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ABSTRACT (2-DE) is a well-established and widely used technique to separate
proteins in a sample. A 2-DE gel is the product of two sequentially

In proteomics 2—dimensional gel electrophoresis (2-DE) is a sep- ) ; - S !
aration technique for proteins. The resulting protein spots can be _performed separations in acrylamide gel media: isoelectric focus-

identified by either using picking robots and subsequent mass spec-'ngdaj. first d_lmen_?'gon andlf sfet[;artatlon by molecztgar V\t’te'ght ?S setc-
trometry or by visual cross inspection of a new gel image with an ond dimension. The result of that process Is a pattern of spots

already analyzed master gel. Difficulties especially arise from in- eac_h represent_ing a protein. Ther_e Isa variety_ of stain_in_g methods
herent noise and irregular geometric distortions in 2-DE images. to display protein spots: Coomassie blue and silver-staining and/qr
Aiming at the automated analysis of large series of 2-DE images, fluorescent and radloactlye labeling. Mass spectro_metry_and the vi-
or at the even more difficult interlaboratory gel comparisons, the sual (usually gomputer aided) comparison (matchlr_lg) W!th aIreaQy
bottleneck is to solve the two most basic algorithmic problems with analyzed gel images of such a sample are used to identify proteins.

high quality: Identifying protein spots and computing a matching ;I;]he wsuatl gnalt)r/]s? ?]f SUChtﬁ_.DE Image series |nt_e;1ds t:) |dendt|fy
between two images. For the development of the analysis softwarefI ost/e pro elnst 'al;:' aﬂge . ellr eépbr_essmc?_ (S;Ze’ 'g.t‘?”s' y)fan re-
CAROL at Freie Universiit Berlin we have reconsidered these two ' ccu caUse certain biochemica’ and biomedical conditions of an or-

problems and obtained new solutions which rely on methods from ganism, see [24]'. However, thi_s require_s high throughput ana_lysis
computational geometry. Their novelties are: 1. Spot detection tools and the major challenge is to obtain both robust and reliable

is also possible for complex regions formed by several “merged” algorithmic solutions that work automatically, or at least need only

(usually saturated) spots; 2. User—defined landmarks are not nec-IIttIe user interaction.

essary for the matching. Furthermore, images for comparison are
allowed to represent different parts of the entire protein pattern,
which only partially “overlap”. The implementation is done in a
client server architecture to allow queries via the Internet. We also
discuss and point at related theoretical questions in computational
geometry.

A second strand of research was initiated in [20]. Here the chal-
lenge consists of creating analysis software that is able to perform
interlaboratory gel image comparisons and to deal with images
from various databases via the Internet.

The intensive research on these questions emphasizes the strong
demand from the practitioners for better algorithmic solutions.

1. INTRODUCTION

The proteomic research deals with the systematic analysis of com-The aim of this paper is to demonstrate how ideas from computa-
plete profiles of the proteins expressed in a given cell, tissue or bio- tional geometry help to meet these challenges in the context of the
logical system at a given time. In this field, 2D—gel electrophoresis tWo most basic problems in gel analysis:
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work that was done while developing the 2—-DE analysis software
system CAROL ([8]). It contains both new results (Section 2) and
partly published ones (Section 3, [15]).

In Section 2 we address the spot detection question. We assume that
each spot has approximately the shape of an axis-parallel ellipse.
This is a widely accepted modeling assumption, see for example
[5] or [12]. However, spots that are very close to each other may
partially overlap and “merge”. This leads to rather complicated
local pixel regions, as depicted in Figure 1, compare [18].



In [21] a spot detection algorithm is described that relies on a wa- topology. The matching spot pairs computed this way later serve as
tershed transformation applied to the gradient image. The most“landmarks” in the second stage. Landmarks were also used in pre-
difficult part is the interpretation of twin spots, streaks (left side in vious algorithmic solutions, but they had to be set manually. The
Fig.1), and so—calledomplex regiongright side in Fig.1) as unions ~ novelty of our solution is to generate them automatically. The sub-
of ellipses. sequent extension from landmarks to a maximal global matching is
rather standard by local neighborhood comparisons. However, our
advantage is the possibility to exploit the proposal lists for ambi-
gious spot regions, as computed in the spot detection. This way,
we try to simulate how an expert would compare images by vi-
sual inspection, namely, by intertwining the spot detection with the
matching process.

Figure 2 shows two 2—DE gel images originated from a transfection
experiment of cultured EaHy cells with 800 (left) and 1000 protein
spots. Their original size is about 23cm by 29cm. For the purpose
of illustration in Figure 3 and 4 more details are shown of the small
rectangular window regions marked in Figure 2. (For simplicity
ellipses were replaced by circles.)

