤ bj(β) are satisfied.

To find a randomred-blue intersection in the slab[α, β] × R, count the numberκ of
red-blue intersections in[α, β] × R, and pick a random integerρ between 1 andκ. To
find the red curveri that is involved in theρth red-blue intersection, preprocess eachri

in Lα to store the total numberλ of red-blue intersections forall rj that lie belowri in
Lα and perform a binary search. Onceri is identified, we must find the(ρ − λ)th blue
curve that intersectsri in the slab[α, β] × R. Recall that the reporting structureT allows
finding all intersections involvingri if queries are made at an appropriate time during an
incremental construction. Sarnak and Tarjan [Sarnak and Tarjan 1986] have shown how to
build a persistenttree inO(N log N) time such that any previous version of a tree after
i′ insertions is available inO(log N) time. PrecomputeT as a persistent tree. At query
time, find the treeT ′ that definesT after Γ(ri(α)) insertions. SearchT ′ to identify the
subtree such that every node in the subtree represents a red-blue intersection involvingri

4During the sorting process, if a red function has the same value as a blue function atx = α, then the red function
should be considered greater than the blue function. By contrast, if a red function has the same value as a blue
function atx = β, then the red function should be considered less than the blue function. This ensures that
intersections directly atx = α or x = β are counted and reported properly.
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in [α, β] × R. The (ρ − λ)th node in this subtree is the desired intersection. Hence, a
persistent [Sarnak and Tarjan 1986] version of the reporting structure allows a random red-
blue intersection in the slab[α, β]×R to be returned inO(log N + I(k)) query time after
O(N(E(k) + log N)) preprocessing time.

5. GEODESIC FRÉCHET ALGORITHM

5.1 Geodesic Fréchet Decision Problem

THEOREM 5.1. After preprocessing a simple polygonP for shortest path queries in
O(k) time [Guibas and Hershberger 1989], the geodesic Fréchet decision problem (see
section 2) for polygonal curvesA and B inside P can be solved for anyε ≥ 0 in
O(N2 log k) time andO(k + N) space.

PROOF. Following the standard dynamic programming approach of [Alt and Godau
1995], compute all cell boundaries inO(N2 log k) time (cf. Lemma 3.2), and propagate
reachability information through all cells inO(N2) time (cf. Lemma 3.4).O(k) space is
needed for the preprocessing structures of [Guibas and Hershberger 1989], and onlyO(N)
space is needed for dynamic programming if two rows of the free space diagram are stored
at a time.

5.2 Geodesic Fréchet Optimization Problem

For a givenε, a cell boundary segment of a cellCij has at most one free space inter-
val (cf. Lemma 2.1). Denote the lower boundary of this interval asaij(ε) and the upper
boundary asbij(ε) (see Figure 7). Letε∗ = δF (A,B) be the minimum value ofε such
that the Fŕechet decision problem returns true. Parametric search is atechnique commonly
used to findε∗ (see [Agarwal et al. 1994; Alt and Godau 1995; Cole 1987; van Oostrum
and Veltkamp 2002]).5 Using parametric search,ε∗ is found by sorting all the functions
aij(ε), bij(ε) based on the unknown parameterε∗. The comparisons performed during the
sort guarantee that the result of the decision problem is known for all “critical values” [Alt
and Godau 1995] that could potentially defineε∗. Traditionally, such a sort operates on
functions of constant complexity. The geodesic case is different becauseaij(ε), bij(ε) have
O(k) complexity (cf. Lemma 2.1). A straightforward parametric search based on sorting
O(kN2) constant complexity hyperbolic functions would requireO(kN2 log kN) time
even when using Cole’s [Cole 1987] optimization.6 We present a randomized algorithm
with expected runtimeO(k + N2 log kN log N).

