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We present an alternative to parametric search that applies to both the non-geodesic and geodesic
Fréchet optimization problems. This randomized approach is based on a variant of red-blue inter-
sections and is appealing due to its elegance and practical efficiency when compared to parametric
search.

We introduce the first algorithm to compute the geodesic Fréchet distance between two polyg-
onal curves A and B inside a simple bounding polygon P. The geodesic Fréchet decision problem
is solved almost as fast as its non-geodesic sibling in O(N? log k) time and O(k + N) space after
O(k) preprocessing, where N is the larger of the complexities of A and B and k is the com-
plexity of P. The geodesic Fréchet optimization problem is solved by a randomized approach in
O(k + N2log kN log N) expected time and O(k + N?2) space. This runtime is only a logarithmic
factor larger than the standard non-geodesic Fréchet algorithm [Alt and Godau 1995]. Results
are also presented for the geodesic Fréchet distance in a polygonal domain with obstacles and the
geodesic Hausdorff distance for sets of points or sets of line segments inside a simple polygon P.

Categories and Subject Descriptors: F.2AR4lysis of Algorithms and Problem Complexity]: Nonnumerical
Algorithms and Problems-Geometrical Problems and Computations

General Terms: Algorithms, Theory
Additional Key Words and Phrases: Fréchet Distance, Geodesic, Shortest Path, Simple Polygon

1. INTRODUCTION

The comparison of geometric shapes is essential in varippkcations including com-
puter vision, computer aided design, robotics, medicalging and drug design. The
Fréechet distance is a similarity metric for continuous shapesh as curves or surfaces
which is defined using reparametrizations of the shapeseStitakes the continuity of the
shapes into account, it is generally a more appropriatamistmeasure than the often used
Hausdorff distance. The &chet distance for curves is commonly illustrated by a perso
walking a dog on a leash [Alt and Godau 1995]. The person wallegard on one curve,
and the dog walks forward on the other curve. As the persordagdnove along their
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respective curves, a leash is maintained to keep track afgparation between them. The
Fréechet distance is the length of thleortesteash that makes it possible for the person and
dog to walk from beginning to end on their respective curvibout breaking the leash.
See section 2 for a formal definition of thedehet distance.

Most previous work assumes an obstacle-free environmeetenthe leash connecting
the person to the dog has its length defined by.ametric. In [Alt and Godau 1995] the
Fréechet distance between polygonal curveand B is computed in arbitrary dimensions
for obstacle-free environments ®(N?log N) time, whereN is the larger of the com-
plexities of A and B. Rote [Rote 2005] computes thedehet distance between piecewise
smooth curves. Buchin et al. [Buchin et al. 2006] show howampute the Rechet dis-
tance between two simple polygons.eEnet distance has also been used successfully in
the practical realm of map matching [Wenk et al. 2006]. A#gh works assume a leash
length that is defined by ah, metric.

This paper’s contribution is to measure the leash lengthidydodesic distance inside a
simple polygonP (instead of by itd.,, distance). A few related works have also measured
the leash by its geodesic distance. Maheshwari and Yi [Mak&s and Yi 2005] compute
the Féchet distance for polygonal curvdsand B on the surface of a convex polyhedron
in O(N3k*log(kN)) time. Chambers et al. [Chambers et al. 2008] compute tBehet
distance inO(N*k31og kIN) time by restricting the leash to different homotopy classes
The Féchet distance has even been applied to morphing by coimgjdése polygonal
curvesA andB to be obstacles that the leash must go around [Bespamy&ai2y Efrat
et al. 2002]. The morphing method worksaGr{N?) time but only applies wher and B
are disjoint and lie on the boundary of a simple polygon. Oarkncan handle both this
case and more general cases. We consider a simple polygoibe the only obstacle and
the curves, which may intersect each other or self-intérbeth lie insideP.

A core insight of this paper is that the free space in a geodesi (see section 2)
is z-monotoney-monotone, and connected. We show how to quickly computeé¢lie
boundary and how to propagate reachability informatiooulgh a cell in constant time.
This is sufficient to solve the geodesiceEhet decision problem. To solve the geodesic
Fréechet optimization problem, we replace the standard pdransearch approach by a
novel and asymptatically faster (in the expected case)aanimbd algorithm that is based
on red-blue intersection counting. Palazzi and Snoeyiakafi and Snoeyink 1994] have
previously explored red-blue intersections for line segtaeising a slab-based approach,
but they require that all red segments are disjoint and ak lsegments are disjoint (see
also [Chazelle et al. 1994]). Our approach is more geneauzs® it applies to functions
instead of line segments, and we have no disjointness myaimt. Other randomized
alternatives to parametric search have been mentionedgarj#al et al. 1994; Matgek
1991].

We show that the geodesicéehet distance between two polygonal curves inside a sim-
ple bounding polygon can be computedk + N2 log kN log N) expected time, where
N is the larger of the complexities of and B andk is the complexity of the simple poly-
gon. The expected runtime is almost a quadratic factérfaster than the straightforward
approach, similar to [Efrat et al. 2002], of partitioningchaell intoO(k?) subcells with
combinatorially distinct shortest paths. It is notablettthee randomized algorithm also
applies to the non-geodesicéehet distance in arbitrary dimensions. We also present al-
gorithms to compute the geodesi&Ehet distance in a polygonal domain with obstacles
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and the geodesic Hausdorff distance for sets of points srafeline segments inside a
simple polygon.

2. PRELIMINARIES

Let £ be the complexity of a simple polygoR that contains polygonal curve4$ and
B in its interior. In general, @eodesicis a path that avoids all obstacles and cannot
be shortened by slight perturbations [Mitchell et al. 198Kjside a simple polygon, a
geodesic is a unique shortest path between two points.wleth) denote the geodesic
inside P between pointa andb. Thegeodesic distancé(a, b) is the length of a shortest
path betweem andb that does not cross the boundary of the obstacle polygowhere
the length of the path is measured by distance.

