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Abstract

A very natural distance measure for comparing shapes and patterns is the
Hausdorff distance. In this article we develop algorithms for computing the
Hausdorff distance in a very general case in which geometric objects are repre-
sented by finite collections of k-dimensional simplices in d-dimensional space.
The algorithms are polynomial in the size of the input, assuming d is a constant.
In addition, we present more efficient algorithms for special cases like sets of
points, or line segments, or triangulated surfaces in three dimensions.

1 Introduction

In application areas like computer vision or pattern recognition, it is often
necessary to compare shapes and patterns and to have a numerical value
describing their similarity or dissimilarity. Mostly, these geometric objects
are compact subsets of R? or R?, or of higher dimensional space in some cases.
The most natural distance measure for such objects P and @) apparently is
the Hausdorff distance where for each point on one object we consider the
closest point on the other one and then maximize over all these values. More
formally, the Hausdorff distance between P and @ is defined as

5(P,Q) = max(5(P,Q),4(Q, P))

where

5(A,B) = in ||z —
(A, B) = mazxmin ||z —y|

is the directed Hausdorff distance from A to B. We assume throughout this
paper that the underlying metric || — y|| is the Euclidean metric, but many
of our considerations are valid for other commonly used metrics, as well.
The directed Hausdorff distance is interesting on its own because 8(P, Q) is
a measure of similarity between P and some part of Q.

First results on computing the Hausdorff distance between two convex
polygons in R? were obtained in [8] and for two finite sets of points or line
segments in [6]. Other previous research is concerned with matching shapes
under certain allowable motions minimizing the Hausdorff distance or simpli-
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fying shapes within a certain tolerance with respect to the Hausdorff distance.
For a survey see [7].

In many cases patterns and shapes are modeled as finite sets of points, fi-
nite sets of line segments representing for example, curves or two-dimensional
shapes, or triangulated surfaces in three dimensions. Here, we unify all these
examples by considering two finite sets P and @ consisting of n and m k-
dimensional simplices in d-dimensional space. The Hausdorff distance is de-
fined by considering P and ) as the union of the sets of all points lying
in the individual simplices. We give algorithms for this general situation in
section 3.

Besides giving algorithms for the general setting we will, in section 4,
consider special cases such as point patterns in arbitrary dimensions and sets
of triangles in three dimensions, finding more efficient algorithms for these
instances.

2 Points and Line Segments in Two Dimensions

For two finite sets of points P and @ in arbitrary dimension the straight-
forward algorithm, calculating all pairwise distances and maximizing, has
running time O(nm). An improved algorithm will be given in Section 4.1.
In two dimensions we obtain an asymptotically faster algorithm by first con-
structing the Voronoi diagram V(P) of P. Then we perform a line sweep on
V(P) and @ finding for each point in @ its nearest neighbor in P. The max-
imum over all distances of these pairs gives the directed Hausdorff distance
) (Q, P). S(P, Q) can be determined analogously and altogether we have an
algorithm of running time O((n + m)log(n + m)).

A generalization of this approach to sets of line segments in two dimen-
sions can be found in [6]. For the sake of completeness we present the main
ideas of this algorithm here. We assume that the line segments are pairwise
noncrossing, which means that any pair of segments either does not intersect
or has an intersection point that does not lie in the interior of both segments.
For example, simple polygons or polygonal chains fulfill this condition. The
algorithm is based on the following lemma.

Lemma 2.1. Let P and Q be finite sets of line segments in R?. Then the
directed Hausdorff distance S(P, Q) is attained either at an endpoint of a line
segment in P or at an intersection point of a line segment in P with an edge
of the Voronoi diagram V(Q).

This follows from the observation that when moving along a line segment e
in P within a Voronoi cell of a line segment f in @ the distance to f is bitonic,
i.e., first monotone decreasing and then monotone increasing. Consequently,
the distance is maximal either at an endpoint of e or at a point where e leaves
the Voronoi cell of f.

Lemma 2.1 gives O(nm) candidate points where the Hausdorff distance
can be attained. Their number can be reduced to linear by the following
observation:
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If we move along a Voronoi edge s bounding the Voronoi cell of some line
segment f in @, then the distance to f is again a bitonic function. Conse-
quently, if several line segments of P are intersecting s, then the maximum
distance of an intersection point to f is attained at one of the two extreme
intersection points on s. Therefore, for each Voronoi edge of (Q we have to
consider only the leftmost and rightmost intersection points.