Figure 1: Twin spots, streaks, and a complex region

In both Sections 2 and 3 we also refer to related theoretical issues
and open problems in computational geometry that could further
improve our solution. In Section 4 we outline implementation is-

In fact, in [21] the latter case was left open and in the implementa- : .
sues and describe experimental results.

tion the user had to edit these complex regions by hand. Here we
present algorithmic solutions to this question, one brute force so-
lution and a second based on a Linear Programming formulation.
To the best of our knowledge it is the first algorithmic attempt to ERING PROBLEM

deal with spot detection in complex regions. There is an inherent .

uncertainty in the images due to the electrophoresis process itself2-1 MOde“ng of the Core Problem

which is highly susceptible to faults and geometric distortions. The Spot detection is to a wide extent an image processing problem. In
reader may argue just by looking at the images, that there is no hopefact, if the spots are well separated, classical methods like filter-
to come up with a perfect spot detection algorithm. This is certainly ing and watershed transformation on the gradient image provide a
true. Yetwe can cope with this ambiguity, at least to some extent by satisfying algorithmic solution, see [21]. As mentioned above, the
computing a ranked list of proposals how a complex region could core combinatorial problem is the interpretation of complex pixel
be covered instead of Computing only the “best” COVering, which regions as unions of axis para||e| e||ipsesl
could be erroneous. Then, in the matching algorithm, we have the
possibility to accept the matching of two ambiguous regions if there The following formalization is a compromise stemming from dis-
is a pair of proposed coverings that match. cussions with practitioners who solve these covering instances by
peer review. First, we remark that complex regions are typically
The matching algorithm itself is described in Section 3. Assume saturated (black), and therefore gray level information does not
that a source and a target image are given by their spot lists. Wenelp for the detection. We assume that a connected pixel pattern
first transform the lists into geometric point patterns, where a spot g is given, which is fat in the sense that there are neither short hor-
is represented by the ellipse center coordinates and additionally wejzontal nor vertical cuts consisting of only two pixels. In the appli-
code the real size/intensity of the spot into a single integer value. cationR is usually a simply connected subpattern aa x 100—
The lists can be of Significantly different size and, additionally, we pixe| square. We |dent|fy a pixe| with its center and denoté)ﬂ/
allow the images to show only partially overlapping sections of the the rectilinear polygonal curve traversing the boundary pixels. We
gels. Thus the task is to find a maximal—cardinality one—to—one shrink and expand this boundary to the inside and the outside by
matching of the spot lists, so that this mapping respects both the defining the two pixel set8R_ = {p € R|dw(p,dR) = 1} and,

geometry of the images and the relative spot intensities i.e., rel- analogouslydR; = {p € R|dw(p, OR) = 1}, whered., is the
atively intensive source spots should be mapped to relatively in- distance function of the max norm.

tensive target spots. The geometric matching criterion is based on

similarity of imaginary edges which link spots. Two edges are sim- Now we can formulate the approximative covering problem from
ilar if their length ratio and the difference of their angles formed the application point of view. For numbets< p,q < 1 and a
with the z—axis are within preset tolerance bounds. Our algorith- natural numbep > 1, the problem is to find a smallest-cardinality

mic solution, which we call global-via-local matching, works in set¢ of axis—parallel ellipses fulfilling the following conditions.
two stages. Firstly, we compute matchings for several small local

patterns, which are chosen in a grid—-like fashion. For this local
matching we use a modified alignment method known from point
pattern matching ([2]) combined with geometric hashing. A signif-
icant speed-up is gained by reducing the set of all source / target

2. SPOTDETECTIONASANELLIPSE COV-

1. (Shape)For eachE € & the ratio of its halfaxes is in the
interval[1/p, p].
2. (Fitting) Each ellipseE € £ respect9R,, i.e., it does not

edges to those belonging to the history of the incremental Delaunay
triangulation of the spot lists in the order of their decreasing inten-

sities. Having sets of matching candidates for each of the local
patterns, we select a subset that is consistent with the overall grid

intersectoR .

3. (Intersection) The boundaries of every pair of ellipsEs E’
in £ intersects in at most 2 points, and &Ban E') < q -
min{aredE),aredE’)}.
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Figure 3: Detailed local images of Fig.2, a selected pattern on the left side and a partial matching
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Figure 4: Spot sets detected with black spots indicating the local matching




4. (Covering) Uz E covers at least d (— p)—portion of pix- may miss interesting ellipses like the big one in the right hand so-
elsinoR_. lution in Figure 5.