A bitonicfunction has at most one change in monotonicity. A funcfibis “| T-bitonic”
when it decreases monotonically and then increases manatiyn

The Fiéchet distance for two curveg B : [0,1] — R' is defined as

0r(A,B) = inf sup d'( A(f(t ,B(g(t
A=l s dCAG0). B(0)

where f and g range over continuous non-decreasing reparametrizadiodd’ is a dis-
tance metric for points, usually thie, distance, and in our setting the geodesic distance.
For a givens > 0 thefree spacas defined as'S. (A, B) = {(s,t) | d'(A(s), B(t)) <

e} C [0,1]%. A free space celC C [0,1]? is the parameter space defined by two line
segmentszb € A andced € B, and the free space inside the cellAsS. (ab,cd) =
FS.(A,B)nC.

The decision problem to check whether th&dhet distance is at most a given>
0 is solved by Alt and Godau [Alt and Godau 1995] usinfree space diagramvhich
consists of all free space cells for all pairs of line segmafitd and B. Their dynamic
programming algorithm checks for the existence of a morepath in the free space from
(0,0) to (1, 1) by propagatingeachability informatiorcell by cell through the free space.

In our setting, each poirft, ¢) in the free space diagram has an associated geodesic dis-
tance and a binary classification. The geodesic distancgfoy equalsd(f(s), g(t)) for
pointsf(s) € A, g(t) € B. The binary classification fdw, t) is decided byi(f(s), g(t)) <
¢ and indicates whethe(s, t) is a point in the free space. Unless otherwise indicated,
geodesic distance is used throughout this paper as thelvindedistance measure.

2.1 Funnels and Hourglasses

The associated geodesic distances for points in a free s@dla€ can be described by
either the funnel or hourglass structure of [Guibas et 86].9A funnel 7 —; describes all

shortest paths between an apex ppiand a line segment, so it represents a horizontal
(or vertical) line segment in a cell. The boundary oﬁ-’pa iscdom(d, p)om(p, c), where
m(d,p) andr(p, ¢) are shortest path chains andenotes concatenation.

An hourglassH; -; describes all shortest paths between two line segmenisid cd
and represents all distances in a &ll For non-crossing segments, the boundary of the
hourglass; - isabor(a, c)ocdom(d,b), and for crossing line segments the boundary is
m(a,c)om(c,b)om (b, d)ow(d, a) (see Figure 1). Both funnel and hourglass boundaries have
O(k) complexity because shortest paths inside a simple polygare simple, polygonal,
and only have corners at vertices®fGuibas et al. 1987].
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There are three types of hourglasses: open, closed, amgdotiag. Anopen hourglass
is defined by non-crossingb and cd and two disjoint shortest path chainga, c¢) and
7(d,b). A closed hourglasias non-crossingb andcd and a collapsed interior such that
m(a,c) andw(d,b) share a common polygonal sub-path. istersecting hourglaséas
crossingab andcd and four shortest path chainga, c), w(c,b), 7(b,d), andn(d,a).
Open, closed, and intersecting hourglasses are illudtmatéigure 1.

b d

a) b) c)

Fig. 1. a) An open hourglass, b) a closed hourglass, and ejtarsécting hourglass

Any horizontal or vertical line segment i is associated with a funnel’s distance func-
t!on F oo [_c, d — R with F, a(q).: d(p,q). The.below three resul_ts are generaliza-
tions of Euclidean properties and will prove useful in satt for analyzing the structure
of a free space cell.

LEMMA 2.1. F, is piecewise hyperbolic witt? (k) complexity and ig 1-bitonic.

PrROOF The shortest path(p, ¢) in a simple polygon between a fixed popnand any
pointq € cd can be described by a funnﬁiga with convex chainsg (d, p), 7(p, ¢) [Guibas
et al. 1986]. By extending all line segments on these conbains into lines and inter-
secting these lines withd, a partition ofcd into O(k) intervalsy, I, ..., I is obtained
(see Figure 2a).

Fig. 2. a) A funnelF — can be partitioned int@ (k) intervals such that chain vertgx defines interval ;. b)
The funnel’s distance functioﬁp =4 Is piecewise hyperbolic.

All shortest pathsr(p, ¢) from p to any pointg € I, are polygonal and have the form
Dy Pis Dit1s o> Pj, 4OID, Di, Diz1,..., Pj, g Wherep;, ..., p; are the funnel chain vertices
visited by~ (p, ¢). For example, all shortest paths frgmo ¢ € I; in Figure 2 have the
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b

Fig. 3. Shortest paths in the hourgldss; —; defineH_; —.

formp, ps, p1, ¢. Let L be the length of the path fromto ¢ so thatd(p, ¢) = L+||p; —q|.
As g varies alongl;, L andp; are fixed, sai(p, ¢) equals theL,-distance from a point to
a line segment (plus the constatt The graph ofi(p, ¢) for ¢ € I, therefore defines a
hyperbolic aray;. Hence,F, - is piecewise hyperbolic witlY (k) complexity.

Observe that thelopesof the line segments defining the funnel chaing, p) and
m(p,d) in order frome to p to d form a monotone sequence. This follows from the convex-
ity of each chain. We now show that at most one arEZQfa is bitonic, and the remaining
arcs are monotone.

Each intervall; for 1 < j < Ris defined by two ray$t;_; andR; that originate from
the chain vertey; and intersectd. Arc o is bitonic if and only if the perpendicular from
p; to the line¢ throughcd lies strictly in the interior off;. Otherwise; is monotone.
Note that the slopg of any perpendicular tQ is a constant. Sincg is defined by two rays
R;_1, R; fromp; to ¢, a perpendicular frorp; will only intersect( in I; when the slope
w lies between the slopes &f;_; andR;. Since the ray slopes are monotone through the
intervalsI; g, at most one bitonic ara,, for 1 < v < R exists, and the remaining arcs
are monotone. The ray slopes also ensure that thexargs ;) are monotone decreasing
and the arcs(,,1)...g are monotone increasing. Hende, is | T-bitonic. O

COROLLARY 2.2. Any horizontal (or vertical) line segment in a geodédiee space
cell C has at most one connected set of free space values.