These linearly many candidates are then determined by two line sweeps
over P and V(Q). The first sweep, which is performed from left to right and
in which each Voronoi edge of () is deleted as soon as its leftmost intersection
point with an edge in P is found, determines all leftmost intersection points
of the edges of V(Q) with P. By performing a second sweep from right to
left all rightmost intersection points are found. In an analogous manner the
directed Hausdorff distance from @ to P is found.

Summarizing, we have

Theorem 2.2. [6] The Hausdorff distance between two sets P,Q C R? con-
sisting of n and m points or pairwise not properly intersecting line segments
can be found in time O((n + m)log(n +m))

3 The General Case

In this section we consider the general case of computing the Hausdorff dis-
tance between two families P and @ of k-dimensional simplices in R?, where
k,d are constants. Most of the ideas and results of this section appeared
originally in the Ph.D. dissertation of Michael Godau [13].

In order to determine the directed Hausdorff distance & (P, Q) we assign
to each simplex T in @ a distance function dr: R — R
dr(z) = minger ||z — y||? for all z € RL (For reasons of simplicity we
work with the square of the Euclidean distance rather than the Euclidean
distance itself.) Then the squared distance of any z € R? to Q is given
by g(x) = min{dr(x)|T simplex of @}, i.e., by the lower envelope of the
m functions dr. We obtain the directed Hausdorff distance §(P,Q) as the
square root of the maximum of the lower envelope g over all points in P.

In order to find this maximum, we consider each simplex S of P separately
and decompose each function dr into algebraic pieces. The following lemma,
which is a generalization of the so-called 0-dimensionality lemma in [13] and
might be of independent interest, gives a necessary condition for the maxi-
mum of the lower envelope of a set of convex functions on a compact convex
set.

Lemma 3.1. Let K be a convex, compact subset of R?, F a set of m con-
tinuous convex functions from K to R, and g : K — R their lower envelope.
Assume that ¢ = maxgeck g(x) is not attained at the boundary of K, and let
a € Int(K) be the smallest point with respect to the lexicographic order with
g(a) =c. Then m >d+1 and:
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a) f(a) =c for at least d+ 1 functions f € F.

b) If all functions in F are twice continuously differentiable then there is
a neighborhood U of a so that these d+1 functions coincide in no point
in U other than a.

Proof. The maximum of g must be attained somewhere in K because of the
compactness of K. So if it does not occur at the boundary it must occur in the
interior. Since {x € K|g(z) = ¢} is a compact subset of Int(K) its minimal
element a with respect to the lexicographic order exists. Let P, € R4t be
the point (a, ¢).

Let M = {f € F|f(a) = ¢}, then M # 0 and f(a) > c for all f ¢ M.
Consider the graphs of the functions f € F, i.e., the sets Gy = {(z, f(x))|x €
K}. Because of the convexity of the functions in F, there exists for each
f € M a hyperplane H; that is tangent to Gy in F,. More precisely, if H]T
denotes the upper halfspace determined by Hy, then P, € Hf and G¢ C H}',
ie., Hy(z) < f(x) for all € K, where in the latter inequality we identified
H¢ with the affine function whose graph is Hy.

We now claim

Claim 1. (., Hy = {Fu}.

Proof of Claim 1. Assume otherwise. Then there exists a straight line [ C
ﬂfeM Hy with P, € l. [ lies below all Gy, f € F. Consider the projection
" of | to K and consider [ as an affine function from !’ to R. Then a € ',
l(a) = f(a) =cforall f e M, and I(z) < f(z) forallx € I',f € F, ie.,
I(xz) < g(x) for all € . Consider some convex neighborhood V' C K of a
and the line segment s = V N I’. Now, there are two possibilities:

1. If I is a constant function then I(z) = I(a) = ¢ for all z € s. Since
I(z) < g(x) and ¢ is the maximal value of ¢, g(x) = c for all z € s. Since
a lies in the interior of s this contradicts the lexicographic minimality
of a.

2. If [ is not constant then [(x) > ¢ for all € s on one side of a. Since
I(x) < g(zx) this contradicts the maximality of c.

So in any case, we get a contradiction which proves Claim 1. o

Claim 1 states that the hyperplanes Hy, f € M intersect in one point.
Therefore, it must be |[M| > d 4+ 1 which proves part a) of the lemma.

