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ABSTRACT

We present the first polynomial-time algorithm for comput-
ing the Fréchet distance for a non-trivial class of surfaces:
simple polygons. For this, we show that it suffices to con-
sider homeomorphisms that map an arbitrary triangulation
of one polygon to the other polygon such that diagonals of
the triangulation are mapped to shortest paths in the other

polygon.

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: Nonnumerical Algorithms and Problems — geometrical
problems and computations

General Terms
Algorithms
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1. INTRODUCTION

Shape matching algorithms [4, 12] are an essential com-
ponent to a wide range of cutting-edge technological sectors
such as computer vision, computer aided design, robotics,
medical imaging, and drug design. Any shape matching al-
gorithm is based on a distance measure for the shapes under
consideration. Due to the lack of other efficient algorithms,
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applications for surface matching in 3D usually use heuris-
tic variants of the Hausdorff distance which are often not
well-suited.

The Fréchet distance is a distance measure for continuous
shapes such as curves and surfaces, and is defined using repa-
rameterizations of the shapes. Since it takes the continuity
of the shapes into account it is generally a more appropriate
distance measure than the Hausdorff distance.

Let f: A— R%and ¢g: B — R?, with A, B C R* homeo-
morphic, be continuous mappings with 1 < k < d. f and g
describe two (hyper-)surfaces in R?. Their Fréchet distance
is defined as

0r(f,9) = inf s sup|f(z) = glo(@))Il,

where o ranges over all orientation-preserving homeomor-
phisms and ||.|| is the Euclidean norm. Of course, any other
metric can be considered as well. We will be considering
only compact sets A over which the supremum is attained,
and therefore in the following we will use the maximum.

The Fréchet distance has also been defined without re-
quiring the homeomorphisms to be orientation-preserving [8,
11]. We give our results for orientation-preserving homeo-
morphisms but they hold also for orientation-reversing home-
omorphisms and can be extended to general homeomor-
phisms by considering both cases. We will be considering
simple polygons in the plane which we will assume to be
counterclockwise orientated. Preserving their orientation is
equivalent to preserving the orientation on the boundary.

We say that a homeomorphism o realizes the Fréchet dis-
tance of f and g if dr(f,g9) = maxgea ||f(z) — g(o(x))]].
Also the Fréchet distance may be realized by a sequence
of homeomorphisms o; : A — B,i € N, i.e. 0r(f,g9) =
inf;eny maxazea || f(z) — g(oi(x))||. Our algorithm for com-
puting the Fréchet distance finds a map realizing the Fréchet
distance in the above sense. This map is not necessarily a
homeomorphism but it can be achieved as the limit of a
uniformly converging sequence of homeomorphisms which
then realizes the Fréchet distance. In the following when we
speak of realizing homeomorphisms we include also this case
of such a map.

Note that the Fréchet distance is defined for parameter-
ized shapes, however usually non-parameterized continuous
shapes can be meaningfully parameterized by a natural pa-
rameterization based on the geometric description of the ob-
ject, such as arc length for the case of curves.



p1 \91 g3

P4 P2 a4

(a) (b)

Figure 1: Example for differing Fréchet distances of boundary curves and polygons.

The Fréchet distance between polygonal curves can be
computed in polynomial time [3], however computing the
Fréchet distance distance for surfaces is NP-hard [9]. Ex-
cept for the NP-hardness very little is known so far about
the Fréchet distance of surfaces. It is known to be semi-
computable [2], but it is not known whether it is computable,
and there are no approximation algorithms.

We address this problem by considering a restricted but
important class of surfaces, simple polygons, and show that
their Fréchet distance can be computed in polynomial time.
This is the first polynomial-time algorithm for computing
the Fréchet distance for a non-trivial class of surfaces.

The rest of the paper is organized as follows: Section 2 in-
troduces notation and preliminary lemmas that will be used
later. In Section 3 we show that it suffices to consider a small
well-behaved class of realizing homeomorphisms, i.e., those
that map diagonals of a triangulation to shortest paths. In
Section 4 we use the result of Section 3 to show how to
compute the Fréchet distance between simple polygons.

2. PRELIMINARIES

2.1 Simple Polygons

Let P and @ be two simple polygons in the plane with n
and m vertices, respectively. A simple polygon is the area
enclosed by a non-self-intersecting closed polygonal curve in
the plane. The two polygons may lie in two different planes.