PROOFE A horizontal (or vertical) line segment in a céllis associated with a funnel's
distance functioan —» and free space consists of all values less than or equalit@a g
distances. Since Lemma2.1 ensures than’ -7 Is | 1-bitonic, F, has at most one
connected set of free space values]

Consider the hourglagg_; —; in Figure 3. Asp varies froma to b, theminimumdistance

from p to cd defines a functiodl 7 ; [a, b] — R with Hep -a(p) = mingepe g d(p; q)-

LEMMA 2.3. H_; —is |T-bitonic.

PROOF. Let theshortesdistance fromu to any point ored occur ath/, € cd. Similarly,
let the shortest distance frobrto any point orcd occur atM, € cd. Observe that;
and H 577, are identical functions (see Figure 3). We now show tigf 77— is
1 T-bitonic regardless of whether the hourgl&%’ w7ar, 1S open, closed, or intersecting
(cf. Figure 1).

Suppose thaﬁﬁm is an open hourglass. W/, = M,, then observe that the

LA geodesiaefers to a shortest path in a simple polygon.
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o=

D

b)

Fig. 4. a) AnopenhourglassHzy 737 Fasy, m, aNdF g5 ay, are lightly shadedf is heavily shaded.
b) A closedhourglass always halsl, ‘= My. c) An |ntersect|nghourg|ass can be split into two (shaded) open
hourglasses.

hourglass distance functiati; ;- equals the funnel distance functidfy; ,, * and

is | T-bitonic by Lemma 2.1. WheM #+ M, the convexity and dlSJomtness of the open
hourglass chains ensures that perpendicularg throughM,, and M, intersectub in two
points.S, andS, (see Figure 4a). Using, andS,, the hourglas${_; 77 can be split
into three parts: two funnelEE, M, fsTb, My and anlL,-sectionf that lies in-between
the two funnels. These three structures together foffrbitonic sequence for any open
hourglass by the proof of Lemma 2.1 because the line segrimgrdsson the chains form
a monotone sequence framto M, alongw(a, M,) and continuing from\/, to b along
w(My, b) (see Figure 4a). Since the three structures define 77, itis also| T-bitonic.

Suppose thatt; 777, Is a closed hourglassAll shortest paths fromp € ab to the

closestg € cd will end at the same point/, as shown in Figure 4b. Henc#_; 5
equalsF— b, M, and is| T-bitonic by Lemma 2.1.

When'Hz; 57 is an intersecting hourglassp and cd will cross at the point as
illustrated in Figure 4cH; 57 has the formi, 5oHy 57—, whereH , 77~ and
Hy 47 are distance functions fapenhourglasses. By the above arguments on open
hourglassesil,; .3~ andH;; 37 are each (at worst)i-bitonic. It follows fromd(c, 1) =

0 that H— d|slT bitonic. ]

ab, ¢

3. GEODESIC CELL PROPERTIES

Consider a geodesic cdll for polygonal curvesd and B inside a simple polygon. Let
ab € Aandcd € B be the two line segments definiig A subsetS C R? is z-monotone
if every vertical line intersect® in at most one connected interval.C R? is y-monotone
if every horizontal line intersect® in at most one connected interval.

LEmmMA 3.1. For anye > 0, the free space in a geodesic céllis connected;-
monotone, ang-monotone.

PROOFE The monotonicity of the free space dhfollows from Corollary 2.2. For con-
nectedness, choose any two free space pgjnts;1 ), (p2, ¢2), and construct a path con-
necting them in the free space as follows: move verticatynf(p;, ¢;) to the minimum
distance inC' on the vertical line defined by;. Similarly, move vertically from(ps, ¢2)
to the minimum associated distanceGhon the vertical line defined by,. By Lemma

2Notice that the funnefF— b, M, Uses thesecondsubscript for the apex. This emphasizes that the apex ocours o
cd instead of orub.
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2.1, this movement causes the distance to decrease monotpnigyal emma 2.3, any two
minimum points are connected by} &-bitonic distance functiod/_; — (cf. section 2.1),
but as the starting points are in the free space — and therbése distance at most- all
points on this constructed path lie in the free space.

The boundary of a free space cell consists of vertical aniddotal line segments. Each
boundary segment can be associated with a fum;ey that has a| T-bitonic distance
function £, = (cf. Lemma2.1). Givene > 0, computing the free space on a boundary
segment reqwres finding the (at most two) valtie$, suchthatr’, ;(t1) = F, 5(t2) =
e (see Figure 5). "

Free Spaciz

Fig. 5. a) Afunnel?—' =z- P) The funnel's bitonic distance functidﬁ -g- ©) Free space on a boundary segment
of a free space ceII At most two values to with I/ —5(t1) = Fp -a(t2) = ¢ define the free space on this
boundary segment.

LEMMA 3.2. Both the minimum value @f, — and the (at most two) values, ¢, such
that F, —(t1) = F, z(t2) = € can be found for any > 0 and anyF, - in O(log k)
time afterO(k) preprocessing. Hence, the free space on the boundary ofl zamelbe

computed irO(log k) time.

PROOF. Although an explicit construction of, -; would takeO(k) time, realize that
it is not necessary to explicitly construat the arcs o’rF —. Instead, a binary search can
find the intersections; andts of oy g With y = ¢ by exam|n|ng onlyO(log k) arcs.