The seminal work of Alt and Godau [Alt and Godau 1995] defines three types of critical
values which are candidate values ofε for ε∗, and these candidates values also apply to
the setting for a simple polygon. There are exactly two type (a) critical values associated
with distances between the starting points ofA andB and the ending points ofA andB.
Type (b) critical values occurO(N2) times whenaij(ε) = bij(ε). See Figure 7a. The
O(N2) type (a) and (b) critical values can be handled inO(N2 log k log N) total time by
computing the critical values inO(N2 log k) time,7 sorting the values inO(N2 log N)

5A simple alternative to parametric search is to run the decision problem once for every bit of accuracy that is
desired. This approach runs inO(BN2 log k) time andO(k + N) space, whereB is the desired number of bits
of accuracy [van Oostrum and Veltkamp 2002].
6A variation of the general sorting problem called the “nuts and bolts” problem (see [Komlós et al. 1996]) is
tantalizingly close to an acceptableO(N2 log N) sort but does not apply to our setting.
7Both of the type (a) critical values can be computed inO(log k) time by computing shortest paths between the
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Fig. 7. a) Free space diagram and distance function for a type(b) critical value ofε. b) Free space diagram and
distance function for a type (c) critical value.

time, and finally performing a binary search using the decision problem. Resolving the
type (a) and (b) critical values as a first step defines a searchinterval forε∗ that simplifies
the randomized algorithm for the type (c) critical values.

Alt and Godau [Alt and Godau 1995] show that type (c) criticalvalues occur when the
position ofaij(ε) in a cellCij equals the position ofbkj(ε) in cell Ckj in the free space
diagram. See Figure 7b. Asε increases, Lemma 2.1 ensures thataij(ε) is monotone
decreasing on the cell boundary segment andbij(ε) is monotone increasing (see Figure
7b). This means thataij(ε) andbkj(ε) intersect at most once. Hence, there areO(N2)
intersections ofaij(ε) andbkj(ε) in row j and a total ofO(N3) type (c) critical values
over all rows. There are alsoO(N2) intersections ofaij(ε) andbik(ε) in columni and a
total ofO(N3) additional type (c) critical values over all columns.

LEMMA 5.2. The intersection ofaij(ε) and bkl(ε) can be found for anyε ≥ 0 in
O(log k) time after preprocessing.

PROOF. Recall thataij(ε) is defined by the monotone decreasing component of a dis-
tance functionFp, cd and is composed of arcs that correspond to a subset ofπ(d, p) ∪
π(p, c). Similarly, bkl(ε) is defined by the monotone increasing component ofFp, cd. Us-
ing the approach of section 3, construct the balanced binarysearch treesTa andTb in
O(log k) time that are, respectively, associated with the shortest path chains foraij(ε) and
bkl(ε). Recall that these trees support binary searches because they store chain edges at
their nodes such that “the edges along the chain, taken in order, are the same as the edges
stored in the nodes, taken in symmetric order” [Hershberger1991]. We show that a loga-
rithmic search overTa andTb is sufficient to find the intersection ofaij(ε) andbkl(ε) or
report that no intersection exists.

Start at the roots of both trees and build the arcsαa, αb for the current nodes inTa, Tb

in O(1) time. If αa andαb intersect, then we are done. Otherwise, we need to move left
or right in one of the trees such that no intersection is missed. The monotone decreasing
nature ofaij(ε) ensures that all arcs left ofαa in the treeTa must lie in the space defined
by an infinite rectangular wedgera1, wherera1 is defined by the upper left quadrant with
origin at the left endpoint ofαa. Similarly, ra2 is defined by the lower right quadrant with
origin at the right endpoint ofαa, rb1 is defined by the lower left quadrant with origin at the
left endpoint ofαb, andrb2 is defined by the upper right quadrant with origin at the right
endpoint ofαb (see Figure 8). LetA be the “red” wedge-arc-wedge sequence defined by

starting and ending points ofA andB. Each type (b) critical value occurs at the minimum value ofF
p, cd

and
can be computed inO(log k) time by Lemma 3.2.
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ra1, αa, andra2. LetB be the “blue” wedge-arc-wedge sequence defined byrb1, αb, and
rb2. The monotonicities ofA andB ensure that at least one of the wedges will not have its
boundary crossed by the other color. Hence, at least one of the wedges is guaranteed not
to involve an intersection and can be discarded, so a binary search is sufficient to find an
intersection if it exists.

a1

ra2rb1 rb1 ra2

bα
aα

1.00.0
Position on cell boundary

ε

rb2r

Fig. 8. The intersection ofaij(ε) andbkl(ε) does not involvera1, αb, andrb2.