We assume as underlying parameterizations the identity
maps f: P— P and g: Q — Q. Then the Fréchet distance
simplifies to:

50(PQ) = inf max|lt — o)l
where o ranges over all orientation-preserving homeomor-
phisms. In the remainder we will only consider orientation-
preserving homeomorphisms and might refer only to o or
to a homeomorphism when the meaning is clear from the
context.

The first question that comes to mind is: Is the Fréchet
distance of polygons different from the Fréchet distance of
their boundary curves?

OBSERVATION 1. The Fréchet distance of two polygons
may be arbitrarily larger than the Fréchet distance of their
boundary curves.

PRrROOF. Figure 1 (a) gives two example polygons for which,
when placed on top of each other, the Fréchet distance be-
tween the boundary curves is small (roughly half the width
of the polygons) however the Fréchet distance between the
polygons is large (roughly half the height of the polygons).
Thus the Fréchet distance of the polygons may be arbitrarily
larger than the Fréchet distance of their boundary curves.

Figure 1 (b) and (c) indicate homeomorphisms on the
curves and polygons, respectively, which realize the respec-
tive Fréchet distances. They show where the vertices of the
curve and the triangulation, respectively, are mapped to,
i.e., p; is mapped to ¢;. The Fréchet distance of the curves
cannot be smaller, because half the width of the polygon is
also the Hausdorff distance of the curves which is a lower
bound for the Fréchet distance.

That the Fréchet distance of the polygons cannot be smaller
than half the height of the polygons is indicated in Figure 1
(d). Consider the diagonal D in the left polygon. For the
Fréchet distance to be less than half the height of the poly-
gons, D must be mapped to a path that lies completely
either in U; or Us. Then also either A or B must be com-
pletely mapped to Uy or Uz, in particular the vertex a or b.
But a and b have distance more than half the height of the
polygons to both U; and Us. [

2.2 Fréchet Distance Between Convex Poly-
gons

For the special case of convex polygons the Fréchet dis-
tance of the polygons equals the Fréchet distance of their
boundary curves.

LEMMA 2. The Fréchet distance of convex polygons equals
the Fréchet distance of their boundary curves, which also
equals the Hausdorff distance of the curves.

PrROOF. Let P, @ be two convex polygons, and o : P — @
an arbitrary homeomorphism. We show that if we restrict
o to the boundary and extend it to the interior piecewise
linearly, we get a map o’ that attains its maximum on the
boundary (where it equals o). ¢’ is a either a homeomor-
phism or the limit of a uniformly converging sequence of
homeomorphisms.

We do this as follows: First we triangulate (). This yields
a convex partition of P by connecting for any diagonal in
the triangulation of @) the inverse images under o of its



end points in P, i.e., we connect o *(¢q) and o '(¢’) for
any diagonal (¢,q’). Next we triangulate the convex cells
of this partition of P and triangulate () by connecting for
any diagonal in the triangulation of P the images under o
of its end points. We define o’ to be the homeomorphism
between these two triangulations. Triangles may degenerate
to segments or vertices, in which case ¢’ can be achieved as
a limit of a sequence of homeomorphisms.

The boundary curves of convex polygons are closed convex
curves, and for these it is known that the Fréchet distance
equals the Hausdorff distance [5, 9]. [

The above lemma also follows from Corollary 6 and the
equality of the Fréchet and the Hausdorff distance of closed
convex curves [5, 9].

In fact, the lemma holds for convex polytopes in general.
For convex polygons it implies that the Fréchet distance can
be computed in polynomial time O((m + n) log(m +n)) [1].

2.3 Shortest Paths in a Simple Polygon

We will compute the Fréchet distance between simple poly-
gons using shortest paths and therefore review an important
concept for shortest paths in a simple polygon which was in-
troduced by Guibas et al. [10}: hourglasses. If s; and sy are
two segments in a simple polygon, the hourglass of s; and s2
represents all shortest paths between any point ¢£; on s; and
any point t2 on sa. It can be described by the polygon given
by the two segments and the two shortest paths between
neighboring endpoints of the segments (i.e., if a1,a2 and
b1, b2 are the end points of s1 and s2, respectively, and their
order along the boundary of the polygon is a1, az, b1, b2, then
the hourglass is the polygon with boundary s1, the shortest
path between a2 and b1, s2, and the shortest path between
b2 and a1).