Any shortest path chaim(p,q) can be represented as a balanced binary Treie
O(log k) time (afterO(k) preprocessing) by the algorithms of Guibas and Hershberger
[Guibas and Hershberger 1989; Hershberger 1991kupports binary searches because
it stores chain edges at its nodes such that “the edges dlenthain, taken in order, are
the same as the edges stored in the nodes, taken in symnreit gHershberger 1991].
Even thoughZ can haveD (k) complexity, it can be constructed in ondy(log k) time by
merging preconstructed trees together at query time [Gudbd Hershberger 1989].

Construct the binary search tregsand7; for the two shortest path chaingd, p) and

7(p, ¢), respectively. These chains together define all arcsf the piecewise hyperbolic
distance functiont’, -5, wherel < j < R. The bitonic arca, of F/, - can be found
by searchingd’,. andZi for the arca; with the smallest value amongl .- At most one
bitonic arc exists because and7; together represent the chains of the funﬁgb (cf.
Lemma 2.1). After findingv,, t; andt¢, can be found by binary searches over at most
three monotone sequences of arcs define@.ynd7,;. O

COROLLARY 3.3. F, - can be evaluated at any> 0 in O(log k) time.
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ProoOF This follows immediately from the balanced binary trEeepresentation for
F o that is due to Guibas and Hershberger [Guibas and HershiiE9§6; Hershberger
1991]. O

3.1 Propagating Reachability Information Through a Cell in O(1) Time

Reachability information determines which points on thi lseundary are reachable by
a monotonepath that originates from the bottom-left corner of the fepace diagram

and travels only through the free space. Dynamic programnsrraditionally used to

propagate reachability information through each cell teesthe FEchet decision problem
[Alt and Godau 1995].

LEMMA 3.4. Given the free space on the boundaries of a €etind given reachabil-
ity information for the bottom and left boundaries @f reachability information can be
propagated througlt’ in constant time.

PrROOFE The standard argument used for convex free space [Alt amGd995] still
applies. By Lemma 3.1, the free space-imonotoney-monotone, and connected. Hence,
if some point on the left boundary is reachable, then the evbapp boundary is reachable.
If no point on the left boundary is reachable, then projeetrimachable points from the
bottom boundary onto the top boundary. Analogous argumesits for the bottom and
right boundaries. [

4. RED-BLUE INTERSECTIONS

In this section we show how to efficiently count and reportiaie type of red-blue inter-
sections in the plane. This problem is interesting both ftbeoretical and applied stances
and will prove useful in section 5.2 for the&ahet optimization problem.

LetR = {r,...,rm} andB = {by,...,b,} be sets of continuous functions such that
ri,bj [, 8] = Rforl < ¢ <mandl < j < n. Assume every “red” functiom; is
strictly decreasingand every “blue” functiorb; is strictly increasing.Let I (k) be the time
to find the at most one intersection of the functiensand bj,3 and assume;, b; can be
evaluated at any position ii(k) time.

THEOREM 4.1. The number of red-blue intersections betwdemnd B in the slab
[, B] x R can becountedin O(N (E(k) + log N)) total time, whereN = max(m, n).
These intersections can beportedn O(N (E(k) +log N) + K - I(k)) total time, where
K is the total number of intersections reported. AfHIN (E (k) 4+ log N)) preprocessing
time, arandomred-blue intersection irfie, 5] x R can be returned irO(log N + I(k))
time, and the red function involved in the most red-bluerggetions inf«, 5] x R can be
returned inO(1) time. All operations requiré®(N) space.

PROOFE Figure 6 illustrates the key idea. Suppose a red funatiolies abovea blue
functionb, atxz = «. If it is also true thatrs lies belowby, atx = 3, thenrs and b,
must intersect in the slgf, 5] x R due to the continuity and monotonicity of andbs.
All red-blue intersections in the slgb, 5] x R can be counted by takirgnapshotsf the
functions atr = o andz = (. Let thea-snapshot.,, be the list of functions in the order
they intersect the vertical line = «. Let Lg be theg-snapshot at = 3. These snapshots

3There is at most one intersection due to the monotonicitielseofed and blue functions.
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Index| Lo F(r@) Ly F((B))

r3@) 2 | b(p)
by(ar) r28) 1
@ 1 sl
1a 3
ba(ar) b1(B)

PNWhO

Fig. 6. r3 lies abovetwo blue functions atr = « but only lies aboveneblue function atz = 3. Subtraction
reveals thats has one intersection in the sl@h, 5] x R.

can be computed iO(N(E(k) + log N)) time by computing and sorting red and blue
values?

Let I'(r;(z)) be the number ob; € B such thatr;(z) > b;(z) at a given value of
x. The number of red-blue intersections for eaghin the slabla, 5] x R is simply
I'(r;(a)) — T'(r;(8)) due to the continuity and monotonicity of the red and bluecfun
tions (see Figure 6). All'(r;(«)) (resp. I'(r;(3))) values can be computed by a linear
scan overL, (resp. Lg). Intersection counting simply sums up the number of irters
tions over all red functions, and this process also revehlstwed function is involved in
the most red-blue intersections in the slabg] x R.

We nowreportintersections instead a@buntingthem. Note that we avoid enumerating
all possible intersections and instead use the idea of E§tw only compute intersections
that are actually reported. An intersection in the $tatp] x R occurs whem; («) > b;(«)
andr;(8) < b;(B). To test these conditiongcrementallyconstruct a balanced binary
search tre@". Let Ig(r;) denote the rank aof; in the listL g, and letlz(b;) denote the rank
of b; in Lg. Begin with an empty tre&, and march througti, in ascending order (i.e.,
bottom-to-top in Figure 6). During this traversal, proceashb; by insertingIz(b;) into
T in O(log N) time. Process each by querying the tre@ with Iz(r;). At query time
for r;, T contains only indices fob; such that;(a) > b;(«). All b; with indices inT
greater than the query index must intersedbecause both conditions(a) > b;(«) and
ri(8) < b;(B) are satisfied.