The runtime follows because each step performs constant work on four wedges and two
arcs to perform a binary search. Since the binary search trees Ta andTb haveO(log k)
height, the total number of steps isO(log k). Hence, the intersection ofaij(ε) andbkl(ε)
can be found (or determined not to exist) inO(log k) time.

The below randomized algorithm uses Theorem 4.1 to count type (c) critical values for
the aij(ε) andbkl(ε) functions and solves the geodesic Fréchet optimization problem in
O(k +N2 log kN log N) expected time. This is faster than the standard parametric search
approach which requiresO(kN2 log kN) time. The idea is to examine arandomcritical
value to achieve a fast expected runtime. To improve the worst-case time, we also use
Cole’s [Cole 1987] pool idea to batch unresolved comparisons in step (4). Although the
aij and bkl functions haveO(k) complexity, Corollary 3.3 ensures that these functions
can be evaluated at anyε in O(log k) time, and Lemma 5.2 ensures that the (at most one)
intersection ofaij andbkl can also be found inO(log k) time.

ALGORITHM 5.3. Randomized Fŕechet Distance

(1) Precompute and sort all type (a) and type (b) critical values inO(N2 log kN) time
(cf. Corollary 3.3 and Lemma 3.2). Run the decision problemO(log N) times to
resolve theseO(N2) values and shrink the search interval forε∗ down to [α, β] in
O(N2 log k log N) time.

(2) Count the numberκj of type (c) critical values for each rowj in the slab[α, β] × R

using Theorem 4.1. LetCj be the resulting counting data structure for rowj.

(3) Pick a random intersectionϑj for each row usingCj (see Theorem 4.1).8 Find the
medianΨ of theO(N) randomly selectedϑj in O(N) time using aweightedmedian
algorithm, where weights are based on the number of criticalvaluesκj for each row
j.

8Picking a critical value at random is related to the distanceselection problem [Bespamyatnikh and Segal 2004]
and is mentioned in [Agarwal et al. 1994], but to our knowledgethis alternative to parametric search has never
been applied to the Fréchet distance.
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(4) UseCj to find the curveaMj(ε) in each row that has the most intersections (see
Theorem 4.1). Add all intersections in[α, β]×R that involveaMj(ε) to a global pool
P of unresolved critical values9 and deleteaMj(ε) from any future consideration. Find
the medianΞ of the values inP in O(N2) time using the standard median algorithm
mentioned in [Komĺos et al. 1996].

(5) Run the decision problem twice: once onΞ and once onΨ. This shrinks the search
interval for ε∗ and allowsat leasthalf the values inP to be discarded because the
result of the decision problem is known for them. Repeat steps 2 through 5 until all
row-based type (c) critical values have been resolved.

(6) Resolve allcolumn-based type (c) critical values in the same spirit as steps 2 through
5 and return the smallest critical value that satisfied the decision problem as the value
of the geodesic Fréchet distance.

THEOREM 5.4. ThegeodesicFréchet distance between two polygonal curvesA andB

inside a simple bounding polygonP can be computed inO(k+N2 log kN log N) expected
time andO(k + N3 log kN) worst-case time, whereN is the larger of the complexities of
A andB andk is the complexity ofP . O(k + N2) space is used.

PROOF. PreprocessP once for shortest path queries inO(k) time [Guibas and Hersh-
berger 1989]. In the expected case, each execution of the decision problem will eliminate
a constant fraction of the remaining type (c) critical values due to the proof of Quicksort’s
expected runtime and the weighted median approach forΨ. Consequently, the expected
number of iterations of the algorithm isO(log N3) = O(log N).