2.4 Simplifying a Curve

Given a curve f and a line segment s, Lemma 3 shows that
simplifying f by replacing a part of it with a line segment
does not increase the Fréchet distance to s.

LeMMA 3. Let f : [0,1] — R% be a curve, let s : [0,1] —
R? be a line segment, and let 0 < t1 < t2 < 1. Define
f:10,1] — R? to be equal to f fort € [0,t1] U [t2,1]. And
for t € [t1,t2] it equals the line segment from f(t1) to f(t2).
Then dr(f',s5) < dr(f,s).

ProoOF. First, we see that

max [ls(6) = FOI > te[oﬁi?ﬁm,l]”s(”_f/(t)”
= max ||s(t) — f'(t)l]

te(0,1]

holds: the inequality holds because f and f’ coincide on
[0, t1] U [t2, 1] and the equality holds because on the missing
interval (¢1, t2) we are taking the maximum distance between
two segments, which is attained at segment end points.

Given a homeomorphism o : [0,1] — [0, 1], let o’ : [0, 1] —
[0, 1] be the homeomorphism that equals o on [0, £1] U [t2, 1]
and maps (t1, t2) linearly to (o1(t1),01(t2)). Using the above
inequality we get

max ||s(t) = f(o(t)|| = max [[s(t) — f'(o"())]].

te[0,1] te[0,1]

And thus for an infinite sequence of homeomorphisms o;

realizing 07 (f, s), the infinite sequence of homeomorphisms
o; yields 6p(f',s) < dr(f,s). O

3. SHORTEST PATHS LEMMA

In this section we show that it suffices to look at realizing
homeomorphisms that map the diagonals of a triangulation
of P to shortest paths in @@ and are piecewise linear inside
triangles. For a triangulation 7" of P we denote with Er the
set of points lying on all edges of T, i.e., all points on all
boundary edges and diagonals (and vertices) of T'.

LEMMA 4. Given two simple polygons P and Q, a trian-
gulation T of P and a homeomorphism o : P — Q. Then
there is a map o' : P — Q which fulfills

(1) There is a sequence of homeomorphisms (0;)ien uni-
formly convergent to o such that max.cp ||t—o'(t)]| =
lim; oo maxicp ||t — oi(t)]]-

(2) o' maps the diagonals of the triangulation T to shortest
paths in Q and there is a refinement T’ of the triangu-
lation T such that o' acts linearly on the triangles of
T’ and all vertices of T' lie on the boundary. Therefore
maxier ||t — o’ ()] = maxiery. ||t — o (£)]]

(8) o' is “at least as good as o”i.e., maxiecp ||t — o' (t)|| <

maxsep ||t — o (t)]|.

PROOF. Let o’ be as follows: ¢’ equals o on the bound-
ary, it maps diagonals of 7' to the shortest paths between
the corresponding boundary points of @, and is extended
piecewise linearly inside triangles by a refinement T’ that
adds vertices only on the boundary.

(2) holds by definition of ¢’. (1) holds because the shortest
paths may be overlapping but non-crossing and can there-
fore be approximated by arbitrary close homeomorphisms.
Note that the shortest paths are non-crossing due to the
consistent orientation for orientation-preserving as well as
orientation-reversing homeomorphisms. If the shortest paths
are overlapping o’ is the limit of a sequence of homeomor-
phisms but not a homeomorphism itself.

It remains to show (3). Let € = maxicp ||t — o(t)||. Be-
cause of (2) it suffices to show maxicp, ||t — o'(¢)|] < e.
By definition ¢’ equals o on the boundary of P and hence
maxicop ||t — o'(t)|| < . So we only need to show that
the same holds on all diagonals of T, i.e., that max.cp ||t —
o'(t)|| < € holds for an arbitrary diagonal D in T.

For this, let do be the starting point and di be the end
point of such a diagonal D. The shortest path S = ¢’(D) is a
polygonal path in @ with starting point o(do) and end point
o(d1). We denote the vertices of this polygonal curve by
S0y --,Sk, where So = O’l(d()) = U(do), Sk = O’l(dl) = O’(dl),
and k is the number of edges of the polygonal path as shown
in Figure 2.