To find arandomred-blue intersection in the slgh, 3] x R, count the numbek of
red-blue intersections ifiv, 5] x R, and pick a random integer between 1 and. To
find the red curve; that is involved in thepth red-blue intersection, preprocess eagch
in L, to store the total numbex of red-blue intersections fall r; that lie belowr; in
L,, and perform a binary search. Oncgis identified, we must find thép — \)th blue
curve that intersects in the slabja, 5] x R. Recall that the reporting structufeallows
finding all intersections involving; if queries are made at an appropriate time during an
incremental construction. Sarnak and Tarjan [Sarnak arjdTa986] have shown how to
build a persistentree inO(N log N) time such that any previous version of a tree after
i’ insertions is available i@ (log N) time. Precomputd as a persistent tree. At query
time, find the treel” that definesl” after I'(r;(«)) insertions. Searcl” to identify the
subtree such that every node in the subtree representshdueéhtersection involving;

4During the sorting process, if a red function has the sameavaia blue function at = «, then the red function
should be considered greater than the blue function. Byrasmtif a red function has the same value as a blue
function atz = 3, then the red function should be considered less than thefbhction. This ensures that
intersections directly at = o or x = 3 are counted and reported properly.
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in [a, 8] x R. The (p — A)th node in this subtree is the desired intersection. Hence, a
persistent [Sarnak and Tarjan 1986] version of the reppdiructure allows a random red-
blue intersection in the slgl, 5] x R to be returned i (log N + I(k)) query time after
O(N(E(k) + log N)) preprocessing time.[]

5. GEODESIC FRECHET ALGORITHM
5.1 Geodesic Fréchet Decision Problem

THEOREM 5.1. After preprocessing a simple polygdn for shortest path queries in
O(k) time [Guibas and Hershberger 1989], the geodesiédfret decision problem (see
section 2) for polygonal curved and B inside P can be solved for ang > 0 in
O(N?log k) time andO(k + N) space.

PrRooOFE Following the standard dynamic programming approach df d Godau
1995], compute all cell boundaries (N2 log k) time (cf. Lemma 3.2), and propagate
reachability information through all cells i@(N?) time (cf. Lemma 3.4)O(k) space is
needed for the preprocessing structures of [Guibas andhblerger 1989], and oni (V)
space is needed for dynamic programming if two rows of the $ggace diagram are stored
atatime. O

5.2 Geodesic Fréchet Optimization Problem

For a givene, a cell boundary segment of a céll; has at most one free space inter-
val (cf. Lemma 2.1). Denote the lower boundary of this inté®msa;;(¢) and the upper
boundary a$;;(¢) (see Figure 7). Let* = §r(A, B) be the minimum value of such
that the Fechet decision problem returns true. Parametric searctechaique commonly
used to finc™* (see [Agarwal et al. 1994; Alt and Godau 1995; Cole 1987; vast@m
and Veltkamp 2002]. Using parametric search? is found by sorting all the functions
a;j(€), bij(e) based on the unknown parametér The comparisons performed during the
sort guarantee that the result of the decision problem igvkrfor all “critical values” [Alt
and Godau 1995] that could potentially defite Traditionally, such a sort operates on
functions of constant complexity. The geodesic case isudifit because;; (<), b;; (¢) have
O(k) complexity (cf. Lemma 2.1). A straightforward parametré@asch based on sorting
O(kN?) constant complexity hyperbolic functions would requidg¢k N2 log kN) time
even when using Cole’s [Cole 1987] optimizationVe present a randomized algorithm
with expected runtim® (k + N2 log kN log N).

The seminal work of Alt and Godau [Alt and Godau 1995] defitesd types of critical
values which are candidate valuesedfor £*, and these candidates values also apply to
the setting for a simple polygon. There are exactly two ty@ec(itical values associated
with distances between the starting pointsdoind B and the ending points of and B.
Type (b) critical values occuP(N?) times whena;;(¢) = b;;(c). See Figure 7a. The
O(N?) type (a) and (b) critical values can be handledifiv2 log k log V) total time by
computing the critical values iW(N?log k) time,” sorting the values i (N? log N)

5A simple alternative to parametric search is to run the detipioblem once for every bit of accuracy that is
desired. This approach runs@BN? log k) time andO(k + N) space, wheré is the desired number of bits
of accuracy [van Oostrum and Veltkamp 2002].

6A variation of the general sorting problem called the “nutsl &olts” problem (see [Korok et al. 1996]) is
tantalizingly close to an acceptalilf N2 log V) sort but does not apply to our setting.

“Both of the type (a) critical values can be computedifiog k) time by computing shortest paths between the
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8i(e) by aje)  hi(e)

g =hy
€ Critical valu Critical Yalue
,,,,,,,,,,,,, 0.0 1.0 0.0 1.0
Position on cell boundary Position on cell boundary
a) b)

Fig. 7. a) Free space diagram and distance function for a(bperitical value ofc. b) Free space diagram and
distance function for a type (c) critical value.

time, and finally performing a binary search using the denigiroblem. Resolving the
type (a) and (b) critical values as a first step defines a séateival forc* that simplifies
the randomized algorithm for the type (c) critical values.

Alt and Godau [Alt and Godau 1995] show that type (c) critieallues occur when the
position ofa;;(¢) in a cellC;; equals the position dfy;(¢) in cell Cy; in the free space
diagram. See Figure 7b. Asincreases, Lemma 2.1 ensures thgic) is monotone
decreasing on the cell boundary segment &) is monotone increasing (see Figure
7b). This means that;;(c) andby;(c) intersect at most once. Hence, there @reV?)
intersections ofi;;(¢) andby; () in row j and a total ofO(N?) type (c) critical values
over all rows. There are alg9(NN?) intersections ofi;;(¢) andb;x () in columni and a
total of O(N3) additional type (c) critical values over all columns.