In order to prove part b) select a subset M’ C M of d + 1 elements with
Nyenrr Hy = {Pa}. Then, considering each Hy as a function from R? to R,
we have

Claim 2. There is a constant o > 0 such that for all x € R? there are
functions fi, fo € M" with Hy, (z) — Hy,(z) > of|z — al|.
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Proof of Claim 2. Consider the sphere C' = {z € R?| ||z —a| = 1} and
let @ = mingecmaxy, r,em Hy (x) — Hy,(x) which exists because of the
compactness of C. Also a > 0 since (\;cp, Hy = {FP,}. For arbitrary
z € R4z # a let 2’ be the point on C on the straight line through a
and z, i.e., 2’ = a+ (x — a)/||x — a||. Then there are fi, fo € M’ with
h(z') = Hy, (2') — Hy,(2') > «. Since h is an affine function with h(a) = 0
we have h(z) = h(z')||z — a|| > «||x — a||, which proves claim 2. O

On the other hand, we have
Claim 3. There is a constant 3 > 0 such that for all x € K

Hy(x) < f(z) < Hy(x) + Bz — al®.

Proof of Claim 3. The first inequality was explained before, the second one
is obtained by the Taylor-expansion of f about a, since the second derivatives
of f are bounded in the compact set K. O

To finish the proof of Lemma 3.1 consider the functions fi, fo from claim
2 for & = a+ ¢, where ¢ € R? is sufficiently short such that a +¢ € K. Then,
using claims 2 and 3 we get:

filate) —falate) =Hp(a+e)— Hplate) - fle]?
> aflell - Bliell?

The latter expression is greater then 0 for sufficiently small ||e]| > 0 which
shows that f; and fs do not coincide in some neighborhood of a except in a
itself. This finishes the proof of Lemma 3.1 o

Lemma 3.1 can be applied to the problem of computing the Hausdorff-
distance between P and @ in order to obtain a finite number of candidates
where the directed Hausdorff distance & (P, Q) can occur.

First let us have a closer look at the n distance functions determined by
the simplices T' in ). For a face T' of T let A7 be the affine space spanned
by T" and frr : R — R the function that assigns to z € R? its squared
distance to Ap.. Each fr is a quadratic and, hence, a convex and twice
continuously differentiable function. Also, for the restriction of the distance
function dr to Vi where Vp/ is the Voronoi cell of 7" within the Voronoi
diagram of all sites (i.e., all lower-dimensional simplices) of T' (see Figure 1)
we have dp|Vp = fr:/|Vpr, so dr is a convex, piecewise quadratic function
with 2F — 1 pieces determined by all Voronoi cells.

Lemma 3.2. Let S be a k-dimensional simplex in P. Then the directed
Hausdor{f-distance §(S,Q) occurs at some point a on some face S' of S of
dimension k' < k where k' + 1 distance functions fr(x) for faces T' of
simplices in @ have the same value. Furthermore the point a is isolated in
the sense that in S’ there is a neighborhood U of a so that for no point in U
other than a these k' + 1 functions have the same value.
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Fig. 1. Voronoi cells of a triangle Ty C R? and its faces.

Proof. Let S’ be a face of S of minimal dimension k' that contains a point
a where the directed Hausdorff distance S(S, Q) is attained, i.e., S(S, Q) =
mingeq ||a — z||. Observe that a cannot lie at the boundary of S’.

Let us identify the affine span Ag, with Rk,, consider S’ as a compact
subset of Rk/, and consider all distance functions d; and fr+ as restricted to
Ags, ie., R¥. For z € Ag, the distance 6({x},Q) of 2 to Q is given by the
lower envelope g(z) of the functions dr(x) for all simplices T of Q.

Assume that a € S’ is the point where g attains its maximum that is
minimal with respect to the lexicographic order. Since all dp are convex,
we can apply Lemma 3.1 a) to this setting and, therefore, ¥’ + 1 distance
functions dr for simplices T in @ have the same value ¢ = g(a) in a.

Therefore, also k' + 1 distance functions f7 for faces T" of simplices in Q
have the value ¢ in a. Let F' = {fp/|T’ face of a simplex in Q, fr(a) = c}.
Then, we have:

Claim 4. There is a neighborhood V' of a so that the lower envelope h of the
functions in F restricted to V has a mazimum in a and a is the lexicograph-
ically smallest point with that property in V.