We iteratively shoot rays along the edges of the shortest
path and simplify the curve o(D) using Lemma 3 as follows:
Let Cy = o(D). For each ¢ = 1,...,k we do the following
(c.f. Figure 2): Let r; be the ray in direction s; —s;—1 starting
at s;—1. By construction s;—1 lies on C;—1. The ray r; cuts
the polygon into two parts, s.t. the points so and sy, lie in
different parts. Hence the curve C;_1, which is a continuous
curve from sp to s, intersects r; inside the polygon. Let
c; be the first intersection of r; with C;_1. Define C; to be
Ci—1 simplified by exchanging the part of C;—1 from s;_1 to
¢; with the line segment (s;—1, ¢;). By Lemma 3 maxiep ||t—
Ci(t)|] < maxep ||t — Ci—1(t)||. Note that s; lies on the line
segment (si—1,¢;). Starting with Co = o(D) we end with
Cr = S = ¢'(D) and therefore the iteration shows that
maxiep ||t — o' (t)|| < maxiep ||t —o(t)|]| <e. O
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Figure 2: We recursively simplify the curve Cy = o(D) to the polygonal curve S which is the shortest path

from o(do) to o(d1) in Q.

COROLLARY 5. The Fréchet distance between simple poly-
gons P and Q equals
inf max ||t — o' (t)]|
c/:P—QtEET
where T is an arbitrary triangulation of P. o' ranges over
all homeomorphisms from the boundary of P to the boundary

of Q which are extended to T by mapping the diagonals of
T to the shortest paths between the boundary vertices.

Corollary 5 follows immediately from Lemma 4. Also we
get the following corollary:

COROLLARY 6. The Fréchet distance between two simple
polygons, of which one polygon is convex, equals the Fréchet
distance between their boundary curves.

PrOOF. We triangulate the possibly non-convex polygon
and map these diagonals to shortest paths in the convex
polygon (using Lemma 4). However the shortest paths in
the convex polygon are also diagonals. From the definition
of a free space cell of [3] follows that the Fréchet distance
between two line segments equals the maximum distance of
its endpoints. Therefore it suffices to compute the distance
between the boundary curves. [

4. COMPUTING THE FRECHET DISTANCE

The main result of this section is a polynomial time al-
gorithm for computing the Fréchet distance between sim-
ple polygons. In Section 4.7 we present a decision algo-
rithm (which decides whether the Fréchet distance is at most
a given parameter €), and in Section 4.8 we compute the
Fréchet distance by a parametric search over a set of critical
values.

In Section 4.1, we show which paths in the free space di-
agram correspond to solutions of the Fréchet distance. The
free space diagram is the data structure used by Alt and
Godau [3] for deciding the Fréchet distance between polyg-
onal curves. Since the boundaries of the polygons are closed
polygonal curves we first review the double free space dia-
gram and its reachability structure in Section 4.2. In Sec-
tion 4.4 we describe the combined reachability graph which
extends the reachability structure to also contain the infor-
mation on diagonal placements.

The decision algorithm uses a dynamic programming ap-
proach on the set of diagonals of a triangulation. In Sec-
tion 4.3 we define the order of the diagonals in a triangula-
tion that we will use for the dynamic programming. In the
algorithm we need to test the Fréchet distance between a

diagonal and a whole set of shortest paths, which form an
hourglass, as introduced in [10] and reviewed in Section 2.3.
We show how to do that in Section 4.5, and we show how
to test a whole set of hourglasses at once in Section 4.6.

In the following P and @ always denote two simple poly-
gons, n and m the number of vertices of the boundaries of P
and @, respectively, and ¢ a real value greater 0. T is a tri-
angulation of P. The decision problem is to decide whether
6F (P ’ Q) S €.

4.1 Feasible Path in the Free Space Diagram

By Lemma 4 the Fréchet distance between two simple
polygons is less than ¢ if there is a homeomorphism o :
0P — 0Q for which holds:

(1) o realizes the Fréchet distance of the boundary curves
i.e. maxieop ||t —o(t)|| <e

(2) extending o to the diagonals of a triangulation by map-
ping the diagonals to shortest paths in () yields a map
o' fulfilling max;ep ||t — o’ (t)|| < ¢ for all diagonals D.

For condition (1) we use the algorithm and data structure
developed by Alt and Godau [3]. They show that the Fréchet
distance between two polygonal curves is at most ¢ if and
only if there is a monotone path in the corresponding free
space diagram. For closed curves they search for a path in
the double free space diagram.