In the worst-case, each of theO(N) aij(ε) in a row will be picked asaMj(ε). Therefore,
each row can require at mostO(N) iterations. Sinceall rows are processed in each iter-
ation, the entire algorithm requires at mostO(N) iterations forrow-based critical values.
By a similar argument,column-based critical values also require at mostO(N) iterations.

The size of the poolP is expressed by the inequalityS(x) ≤ S(x−1)+O(N2)
2 , where

S(0) = 0 andx is the iteration number for the loop involving steps 2 through 5. Intuitively,
each iteration addsO(N2) values toP and then at least half of the values inP are always
resolved using the medianΞ. It is not difficult to show thatS(x) ∈ O(N2) for anyx ≥ 0.

Each iteration of the algorithm requires intersection counting and intersection calcula-
tions forO(N) rows (or columns) at a cost ofO(N2 log kN) time. In addition, the global
poolP has its median calculated inO(N2) time, and the decision problem is executed in
O(N2 log k) time. Consequently, the expected runtime isO(k + N2 log kN log N) and
the worst-case runtime isO(k + N3 log kN) includingO(k) preprocessing time [Guibas
and Hershberger 1989] for geodesics. The preprocessing structures useO(k) space that
must remain allocated throughout the algorithm, and the pool P usesO(N2) additional
space.

Although the (non-geodesic) Fréchet distance is normally computed inO(N2 log N) time
using parametric search (see [Alt and Godau 1995]), parametric search is often regarded as
impractical because it is difficult to implement10 and involves enormous constant factors

9The idea of a global pool is similar to Cole’s optimization for parametric search [Cole 1987].
10Quicksort-based parametric search has been implemented by vanOostrum and Veltkamp [van Oostrum and
Veltkamp 2002] using a framework approach.
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[Cole 1987]. Algorithm 5.3 provides a practical alternative to parametric search for solving
the non-geodesic Fréchet optimization problem inRl (see also [Agarwal et al. 1994]).

THEOREM 5.5. The (non-geodesic) Fréchet distance between two polygonal curvesA

andB in R
l can be computed inO(N2 log2 N) expected time, whereN is the larger of the

complexities ofA andB. O(N2) space is required.

PROOF. The argument is almost identical to the proof of Theorem 5.4. The main dif-
ference is that non-geodesic distances can be computed inO(1) time (instead ofO(log k)
time).

6. GEODESIC FRÉCHET DISTANCE IN A POLYGONAL DOMAIN WITH OB-
STACLES

Consider the situation of a person walking a dog in a park. If the person and dog walk on
opposite sides of a group of trees, then the leash will wrap around the trees. More formally,
suppose the two polygonal curvesA andB lie in a planar polygonal domainD [Mitchell
1998] of complexityk. The leash is required to change continuously, i.e., it muststay
insideD and may not pass through or jump over an obstacle. It may, however, cross itself.
Let δC be the geodesic Fréchet distance for this scenario when the leash length is measured
geodesically.

Due to the continuity of the leash’s motion, the free space inside a geodesic cell is
represented by an hourglass – just as it was for the geodesic Fréchet distance inside a
simple polygon. Hence, free space in a cell isx-monotone,y-monotone, and connected
(cf. Lemma 3.1), and reachability information can be propagated through a cell in constant
time (cf. Lemma 3.4). We computeδC for a single initial leash that can be defined by
computing a shortest path between the start points of the polygonal curvesA andB in
O(k log k) time [Mitchell 1998]. This initial leash defines ahomotopy classthat represents
the set of all paths that can be continuously deformed into each other without crossing any
obstacles [Hershberger and Snoeyink 1991].11

The main task in computingδC is to construct funnels for all cell boundaries. Once
these funnels are known, the decision and optimization problems can be solved by the
algorithms for the geodesic Fréchet distance inside a simple polygon (cf. Theorems 5.1 and
5.4). We use Hershberger and Snoeyink’s homotopic shortestpaths algorithm [Hershberger
and Snoeyink 1991] to incrementally construct all funnels needed to computeδC . To use
the homotopic algorithm, the polygonal domainD should be triangulated inO(k log k)
time [Mitchell 1998], and all obstacles should be replaced by their vertices.