LEMMA 5.2. The intersection ofi;;(¢) and by;(¢) can be found for any > 0 in
O(log k) time after preprocessing.

PrROOF. Recall thaiu;;(<) is defined by the monotone decreasing component of a dis-
tance function? — and is composed of arcs that correspond to a subsefdfp) U
7(p, c). Similarly, b (<) is defined by the monotone increasing componert of;. Us-
ing the approach of section 3, construct the balanced biseaych treeq, andT;7 in
O(log k) time that are, respectively, associated with the shorttghains for;; () and
bri(). Recall that these trees support binary searches becassttre chain edges at
their nodes such that “the edges along the chain, taken &r,cace the same as the edges
stored in the nodes, taken in symmetric order” [Hershbet§8d]. We show that a loga-
rithmic search ovef, and7, is sufficient to find the intersection af; (¢) andby,(¢) or
report that no intersection exists.

Start at the roots of both trees and build the argsq,, for the current nodes iff,, 7,
in O(1) time. If , andcy, intersect, then we are done. Otherwise, we need to move left
or right in one of the trees such that no intersection is ndis3ée monotone decreasing
nature ofa;;(¢) ensures that all arcs left of, in the treeZ, must lie in the space defined
by an infinite rectangular wedge, wherer,; is defined by the upper left quadrant with
origin at the left endpoint of,. Similarly, r,5 is defined by the lower right quadrant with
origin at the right endpoint at,,, r;; is defined by the lower left quadrant with origin at the
left endpoint ofay, andr,, is defined by the upper right quadrant with origin at the right
endpoint ofa;, (see Figure 8). Le#d be the “red” wedge-arc-wedge sequence defined by

starting and ending points of and B. Each type (b) critical value occurs at the minimum valungfa and
can be computed i®(log k) time by Lemma 3.2.
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Ta1, g, aNdrys. Let B be the “blue” wedge-arc-wedge sequence defineg,byq,;,, and

2. The monotonicities ofd andB ensure that at least one of the wedges will not have its
boundary crossed by the other color. Hence, at least oneofi¢tdges is guaranteed not
to involve an intersection and can be discarded, so a bireanchk is sufficient to find an
intersection if it exists.

0.0 1.0
Position on cell boundan

Fig. 8. The intersection af;; () andby; (e) does not involve a1, ap, andrys.

The runtime follows because each step performs constaktevofour wedges and two
arcs to perform a binary search. Since the binary search Tieand 7, haveO(log k)
height, the total number of steps@¥log k). Hence, the intersection af; (<) andby; (¢)
can be found (or determined not to exist)(rflog k) time. [

The below randomized algorithm uses Theorem 4.1 to cour (gpcritical values for
the a;;(e) andby,(e) functions and solves the geodesi@éhmet optimization problem in
O(k+ N?log kN log N) expected time. This is faster than the standard parameticls
approach which require®(kN?log kN) time. The idea is to examinerandomocritical
value to achieve a fast expected runtime. To improve the tve@rse time, we also use
Cole’s [Cole 1987] pool idea to batch unresolved compassdarstep (4). Although the
a;; and by, functions haveO(k) complexity, Corollary 3.3 ensures that these functions
can be evaluated at amyin O(log k) time, and Lemma 5.2 ensures that the (at most one)
intersection ofx;; andby,; can also be found i (log k) time.

ALGORITHM 5.3. Randomized Fchet Distance

(1) Precompute and sort all type (a) and type (b) critical®alinO(N?log kN) time
(cf. Corollary 3.3 and Lemma 3.2). Run the decision probl@ftog N) times to
resolve thes& (NN?) values and shrink the search interval fordown to [, 3] in
O(N?%log klog N) time.

(2) Count the numbex; of type (c) critical values for each royin the slabja, 5] x R
using Theorem 4.1. Lef'; be the resulting counting data structure for rpw

(3) Pick a random intersectioft; for each row using”; (see Theorem 4.%).Find the
median¥ of the O(NN) randomly selected; in O(NN) time using aveightedmedian
algorithm, where weights are based on the number of critigkiesr; for each row
7.

8Picking a critical value at random is related to the distasalection problem [Bespamyatnikh and Segal 2004]
and is mentioned in [Agarwal et al. 1994], but to our knowletlye alternative to parametric search has never
been applied to the Echet distance.
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(4) Use(; to find the curvea,s;(e) in each row that has the most intersections (see
Theorem 4.1). Add all intersections m, 3] x R that involvea,,; () to a global pool
P of unresolved critical valuésand delete s (¢) from any future consideration. Find
the mediarE of the values irP in O(N?) time using the standard median algorithm
mentioned in [Kombs et al. 1996].

(5) Run the decision problem twice: once &rand once onl. This shrinks the search
interval fore* and allowsat leasthalf the values irP to be discarded because the
result of the decision problem is known for them. Repeatssg&through 5 until all
row-based type (c) critical values have been resolved.

(6) Resolve alcolumnbased type (c) critical values in the same spirit as stepsa2itjh
5 and return the smallest critical value that satisfied thugsgln problem as the value
of the geodesic Fchet distance.

THEOREM 5.4. Thegeodesidréchet distance between two polygonal cundesnd B
inside a simple bounding polygdhcan be computed i@ (k+ N2 log kN log N) expected
time andO(k + N3 log kN ) worst-case time, wher® is the larger of the complexities of
A and B andk is the complexity of. O(k + N?) space is used.

PrROOF Preproces$ once for shortest path queriesdn(k) time [Guibas and Hersh-
berger 1989]. In the expected case, each execution of the@eproblem will eliminate
a constant fraction of the remaining type (c) critical valaee to the proof of Quicksort’s
expected runtime and the weighted median approacifo€Consequently, the expected
number of iterations of the algorithm 3(log N3) = O(log N).