We handle condition (2) as follows: a path in the free
space diagram fulfills (1) but it also determines the shortest
paths that the diagonals are mapped to because it maps the
end points of the diagonals. We call these diagonal place-
ments. A path in the free space diagram which places all
diagonals correctly, i.e., fulfills (2) for all diagonals in P and
their corresponding shortest paths in @, is called a feasible
path.

4.2 {:ree Space Diagram and Reachability Struc-
ure

For a given € > 0 the free space of two curves f, g : [0,1] —
R? is defined as {(s,t) € [0,1]*|||f(s) — g(t)|| < €}. We use
the terms free space and free space diagram interchangeably.
If f and g are polygonal curves of complexity n and m, re-
spectively, then the free space diagram can be represented
in a rectangle [0,n] x [0,m] consisting of n columns and
m rows of a total of mn cells. The lower boundary of a free
space diagram is considered to correspond to the parame-
ter space of f and the left boundary to correspond to the
parameter space of g. The double free space diagram is ob-
tained by concatenating two copies of the (single) free space
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Figure 3: A triangulation (a), two different orders of the diagonals for two different starting points (b) and
a path in the free space which is partitioned into blocks (c)

diagram and is represented in [0,2n] X [0,m]. See [3] for
more details on free space diagrams.

The decision problem for closed polygonal curves is solved
by computing the reachability structure. The reachability
structure is a partition of the boundary of the double free
space diagram into O(mn) intervals. Each interval on the
lower or left boundary is labeled according to whether any
part of the upper or right boundary is reachable by a mono-
tone path in the free space originating from this interval. If
there is such a path then the interval is also equipped with
pointers to the highest and lowest reachable points. Anal-
ogously for intervals on the upper and right boundary, for
more details see [3].

The reachability structure has complexity O(mn) and can
be computed in O(mnlogmn) time. Given the reachability
structure one can check in constant time (see [3]) whether
there exists a monotone path in the free space between two
given points on the boundary of the free space. The decision
problem for two closed curves is solved by testing for each
interval on the first half of the lower boundary whether the
same interval translated by n on the second half of the upper
boundary lies in its reachability.

4.3 Order of Diagonals in a Triangulation

The edge set of a triangulation T" of P consists of edges on
the boundary and in the interior of P, the latter of which are
diagonals. There are n — 3 diagonals with at most n — 2 end
points on the boundary. We define an order of the diagonals
in a given triangulation which we will later use for dynamic
programming over the diagonals.

The Fréchet distance of the closed boundary curves is de-
fined as the minimum over all Fréchet distances of the open
curves with arbitrary starting (=ending) points. Using the
reachability data structure this is achieved by considering
all end points of intervals in the reachability structure as
starting points. For a fixed starting point s on the bound-
ary of P we define an order over the diagonals as follows: We
number the end points di,d2, ... in counterclockwise order
starting at s and order the diagonals as depicted in Fig-
ure 3: We cut the boundary at s and draw it as a straight
line. We connect end points d;, d; of a diagonal by an arc.
We order the diagonals, corresponding to arcs, in order left-
to-right by second end point and bottom-to-top for equal
end points. More formally, if we write a diagonal as an or-
dered tuple of its end points (d;,d;) with ¢ < j, we define

(diydj) < (di,di) =& (G <DV (=LNi>k).

For two starting points that lie in between the same two
diagonal end points the resulting diagonal order is the same.
Hence there are at most n — 2 different orders of diagonals
in total, each characterized by the next diagonal endpoint
(in counterclockwise order) to the starting point. We will
call areas of the free space that induce the same diagonal
order blocks. Blocks consists of one or two columns in the
free space that lie between the vertical lines corresponding
to two neighboring diagonal end points, see Figure 3(c) for
an example.

We call two diagonal orders neighboring if one starts with
the diagonal end point d; and the other with d(;11) mod e»
where e is the number of diagonal end points. Two neigh-
boring orders agree on the order of those diagonals which
do not have d; as an endpoint, i.e., they agree on diagonals
D < D' if neither D nor D’ have d; as an endpoint. For an
example see Figure 3(b).