LEMMA 6.1. After precomputing a homotopic shortest path for the bottom-left corner
of aδC-cell C, all four funnels representing the boundary segments ofC and the homotopic
shortest paths for the bottom-left corners of cells adjacent to C can be computed inO(k)
time.

PROOF. The funnels representing cell boundaries are constructedincrementally. The
idea is to extend the initial homotopic shortest path into a homotopic “sketch” that de-
scribes how the shortest path should wind through the obstacles and then to “snap” this
sketch into a homotopic shortest path (see Figures 9a and 9b).

11We recently learned thatδC has been independently explored in [Chambers et al. 2008]. They repeatedly
calculateδC O(N2) times to find the optimal value forδC under all possible homotopy classes.
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Fig. 9. a) A funnel for aδC -cell can be found by first extending an initial homotopic shortest path along one
segment to create a path sketch and then b) snapping this sketch into a homotopic shortest path. c) Such a funnel
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constant.

Homotopic shortest paths have increased complexity over normal shortest paths because
they can loop around obstacles. For example, if the person walks in a triangular path
around all the obstacles, then the leash follows a homotopicshortest path that can have
O(k) complexity in a single cycle around the obstacles. By repeatedly winding around the
obstaclesO(N) times a path achievesO(kN) complexity.

To avoid spendingO(kN) time per cell, we extend a previous homotopic shortest path
into a sketch by appending a single line segment to the previous path (see Figure 9a).
Adding this single segment can unwind at most one loop over a subset of obstacles, so
only the most recentO(k) vertices of the sketch will need to be updated when the sketch
is snapped into the true homotopic shortest path. A turning angle is used to identify these
O(k) vertices by backtracking on the sketch until the angle is at least2π different from the
final angle.

Putting all this together, a funnel for a boundary segment ofa free space cell can be
computed inO(k) time by starting with an initial shortest pathLI of O(kN) complexity,
constructing a homotopic “sketch” by appending a single segment toLI , backtracking with
a turning angle to findO(k) vertices that are eligible to be changed, and finally “snapping”
theseO(k) vertices to the true homotopic shortest path using Hershberger and Snoeyink’s
algorithm [Hershberger and Snoeyink 1991]. The result is a funnel that describes one cell
boundary segment (see Figures 9a and 9b).

Extending and snappingLI is sufficient to define funnels for all four boundary segments
of a free space cellC that is defined byab andcd. For example, extending and snapping
LI along the currentab ∈ A segment defines the funnel for the left cell boundary segment.
Similarly, extending and snappingLI along thecd ∈ B segment defines the funnel for
the bottom cell boundary segment. Extending and snappingLI in this fashion also conve-
niently defines the initial homotopic shortest paths for cells that are adjacent toC.

THEOREM 6.2. TheδC decision problem can be solved inO(kN2) time andO(k+N)
space.

PROOF. Each cell boundary segment is associated with a funnelFo, cd with O(kN)
complexity [Duncan et al. 2006]. However, this high complexity is a result of looping over
obstacles, and most of these points do not affect the funnel’s distance functionFo, cd. As
illustrated in Figure 9c,Fo, cd has onlyO(k) complexity because only verticesπ(d, p) ∪
π(p, c) contribute arcs toFo, cd. To solve the decision problem, compute all cell boundary
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funnels inO(kN2) time using Lemma 6.1 and apply the approach of Theorem 5.1 (since
all funnels once again haveO(k) complexity).

THEOREM 6.3. TheδC optimization problem can be solved inO(kN2+N2 log kN log N)
expected time andO(kN2) space.12

PROOF. If the funnels are precomputed inO(kN2) time and space, then Theorem 5.4
applies directly.