Proof of Claim 4. Consider the complement of F, i.e., the set F' = {f|T"
face of a simplex in @, fr/(a) # g(a)}. Since all functions involved are con-
tinuous, there must be a neighborhood V of a so that f(:z) # g(z) for all
z € V and all f € F. On the other hand, for any € R¥ there is a face
T’ of a simplex in @Q with g(x) = fr/(x). Consequently, for any © € V
there is an f € F with g(x) = f(z). Therefore in V, the lower envelope of
the functions in F' does not exceed g, i.e., h(z) < g(x) for all x € V. On
the other hand, h(a) = g(a) so a is a point in V' where the lower envelope
h attains its maximum, because g does. There cannot be any point b in
V' lexicographically smaller than a with this property, since we would have
g(b) > h(b) = h(a) = g(a), i.e., g(b) = g(a) which would contradict the
lexicographic minimality of a. This proves claim 4. O
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Consider a convex compact subset K C V that contains a in its interior
and apply Lemma 3.1 b) to the functions in F' restricted to K. This proves
Lemma 3.2. o

Finally, in order to compute & (P,Q), we consider each face of every sim-
plex in P separately, i.e., we have a set of n(2¥ — 1) simplices S, each of
dimension at most k.

Lemma 3.2 gives a straightforward algorithm for computing & (S,Q):

1. For each selection T, ..., Tk 1 of faces of simplices of Q, where k' is
the dimension of S:

la. Solve the system of equations consisting of &’ quadratic equations

le (I) = fT2(x)7 .- '7ka/ (I) = kaurl(x)

and d — k' linear equations defining the affine span Ag.
1b. For each isolated solution z of this system test whether

a)x €9,

byxeVp fori=1,...,d+ 1, and

¢) fr(x) > fr,(z) for all faces T of simplices in @ with
x e Vp.

2. For all = which passed the test in step 1b consider fr,(z) and return
the maximum of all these values as (5, Q).

This procedure is carried out for each face S of each simplex in P, and the
maximum value obtained is §(P, Q). Likewise, 6(Q, P) and thus, (P, Q), can
be determined.

For the analysis of the running time we observe that there are n(2F —1) =

O(n) faces of simplices in P. For each of them, at most (m(lfj_fl)) = O(mF*1)
selections of faces are made in step 1. For each selection, we spend constant
time in step la and time O(m) in step 1b. Hence, we spend O(nm**?2) for
computing §(P, Q) and O(nm**+2 + n*+2m) for computing (P, Q).

This result is summarized in the following theorem where, as in the the-
orems thereafter, we only give the running time for computing the directed
Hausdorff distance. If this running time is T'(n, m) then the Hausdorff dis-

tance itself can be computed in time O(T' (n,m) + T(m,n)).

Theorem 3.3. Given two sets P,Q) C R? of n and m k-dimensional sim-
plices, we can compute §(P,Q) in O(nmF+2) time.

Besides this straightforward approach, we also can use results obtained in
the theory of lower envelopes. Essentially, Lemma 3.2 says that the maximum
of the lower envelope is attained at a wvertex of the lower envelope of the
functions restricted to some face of the polytope S. Fortunately, vertices
of lower envelopes can be determined efficiently. In fact, Agarwal et al.
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[1,16] give a Las Vegas algorithm for computing the vertices of the lower
envelope of m partially defined k-variate algebraic functions of degree two
in O(m**¢) time for k& > 1 and in O(ma(m)logm) time for k = 1, where
a(m) is a functional inverse of the Ackermann function. So we can proceed
as follows: For each face F of S we compute the vertices of the lower envelope
of the distance functions {dr | T is a simplex of Q} restricted to F with the
algorithm of Agarwal et al. Since we have to do this for all O(n) faces of
simplices in P, we obtain

Theorem 3.4. Given two sets P,Q C R? of n and m k-dimensional simplices
(k > 1), we can compute 5(P, Q) in O(nm**+¢) randomized expected time, for
any e > 0, if k > 1, and in O(nma(m)logm) randomized expected time, if
kE=1.

4 Efficient Algorithms for Special Problems

4.1 Point Patterns

The Voronoi based approach of section 2 for finite sets of points does not
yield efficient algorithms in higher dimensions, because the complexity of
constructing the Voronoi cells is too large. However, Agarwal et al. [2] give
a Las Vegas algorithm for computing for each point p € P in an n—point
set P one closest neighbor in an m—point set Q in O((n + m)log(n + m) +
(nm)1+e=1/(+1d/21)) expected time, for any € > 0.