4.4 Combined Reachability Graph

The combined reachability graph combines the reachability
information in the free space with valid diagonal placements.
First, we define the reachability graph to be the reachability
structure represented as a graph: its vertices are the reach-
able intervals of the reachability structure with an edge be-
tween two intervals if they can reach each other. The com-
bined reachability graph is a subgraph of the reachability
graph. Its vertices are all vertical interval-vertices of the
reachability graph with edges between intervals that can be
reached by feasible paths (c.f. Section 4.1).

For a fixed order of diagonals the combined reachability
graph can be computed by recursively merging the reach-
ability graphs of the blocks in the order of diagonals (de-
scribed in Section 4.7). Since the reachability structure
contains O(mn) intervals both the reachability graph and
the combined reachability graph contain O(mn) vertices and
O((mn)?) edges.

We will use the combined reachability graph as follows:
When searching for feasible paths starting in block B; (as
in Figure 3(c)) we compute the combined reachability graph
for the order of diagonals starting with d; by merging blocks
Bj; through B; (where [ is the number of blocks). A feasible
path starting in block B; consists of an edge in the reach-
ability graph of B; from its lower to its right boundary, an
edge in the combined reachability graph between the left



boundary of Bz to the right boundary of B;, and an edge
in the reachability graph of B; from its left to its upper
boundary.

4.5 Fréchet Distance Between a Diagonal and
an Hourglass

The following lemma shows how to decide the Fréchet dis-
tance between a diagonal and a whole set of shortest paths,
namely the hourglass of two segments. With a shortest path
in the hourglass we always refer to a shortest path between
two points on the two segments defining the hourglass.

LEMMA 7. Let an hourglass and o diagonal be given such
that each end segment of the hourglass is contained in one
of the e-disks around the endpoints of the diagonal (and not
both in the same disk). If there exists one shortest path in
the hourglass with Fréchet distance at most € to the diagonal,
then all shortest paths in the hourglass have Fréchet distance
at most € to the diagonal.

PROOF. Let D be the diagonal, A = a1, ...,a; be a short-
est path in the hourglass with dr(A, D) < ¢, and let B =
bi...,br be another shortest path in the hourglass. De-
fine B’ = b1,a1,...,a;,bs. From ai,b; having distance at
most € to one endpoint of D, a;, br having distance at most
€ to the other endpoint, and dr(A, D) < e it follows that
(SF(B/7 D) S E.

Since B’ is not the shortest path from b; to by there exist
two points on B’ such that simplifying B’ by replacing the
part of B’ between the two points with the line segment
between them yields a shorter path B” from b; to by in the
hourglass. By Lemma 3, §p(B"”, D) < ér(B’, D). Repeating
this process and observing that the simplified paths converge
to B shows that 6p(B,D) < dp(B’,D) <e. O

Note that in an open hourglass there always exists (by
definition) a shortest path between the end segments which
is itself a segment. The Fréchet distance between this seg-
ment and the diagonal is at most € since the Fréchet distance
between two segments is the maximum distance of the end-
points.

4.6 Fréchet Distances Between a Diagonal and
many Hourglasses

In Section 4.7 we need to decide all Fréchet distances be-
tween a diagonal and several hourglasses that have a com-
mon end segment. This can be done in O(m) time by choos-
ing an arbitrary vertex on each end segment of the hour-
glasses and using Lemma 7 and Lemma 8.

LEMMA 8. Given a diagonal, a polygon with m vertices,
and a set of m vertices wi, ..., wm on the boundary of the
polygon. Then we can decide all Fréchet distances between
the diagonal and the m shortest paths m(w1,w;) between w1
and w; fori=1,...,m in total O(m) time.

PRrROOF. For simplicity we assume that thew; (i = 1,...,m)

are (additional) vertices of the polygon. We run the lin-
ear time algorithm for computing the lengths of all shortest
paths from one vertex of a simple polygon to all others by
Guibas et al. [10]. During the algorithm we store the addi-
tional information whether w; can be reached from w; by a
monotone path in the free space, for alli = 2,..., m, and we
update this reachability information in constant time while
processing each vertex.