7. GEODESIC HAUSDORFF DISTANCE

Hausdorff distance is a similarity metric commonly used to compare sets of points or sets
of line segments. Thedirectedgeodesic Hausdorff distance can be formally defined as
δ̃H(A,B) = supa∈A infb∈B d(a, b), whereA andB are sets andd(a, b) is the geodesic
distance betweena and b (see [Alt and Godau 1995; Alt et al. 2003]). Theundirected
geodesic Hausdorff distance is the larger of the two directed distances:δH(A,B) =
max(δ̃H(A,B), δ̃H(B,A)).

THEOREM 7.1. The Euclidean geodesic Hausdorff distanceδH(A,B) for point sets
A,B inside a simple polygonP can be computed inO((k + N) log(k + N)) time and
O(k + N) space, whereN is the larger of the complexities ofA and B and k is the
complexity ofP . If A and B are sets of line segments,δH(A,B) can be computed in
O((k + N) log(k + N)) time and space.

PROOF. The directed Hausdorff distancẽδH(A,B) is calculated by finding for each
point a ∈ A the distance to its nearest neighbor point inB and returning the maximum
of these distances. To find nearest neighbors efficiently, precompute the geodesic Voronoi
diagramsVA, VB for the point setsA and B inside the simple polygonP in O((k +
N) log(k + N)) time andO(k + N) space using the algorithm of [Papadopoulou and Lee
1998]. For each pointa ∈ A, find its nearest neighbora′ ∈ B in O(log k) time and the
distanced(a, a′) via point location inVB . Return the maximum of these distances as the
value of δ̃H(A,B). δ̃H(B,A) can be computed in a similar manner. Forline segment
setsA andB, the algorithm of Hershberger and Suri [Hershberger and Suri 1999] can
be used to build a geodesic Voronoi diagram inO((k + N) log(k + N)) time and space.
This Voronoi diagram can be used to identify and resolveO(N) candidate values for the
Hausdorff distance using a planesweep algorithm describedin [Alt et al. 2003].

8. CONCLUSION

To compute the geodesic Fréchet distance between two polygonal curves inside a sim-
ple polygon, we have proven that the free space inside a geodesic cell is x-monotone,
y-monotone, and connected. By extending the shortest path algorithms of [Guibas and
Hershberger 1989; Hershberger 1991], the boundary of a single free space cell can be
computed in logarithmic time, and this leads to an efficient algorithm for the geodesic
Fréchet decision problem.

12If space is at a premium, the algorithm can also run withO(k + N2) space andO(kN2 log N +
N2 log kN log N) expected time by recomputing the funnels each time the decisionproblem is computed (in-
stead of precomputing the funnels). Note thatO(N2) storage is required for the red-blue intersections algorithm
(cf. Theorem 5.4).
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We present a randomized algorithm based on red-blue intersections that solves the geodesic
Fréchet optimization problem in lieu of the standard parametric search approach. The ran-
domized algorithm is also a practical alternative to parametric search for the non-geodesic
Fréchet distance in arbitrary dimensions.

We can compute the geodesic Fréchet distance between two polygonal curvesA andB

inside a simple bounding polygonP in O(k + N2 log kN log N) expected time, whereN
is the larger of the complexities ofA andB andk is the complexity ofP . In the expected
case, the randomized optimization algorithm is an order of magnitude faster than a straight-
forward parametric search that uses Cole’s [Cole 1987] optimization to sortO(kN2) val-
ues.

We define the geodesic Fréchet distance in a polygonal domain with obstacles by en-
forcing a homotopy on the leash. It can be computed in the samemanner as the geodesic
Fréchet distance inside a simple polygon after computing cellboundary funnels using Her-
shberger and Snoeyink’s homotopic shortest paths algorithm [Hershberger and Snoeyink
1991]. An open question is whether it is possible to compute the funnels inO(log k) time
instead ofO(k) time. The geodesic Hausdorff distance for point sets or linesegment sets
inside a simple polygon can be computed using geodesic Voronoi diagrams.
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