The aim to find minimal—cardinality coverings is in accordance
with Occam'’s razor principle, since the smallest cardinality set is,
in absence of a master gel, the simplest hypothesis to explain how
a complex region could have been evolved. Moreover, we espe-
cially emphasize that the somehow strange intersection condition 3
is justified by the application because two spots (ellipses) can only
partially merge and do not form a cross.

Remark: Let F be the family of ellipsega, as', ¢, d), as described
above, and lek,,: be the minimal number of ellipses &f needed

to cover all points ofS_ and avoiding the ones &fR... Then the
standardog | S— |-approximation (see [10]) of the optimal solution

by the greedy approach cannot be guaranteed, at least for arbitrary
sample set§_ in polygons with holes. This is due to the restrictive
intersection property. An example that illustrates this observation
consists of a set of rather thin ellipses in a grid-like arrangement.
Besides the recent paper [4] we are not aware of approximation
“results for set covers with restrictive intersection properties.

In the following we present two algorithmic solutions to our cov-
ering problem that have been implemented and tested. In the im
plementation we assumed that the regidhare simply connected
and rectilinear. However, it is straightforward how to extend the al- .
gorithms to arbitrary polygonal regions. Aiming at better runtimes, 2.3 Usmg an LP ApproaCh to Generate El-
the set9)R_ anddR. are sampled by subsefs. andS,.. Since lipses

a convex boundary segment is more likely to be part of a single el-
lipse, S_ and Sy are chosen in such a way that convex segments
have denser samples.

Compared to the brute force approach we do not want to restrict
the set of ellipses under consideration for covering a region by an a
priori parameter discretization and we want to avoid generating too
2.2 Computing a Brute Force Solution many explicit ellipses.
The basic idea behind the brute force solution is to generate all Observe that each element in the pixel 8&t;, now sampled by
ellipses that fulfill condition 1 and 2. A voting scheme is then set S+, forms a constraint for each ellipse in the cover, since any el-
up to select the covering. lipse must not contain such pixels. On the other hand, we want at
In a first step we discretize the parameter space of possible ellipsesleast a few points (say, at least three) frém to be included in an
Recall that (the boundary of) an axis—parallel ellipse is formed by ellipse of the covering.

all points(z, y) fulfilling the equation

Therefore, we start from a randomly chosen triplet of mutually visi-

2 2
(z - c) + (y - 4 _ 1=0 1) ble points fromS_ and ask whether there is an axis—parallel ellipse
a? b? containing these points so that it does not violate an outer con-
with parametera, b, ¢, d € IR. straint. Once having the information that for a given triplet there

is a feasible solution one can efficiently extend the covered sample
To this end we restrict the ellipses to have centers which are pixel subset by an LP—based approach.
centers and one of the halfaxes, sayas to have integer multiple

pixel side length. Finally, to model condition 1, for a fixadve We start from the observation that the parameters of an ellipse
restrict the second halfaxis to values from thefgset| — k < i < can be transformed into variables of an LP in such a way that each
k}, with s = {/p for a preset. of the three points which have to be coveredByadds a linear

constraint to the outer constraints. The constraints are derived by
. . 2

Now, the algorithm simply computes for each cerfter) and for plugging a poinp = (p,p,) into the ellipse formuldZ25~ +
each: the maximal halfaxis: so that the ellipse with parameters ()2 1 which has to b i itive) f int
(a,as’,c,d) does not interse@R.. For each ellipse we store the p>__ — L which has 1o beé zero (nega_l V€, posi |ve_) or points
points of S_ it covers. Eventually, we choose the covering in a on (inside, outsideF. Since this is not a linear constraint we start
greedy fashion. Assume a partial covering is already chosen. TheWIth one of the form
ne_xt ellipseF is selected among aI_I ellipses sati_sfying condition_S P2l — szw +pyrs — T4 = p2 (resp. <,>) 2
(with respect to already chosen ellipses) according to the following
criteria ranking in the order of appearance:

2 2
By elementary calculation, setting= L + == — x4, we derive

) dzo
1. E covers a maximal number of previously uncovered points as ellipse parameters

from S_ t z1 T3
2. E maximizes the length of a longest chain of consecutive a=\t b=1/— =9 = 90
covered points fronb_
3. E minimizes the maximal intersection area with an already
chosen ellipse.