The algorithm by Guibas et al. [10] computes the short-
est paths starting at w; such that when a new vertex is
processed all other vertices on its shortest path to wi have
already been processed and we know the previous vertex on
the shortest path. Thus for deciding the Fréchet distance of
the shortest path to the new vertex we only need to compute
the last cell of the free space diagram. If the previous vertex
was not reachable, the new vertex is not either, and we store
this for the new vertex. If the previous vertex was reachable,
we compute the right boundary of the new cell of the free
space diagram. For a “real” vertex of the polygon, i.e. not
one of the w;, we then test and store if the right boundary
is reachable from the last cell and store the lowest reachable
point on the boundary. For a vertex w; we test and store
if the upper corner of the right boundary is reachable, i.e.
the Fréchet distance is at most the value € that we want to
decide. [

4.7 Decision Algorithm
Algorithm 1: DecideFréchet(P, Q,¢)

Input: Simple Polygons P,Q, € > 0
Output: Is 6p(P,Q) <e?

1 Compute a triangulation of P

2 Compute all orders of diagonals in the triangulation of
P

3 Compute a single free space diagram of the boundary
curves

4 Compute the reachability graph for all blocks in the
free space diagram

91

forall diagonals in the triangulation do
forall placements in the free space do
7 test dr(diagonal, shortest path)< e for a
corresponding shortest path
8 end
9 end

o

10 forall blocks do
11 forall diagonals, in the order given by the block do

12 if combined reachability graph is not yet
computed then

13 if previous diagonal nested then

14 compute combined reachability graph

merged with the combined reachability
graph of the nested diagonal

15 end

16 else

17 | compute combined reachability graph
18 end

19 store combined reachability graph

20 end

21 if diagonal has a left neighbor then

22 | merge combined reachability graphs

23 end

24 end

25 Query for a feasible path starting at the lower
boundary of the block
26 end

27 Answer “yes” if a feasible path has been found, else
“no77

This algorithm decides the Fréchet distance between sim-
ple polygons in polynomial time:



THEOREM 9. Algorithm DecideFréchet(P, Q,¢) decides
whether the Fréchet distance between simple polygons P, Q
is at most €. The runtime is O(nT(mn)), where T(N) is
the time to multiply two N X N matrices, and n and m are
the number of vertices of P and Q.

Note that T'(N) = Q(N?) and the currently fastest known
matrix multiplication algorithm has a runtime of T'(N) =
O(N?37) [7]. Also note that the space complexity of this
algorithm is O(n®m?) since it stores n combined reachability
graphs which each have complexity O((mn)?).

PROOF. The first five steps (lines 1-9) of the algorithm
are preprocessing steps: Inline 1 we compute a triangulation
of P which takes time O(n) [6].

In line 2 we compute all different orders of diagonals for
different starting points which takes time O(n?). In line 3 a
single free space diagram is computed in time O(mn). In line
4 the reachability graph is computed from the reachability
structure of Alt and Godau [3], reviewed in 4.2, for all blocks.
Since each block consists of one or two columns this takes
time O(m?) per block, and O(m?n) for all blocks.

In lines 5—9 we test for all diagonals their possible place-
ments in the free space. For any end point of a diagonal
the free space diagram specifies up to m intervals on the
boundary of the other polygon onto which the end point
may be mapped. In the free space diagram these are the
free space intervals on the vertical line corresponding to the
end point. A placement of a diagonal is a mapping of its
end points onto these intervals. In lines 6—8 we test which
of these placements are valid, i.e., map the diagonal to a
shortest path with Fréchet distance at most ¢ as described
in Section 4.6.

In lines 10—26 we loop over all blocks (which is equivalent
to looping over all orders of diagonals). The current block is
always the starting block of the free space diagram and de-
termines the order of diagonals. We compute the combined
reachability graph for this order by merging the reachability
graphs for the blocks of the free space diagram according to
the order.

Each diagonal is processed as follows:

(1) If the current diagonal does not have another diagonal
nested inside it we compute its combined reachabil-
ity graph from scratch (line 17). For this we take its
reachability graph which we computed in 4 and check
for each of its O((mn)?) edges whether the hourglass
between the two intervals contains valid placements for
the diagonal by looking up the precomputed result for
the containing hourglass between the free space inter-
vals. Either all placements in the hourglass are valid,
or none. If none are valid then the edge is deleted,
otherwise it is kept.

(2) If the previous diagonal is nested in the current di-
agonal we merge the computed combined reachabil-
ity graph for the previous diagonal into the combined
reachability graph for the current diagonal (line 14)
as follows: We merge the combined reachability graph
of the nested diagonal with the reachability graph of
the adjacent block that yields the reachability graph
for the current diagonal. The merged graph is the
transitive closure of the two graphs which again has
complexity O((mn)?). On the merged graph we check
for each edge whether it allows a valid placement of
the current diagonal as described in step (1).