In the worst-case, each of tiE V) a,; (¢) in a row will be picked ag ;s ;(¢). Therefore,
each row can require at moSt V) iterations. Sincell rows are processed in each iter-
ation, the entire algorithm requires at méxtN) iterations forrow-based critical values.
By a similar argumentolumnbased critical values also require at mostV) iterations.

The size of the podP is expressed by the inequali§(z) < w, where
S(0) = 0 andz is the iteration number for the loop involving steps 2 thiiegg Intuitively,
each iteration add®(N?) values taP and then at least half of the valuesmare always
resolved using the median It is not difficult to show thatS(z) € O(N?) for anyx > 0.

Each iteration of the algorithm requires intersection ¢mgnand intersection calcula-
tions forO(IN) rows (or columns) at a cost 6f( N2 log kN) time. In addition, the global
pool P has its median calculated ®(N?) time, and the decision problem is executed in
O(N?log k) time. Consequently, the expected runtim&ig + N?log kN log N) and
the worst-case runtime @(k + N3 log kN) including O(k) preprocessing time [Guibas
and Hershberger 1989] for geodesics. The preprocessingites use) (k) space that
must remain allocated throughout the algorithm, and theé poasesO(N?) additional
space. O

Although the (non-geodesic) &ehet distance is normally computedN? log N) time
using parametric search (see [Alt and Godau 1995]), paransefarch is often regarded as
impractical because it is difficult to impleméh@and involves enormous constant factors

9The idea of a global pool is similar to Cole’s optimization farametric search [Cole 1987].
10Quicksort-based parametric search has been implemented b@ostrum and Veltkamp [van Oostrum and
Veltkamp 2002] using a framework approach.
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[Cole 1987]. Algorithm 5.3 provides a practical alternatie parametric search for solving
the non-geodesic Echet optimization problem iR’ (see also [Agarwal et al. 1994]).

THEOREM 5.5. The (non-geodesic) Bchet distance between two polygonal curdes
and B in R! can be computed i@ (N? log? N) expected time, whet¥ is the larger of the
complexities ofA and B. O(N?) space is required.

PrROOF The argument is almost identical to the proof of Theorem FHe main dif-
ference is that non-geodesic distances can be computelintime (instead of)(log k)
time). O

6. GEODESIC FRECHET DISTANCE IN A POLYGONAL DOMAIN WITH OB-
STACLES

Consider the situation of a person walking a dog in a parkhdfgerson and dog walk on
opposite sides of a group of trees, then the leash will wraprat the trees. More formally,
suppose the two polygonal curvdsand B lie in a planar polygonal domai® [Mitchell
1998] of complexityk. The leash is required to change continuously, i.e., it rstest
insideD and may not pass through or jump over an obstacle. It may, Veweross itself.
Letéc be the geodesic Echet distance for this scenario when the leash length isuned
geodesically.

Due to the continuity of the leash’s motion, the free spacidm a geodesic cell is
represented by an hourglass — just as it was for the geodesihét distance inside a
simple polygon. Hence, free space in a celkisnonotone y-monotone, and connected
(cf. Lemma 3.1), and reachability information can be pr@tead through a cell in constant
time (cf. Lemma 3.4). We comput®- for a single initial leash that can be defined by
computing a shortest path between the start points of thggpohl curvesA and B in
O(k log k) time [Mitchell 1998]. This initial leash defines®motopy clasthat represents
the set of all paths that can be continuously deformed intb ether without crossing any
obstacles [Hershberger and Snoeyink 1991].

The main task in computingc is to construct funnels for all cell boundaries. Once
these funnels are known, the decision and optimizationlpno® can be solved by the
algorithms for the geodesic &ehet distance inside a simple polygon (cf. Theorems 5.1 and
5.4). We use Hershberger and Snoeyink’s homotopic shqragiss algorithm [Hershberger
and Snoeyink 1991] to incrementally construct all funnelsded to computé-. To use
the homotopic algorithm, the polygonal domdnshould be triangulated i®(k log k)
time [Mitchell 1998], and all obstacles should be replacedheir vertices.

LEMMA 6.1. After precomputing a homotopic shortest path for the botleitncorner
of ado-cell C, all four funnels representing the boundary segmentsarid the homotopic
shortest paths for the bottom-left corners of cells adjater® can be computed 0 (k)
time.

ProOF The funnels representing cell boundaries are construnt@dmentally The
idea is to extend the initial homotopic shortest path intcombtopic “sketch” that de-
scribes how the shortest path should wind through the destand then to “snap” this
sketch into a homotopic shortest path (see Figures 9a and 9b)

Hwe recently learned thaic has been independently explored in [Chambers et al. 2008y Tépeatedly
calculatesc O(N?) times to find the optimal value faic under all possible homotopy classes.
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Fig. 9. a) A funnel for a-cell can be found by first extending an initial homotopic sésrr path along one
segment to create a path sketch and then b) snapping thi sikt@ homotopic shortest path. ¢) Such a funnel

F, -7 hasO(kN) complexity, but the distance functidii, _; has onlyO(k) complexity becausé(o, p) is a
constant.

Homotopic shortest paths have increased complexity ovenalshortest paths because
they can loop around obstacles. For example, if the persdksviia a triangular path
around all the obstacles, then the leash follows a homotsipictest path that can have
O(k) complexity in a single cycle around the obstacles. By reggigiwinding around the
obstacle)(N) times a path achieve3(kN) complexity.

To avoid spending(kN) time per cell, we extend a previous homotopic shortest path
into a sketch by appending a single line segment to the pusviiath (see Figure 9a).
Adding this single segment can unwind at most one loop overbaet of obstacles, so
only the most recend (k) vertices of the sketch will need to be updated when the sketch
is snapped into the true homotopic shortest path. A turninggesis used to identify these
O(k) vertices by backtracking on the sketch until the angle is@ét27 different from the
final angle.