With the help of more sophisticated techniques, like, e.g., efficient point-
location data structures and hierarchical cuttings (which did not exist at the
time [2] was published), it is possible to improve the algorithm slightly and
get:

Theorem 4.1. The Hausdorff distance between two sets P,Q C R? consisting
of n and m points can be found in O((n+m+ (nm)=Y/1+14/21))log(n 4 m))
randomized expected time.

4.2 Triangles in Three Dimensions

Surfaces in three dimensions are in many cases modeled as a triangular mesh.
We give an algorithm for computing the Hausdorff distance not only for
triangulated surfaces but, more generally, for sets of triangles in R3. For the
remainder, P and @) are sets of n and m triangles. Theorem 3.4 gives a bound
of O(nm?*¢) for computing the directed Hausdorff distance §(P,Q). By
using a line-sweep algorithm on the affine spans of the triangles involved and
parametric search, we can obtain an O(nm?2log®® (mn))-time algorithm.
Here, we present a third approach, which is asymptotically faster than cubic
in the input size. However we need to require that within one set the triangles
do not intersect properly, i.e., any two distinct triangles in the set do not
intersect in their relative interiors. Let us assume, that 6 > 0 is fixed and let
P? denote the set of vertices of P.
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We have that (P, Q) < ¢ iff for each point of P there is a point of Q within
distance at most . Therefore it is reasonable to look at the set of all points
of distance at most  to @; in the following nhs(Q) = {z € R? | d(z, Q) < 6}
denotes the §-neighborhood of Q, and bds(Q) = {x € R3 | d(z,Q) = 6}
denotes the boundary of the §-neighborhood of . Our results are based on
the following simple observation: The directed Hausdorff distance from P
to @ is at most § iff all vertices of P are contained in the J-neighborhood
of @, and none of the triangles in P intersects the boundary bds(Q). More
formally:

Lemma 4.2. Let P and Q be compact sets in R, and § > 0. Then
5(P,Q) <6 <= P°Cnhs(Q) and P Nbds(Q) = 0.

So we are left with the task of verifying whether P C nhs(Q) (’inclusion
property’), and P Nbds(Q) = 0 (intersection property’).

The inclusion property can easily be checked in O(nm) steps by computing
the distance of each vertex in P to each triangle in @ in O(1) time. This
method also identifies the triangles A € P that contain a vertex outside of

nhs(Q).
Lemma 4.3. We can decide whether P® C nhs(Q) in O(nm) time.

In the following we describe an efficient algorithm to verify the intersection
property.

For a triangle A, the set nhs(A)

(called a kreplach in [5]) is the con-

vex hull of three copies of a d-ball

centered at the vertices of A; it is

the (non-disjoint) union of three balls

of radius ¢ around the vertices of A,

three cylinders of radius § around the

edges of A, and a triangular prism of

height 2§ containing A in its center.

As usual, we mean by the complexity of bds(Q) its number of vertices, edges,

and 2-faces. By a result of Agarwal and Sharir [4, 5], the boundary bds(Q)

has complexity O(m?*¢), and can be computed in O(m?*¢) randomized ex-

pected time for any £ > 0; the algorithm computes a description of bds(Q)

where each 2-face is partitioned into semialgebraic! surface patches of con-

stant description complexity. Each of these surface patches is contained in

one spherical, cylindrical, or triangular portion of bds(A) for some A € @

(the same A that contains the corresponding 2-face), and is bounded by at

most four arcs. Each arc in turn is part of the intersection of the portion

of the boundary that contains the patch with either a plane, or a J-sphere,

1A set S C R? is called semialgebraic if it satisfies a polynomial expression. A polyno-
mial expression is any finite Boolean combination of atomic polynomial expressions, which
are of the form P(x) < 0, where P € R[z1,...,x4] is a d-variate polynomial.
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or a §-cylinder. A polynomial expression defining a patch is formed by the
conjunction of five atomic expressions of degree at most two: one polyno-
mial equation describing the portion of bds(A) that contains the patch (i.e.,
a cylinder, a sphere, or a plane), and at most four polynomial inequalities
defining the arcs (again these are equations describing a cylinder, a sphere,
or a plane).

In order to verify the intersection property we need a method to detect
intersections between the triangles in P and the surface patches of bds. We
apply a standard approach suggested in [10] and [9], and transform this prob-
lem to a semialgebraic point-location problem.