If the diagonal has a left neighbor (line 22) then we merge
the two combined reachability graphs by computing their
transitive closure. Left neighbors are for instance the first
and fourth diagonals in the first order shown in Figure 3.
More formally, we call (d;,d;) a left neighbor of (dg,d;) if
1t < j <k <1 and no diagonal (dy,dp) exists with either
f<inj<h<korj<f<knl<h

The transitive closure can be computed by multiplying
the adjacency matrices of the combined reachability graphs
(using boolean operations). Therefore the time complexity
of the loop over the diagonals in lines 11—24 is proportional
to the time complexity of O(n) matrix multiplications of
mn X mn matrices since for each of the n diagonals we merge
at most 3 combined reachability structures (or compute one
from scratch in O((mn)?) time).

The loop over all blocks does not increase the complex-
ity because we store and re-use the combined reachability
graphs of subresults. In the double loop over all blocks and
diagonals we compute the combined reachability graph for
each diagonal only twice.

In line 25 we query for a feasible path starting at the
block’s lower boundary, i.e., in any of the O(m) intervals in
the reachability structure, as described in Section 4.4. For
this we first merge the reachability graph of the single block
to the front and to the end of the combined reachability
graph which can be done using two matrix multiplications.
This adds a total of O(n) matrix multiplications for the
whole algorithm. Then we have to query for feasible paths
starting at the blocks lower boundary. This is done in O(m)
time by checking whether each of the O(m) intervals is con-
nected by an edge in the combined reachability graph to the
same interval translated by n on the second half of the upper
boundary.

To see that our algorithm is correct we must realize that
a feasible path in the free space exists if and only if our
algorithm finds such. For this, consider the main part of
the algorithm, lines 10 to 26. In the outer loop, lines 10
to 26, we consider all possible starting blocks. Then we
loop over all diagonals, according to the order given by the
starting block, in lines 11 to 24, and process each diagonal
in lines 12 to 23. The processing of each diagonal is sim-
ply a merging of the reachability information. More crucial
is to realize that the dynamic programming over the diag-
onals does not exclude feasible paths. This holds because
the dynamic programming excludes exactly those paths that
place diagonals in such a way that the corresponding short-
est paths cross. More specifically, for two nested diagonals,
the dynamic programming prohibits placing an endpoint of
the inner diagonal "outside” the outer diagonal. Similarly
for two neighboring diagonals, the dynamic programming
prohibits placing the endpoints in alternating order. The
formal proof of the correctness is deferred to a full version
of the paper. O

4.8 Critical Values for Computation

In order to compute the Fréchet distance instead of only
deciding whether it is at most €, we apply the same tech-
nique as for curves [3]: We search a set of critical values
using parametric search. In addition to the critical values
of the boundary curves we consider critical values for the
Fréchet distance between diagonals and shortest paths.

A shortest path is always a polygonal curve where the
first and last vertex are arbitrary points on the boundary



of @ and all other vertices are vertices of (). The distances
between the diagonal end points and the boundary of @
are already contained in the critical values for the boundary
curves.

Additional critical values can only occur if the Fréchet
distance between a diagonal and a shortest path is attained
in the interior of the diagonal and the shortest path, i.e., it
is attained at a vertex of ). For the parametric search we
sort the interval endpoints in the free space diagram [3]. We
get m - n such endpoints, one for any pair of a diagonal and
a vertex of Q. In total this yields the following theorem:

THEOREM 10. The Fréchet distance between two simple
polygons can be computed in time O(nT (mn) log(mn)), where
T(N) is the time to multiply two N X N matrices, and n and
m are the number of vertices on the boundary of P and Q.

5. OPEN PROBLEMS

We see two major open problems: improving the runtime
and extending the result to more general classes of two-
dimensional surfaces. A better runtime might be achieved
by a more efficient data structure and merging step for the
combined reachability information. In particular, it would
be nice to achieve a symmetric runtime. It might also be
possible to improve the runtime by carefully choosing the
triangulation of P or considering convex partitions instead
of triangulations. For extending the result to more general
surfaces, triangulated polygons that have been folded along
their diagonals into R® are possible candidates.
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