Putting all this together, a funnel for a boundary segmerd &ke space cell can be
computed inO(k) time by starting with an initial shortest patly of O(kN) complexity,
constructing a homotopic “sketch” by appending a singlersag toL 7, backtracking with
aturning angle to find (k) vertices that are eligible to be changed, and finally “sragipi
theseO (k) vertices to the true homotopic shortest path using Hersjfel@nd Snoeyink’s
algorithm [Hershberger and Snoeyink 1991]. The result isnél that describes one cell
boundary segment (see Figures 9a and 9b).

Extending and snappingy; is sufficient to define funnels for all four boundary segments
of a free space cell that is defined by:b andcd. For example, extending and snapping
L along the currentb € A segment defines the funnel for the left cell boundary segment
Similarly, extending and snapping; along thecd € B segment defines the funnel for

the bottom cell boundary segment. Extending and snappjng this fashion also conve-
niently defines the initial homotopic shortest paths folscélat are adjacent 1. [

THEOREM 6.2. Thed decision problem can be solved@{kN?) time andO(k+ V)
space.

PROOF. Each cell boundary segment is associated with a furifjef; with O(kN)
complexity [Duncan et al. 2006]. However, this high comjtleis a result of looping over
obstacles, and most of these points do not affect the fundadtance functiod’, —;. As
illustrated in Figure 9cF,, —; has onlyO(k) complexity because only verticesd, p) U

7(p, c) contribute arcs td&, —. To solve the decision problem, compute all cell boundary
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funnels inO(kN?) time using Lemma 6.1 and apply the approach of Theorem Sitesi
all funnels once again hav@(k) complexity). O

THEOREM 6.3. Thed¢ optimization problem can be solvedi{k N2+ N2 log kN log N)
expected time an@(kN?) spacet?

PrROOF. If the funnels are precomputed @(kN?) time and space, then Theorem 5.4
applies directly. [J

7. GEODESIC HAUSDORFF DISTANCE

Hausdorff distance is a similarity metric commonly useddmpare sets of points or sets
of line segments. Thdirectedgeodesic Hausdorff distance can be formally defined as
0 (A, B) = sup,e 4 infpep d(a,b), whereA and B are sets and(a, b) is the geodesic
distance between andb (see [Alt and Godau 1995; Alt et al. 2003]). Thedirected
geodesic Hausdorff distance is the larger of the two diceclistances:dy (A, B) =
max(dx (A, B), 6u(B, A)).

THEOREM 7.1. The Euclidean geodesic Hausdorff distarigg( A, B) for point sets
A, B inside a simple polygoi® can be computed iD((k + N)log(k + N)) time and
O(k + N) space, whereV is the larger of the complexities of and B and k is the
complexity ofP. If A and B are sets of line segments§;; (A, B) can be computed in
O((k + N)log(k + N)) time and space.

PROOF. The directed Hausdorff distande; (A, B) is calculated by finding for each
pointa € A the distance to its nearest neighbor pointdrand returning the maximum
of these distances. To find nearest neighbors efficientyggmpute the geodesic Voronoi
diagramsV,, Vg for the point setsd and B inside the simple polygo® in O((k +
N)log(k + N)) time andO(k + N) space using the algorithm of [Papadopoulou and Lee
1998]. For each point € A, find its nearest neighbar € B in O(log k) time and the
distanced(a, a’) via point location inVz. Return the maximum of these distances as the
value of 65 (A, B). é5 (B, A) can be computed in a similar manner. Fioe segment
setsA and B, the algorithm of Hershberger and Suri [Hershberger and B89] can
be used to build a geodesic Voronoi diagranOif(k + N) log(k + N)) time and space.
This Voronoi diagram can be used to identify and resé\éV) candidate values for the
Hausdorff distance using a planesweep algorithm descitbgdt et al. 2003]. [

8. CONCLUSION

To compute the geodesic &ahet distance between two polygonal curves inside a sim-
ple polygon, we have proven that the free space inside a g&odell is x-monotone,
y-monotone, and connected. By extending the shortest pgthithims of [Guibas and
Hershberger 1989; Hershberger 1991], the boundary of desinge space cell can be
computed in logarithmic time, and this leads to an efficidgbdthm for the geodesic
Fréchet decision problem.

12If space is at a premium, the algorithm can also run wik + N?) space andO(kN?log N +
NZ2log kN log N) expected time by recomputing the funnels each time the degisisiem is computed (in-
stead of precomputing the funnels). Note t6|tV?) storage is required for the red-blue intersections algorit
(cf. Theorem 5.4).
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We present a randomized algorithm based on red-blue intéyas that solves the geodesic
Fréchet optimization problem in lieu of the standard paraimetrarch approach. The ran-
domized algorithm is also a practical alternative to pataimeearch for the non-geodesic
Fréchet distance in arbitrary dimensions.

We can compute the geodesi@Ehet distance between two polygonal curdeand B
inside a simple bounding polygdiin O(k + N2 log kN log N) expected time, wheray
is the larger of the complexities of and B andk is the complexity ofP. In the expected
case, the randomized optimization algorithm is an orderagmitude faster than a straight-
forward parametric search that uses Cole’s [Cole 1987huptition to sortO(kN?) val-
ues.

We define the geodesic &rhet distance in a polygonal domain with obstacles by en-
forcing a homotopy on the leash. It can be computed in the saamner as the geodesic
Fréchet distance inside a simple polygon after computingocelhdary funnels using Her-
shberger and Snoeyink’s homotopic shortest paths algoiittershberger and Snoeyink
1991]. An open question is whether it is possible to compugeftinnels inD(log k) time
instead ofO(k) time. The geodesic Hausdorff distance for point sets ordegment sets
inside a simple polygon can be computed using geodesic dodhagrams.
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