Lemma 4.4. Let Q be a set of k semialgebraic sets of constant description
complexity in R3. For any e > 0 we can build a data structure of size O(k14+¢)
in O(k**¢) randomized expected time, such that for any query triangle A we
can decide in O(k®) time whether A intersects .

Proof. Let A(p1,p2,ps;x) be a polynomial expression that defines a trian-
gle A depending on its three vertices pi,p2, and p3, i.e., A = {z € R? |
A(p1,p2,p3;x) holds}; we can form A as the conjunction of three linear
inequalities, and one linear equation. Let I'(¢;z) be a polynomial expres-
sion that defines a set I' € , depending on a sequence of real parameters
q, ie., I' = {x € R® | I'(g;x) holds}. For some fixed I', consider the set
Cr = {(p1,p2,p3) € R? | 3z : A(p1,p2,p3;2) AT(q;)) holds}. If we look
at RY as the configuration space of the set of all triangles in 3-space, then
Cr is the set of (the parameters of) all triangles that intersect I'. By quanti-
fier elimination [12] we can find a polynomial expression Cr(g; p1, p2, p3) that
defines Cr; therefore this set is semialgebraic, too.

Let F' denote the set of O(k) many polynomials that appear in the atomic
polynomial expressions forming the expressions Cr. With an algorithm from
[9,14] we can compute a point-location data structure of size O(k'4*¢) in
O(k4*¢) time for the varieties defined by F. Since the signs of all polynomials
in F', and therefore the validity of each polynomial expression Cr is constant
for each cell of the decomposition of R? induced by these varieties, the claim
follows. O

Lemma 4.5. For any ¢ > 0 we can decide whether P Nbds(Q) = 0 in
O(nm® 4+ m>*+en!3/14%) randomized expected time.

Proof. In a first step we compute a description of bds(Q) with the algorithm
of Agarwal/Sharir. This can be done in O(m?*¢) time, and yields a set of
O(m?*¢) semialgebraic surface patches of constant description complexity
that partition the boundary of nhs(Q). Now we distinguish two cases:

m?® < n: We run the algorithm of Lemma 4.4 to build a data structure
of size O(m?8+¢) in O(m?®+¢) time that supports triangle intersection
queries to bds(Q) in O(m?) time, and then we query this data structure
with all triangles in P to test for intersections in O(nm?) steps. The
total time spent is O(m?*T¢ + nm®) = O(nm?).
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n < m?3: We partition bds(Q) into g = [m?+¢/n!/14] groups of k =
n'/1* < m? surface patches each. For each group, we run the algorithm
of Lemma 4.4 to build a data structure of size O(k'*¢) in O(k!4+9)
time that supports triangle intersection queries in O(k®) time, and then
we query this data structure with all triangles in P to test for inter-
sections in O(nk®) steps. The total time spent is O(g(k'*T¢ + nk)) =
O<gn1+a/14) — O(m2+5n13/14+5).

This algorithm can also determine the triangles A € P that intersect bds(Q).
O

Putting Lemma 4.3 and Lemma 4.5 together, we obtain

Lemma 4.6. For any e > 0 we can compute the set X = {A € P | §(A,Q) >
8} in O(nm + m2ten'3/1442) randomized expected time.

Using the well-known technique by Clarkson and Shor, c.f. [11], we can
easily turn the algorithm for the decision problem into a randomized proce-
dure that actually computes the minimal distance, and obtain

Theorem 4.7. Given two sets P,Q C R3 of n and m triangles with the
property that no two triangles in Q intersect in their interior, we can compute
5(P,Q) in O(nmlogn 4+ m2>tent3/144e) randomized expected time, for any
e>0.

Proof. We follow a strategy similar to that proposed in [3]. Initially we set
6 = 0 and X = P. Then we repeat the following steps until X becomes
empty: Choose a random triangle A € X, and compute §' = S(A,Q) in
O(m?**¢) time according to Theorem 3.4. Set § to max(d,d’). Now compute
the set X' = {A € X | §(A,Q) > &} in O(nm + m2ten!3/14+¢) time with
the algorithm from Lemma 4.6. Finally set X to X'

Obviously the last value of § will be §(P,Q). As is shown in [11], the
expected number of iterations is O(logn), and therefore the expected time
to compute 0(P, Q) with this algorithm is O(nmlogn + m2tep!3/14te)
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