T 2 T 2m

Given the existence of a feasible solution (not an explicit ellipse
yet!) one wants to extend the point set that can be covered. Clearly,
it makes sense to add and check first the neighbors of the already
covered sample points. This is also done in a random way. How-
After selecting a besE (ties are broken randomly) we update the ever, it is clear that one can easily get stuck when there is a very
scores of all other remaining ellipses by deleting the points covered restrictive partial solution, in the sense that we have still a feasible
by E. We stop augmenting ellipses when condition 4 is met. system but the actual solution set of ellipses is very small and does
not allow to add a new sample point. To implement the necessary
The obvious drawback of the brute force approach is that too many backtracking step, we have adapted a simplified version of the so—
ellipses are tested. Moreover, by discretizing ellipse parameters wecalled Metropolis methodology, see for example [17], where it has
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Figure 5: Ellipse covering computed by brute force method (left) and by LP approach (right)

been used for the generation of large cliques in graphs, a situationthe solution. We will discuss later the problem of finding a set of

similar to ours.

This random Markov-chain like process is organized in rounds.
With probability ¢ we have a round “extend”, that is we choose
and try to add a random neighbor; with probability- ¢ we have

a round “backtrack” in which we delete a randomly chosen point
from the already covered point set. After a fixed number of rounds
we actually compute an explicit candidate ellipse to be included
next into the partial covering. Among all possible ellipses we se-

ellipses that avoidS;. and approximately covers the whole interior
of P.

The problem of (approximately) covering a shape with ellipses is
strictly related to the problem of exact covering of a shape with
rectangles, which was shown to be NP-hard. It is also related to
the problem of covering a shape with strips [1], and to the range
covering problem in a hypergraph [7]. Thus, in the general setting
there is not much hope for finding a polynomial-time algorithm.

lect the one that yields a halfaxes ratio closest to 1. This is repeatedOn the other hand, there is no much difficulty to obtain a poly-
a constant number of times and we select the candidate that is opti-nomial time algorithm that approximates the set up to@kop:

mal according to the criteria above.

There remains to explain the incorporation of condition 3 into the

factor, wherek,,: is the cardinality of the optimal-size solution,
using the algorithm of [7]. The runtime of a straightforward im-
plementation of that algorithm i (n®kop: log 7). A much faster

LP—approach. As before we delete already covered points from algorithm is presented in Section 2.4.2. But first we discuss the

S_. But now for each selected ellipgewe add new “outer” con-
straints toS; by sampling the ellipse interior. These new points

prevent later chosen ellipses from having large intersections with

E. Again, this scheme is run until condition 4 is met. In the ex-
ample depicted in Figure 5 the black pixels represgnt The dots
outside the region describe the initial outer constraints, within the

log n—approximation.

2.4.1 Efficient algorithms for the greedy approach

In the “traditional” greedy approach we perform a sequence of it-
erations, in each of which we find an ellipse that resp8gtgthat

chosen ellipses the additional outer constraints are also indicated.iS, contains none of its points), and covers the maximal number of

Together they form the final sét, .

2.4 Related Theoretical Issues

We want to discuss the ellipse covering problem from a more theo-

retical point of view. Assumé& = {p1,...,pn} iS an input poly-
gon, now neither necessarily simple nor rectilinear, and Iet 0

points of S_ not covered by previously chosen ellipses. Now we
show how to perform each such iteration in tifén®a(n) log n).
This, using standard greedy arguments, yields a runtime of
O(n®koprar(n) log® n) wherea(n) is the inverse Ackermann func-
tion (see [23] for definitions and details).

Note that for each ellipse with parameters, c, d equation(2)

be a given fault parameter. Again we assume that the polygon hasyields a dual representation by a point, z», 23, £4) € IR* where

no cuts of length< 2¢. Moreover, we drop the condition that two
ellipses in the covering can intersect in at most 2 points. 9 et
(resp.S4+) denote the vertices of the polygonal chaiRs (resp.
P,) which approximate the boundaries of theeighborhood of
P, have Hausdorff distancefrom P, and fulfill the property that
the distance between any two consecutive vertices is atanost

Theellipse covering problers to find a collectior€ = {E\,... ,
E}} of minimal cardinality of axis-aligned ellipses so that the union
U = |J E; contains all the points of_ and none of the points of
S+. Letn denote the total number of points$h andS..

Note that we do not require that each pointadf has a point of
P within distance< e. Thus, we are willing to accept holes in

x1 = 2¢, 22 = a? /b%, x3 = 2a°d/b* andza = c® —a®+a’d? /b
Consequently, the set of ellipses containing (not containing) a given
point (p., py) is described by the halfspapez: —p;l'g +pyx3—

x4 > p2 (resp.<).

Let t1,t» be two points ofS_, and consider the two-dimensional
plane D in IR* representing all axis-parallel ellipses that pass
throught; andt¢,. ThenD is the intersection of the two hyper-
planes that correspond te,t». Each pointp of S_ U Sy deter-
mines a lingp in D, and an ellipséZ containsp if and only if p is
below the pointEZ which is the dual point of2 in D. Accordingly,

E respects all points of ;. if and only if £ is below all lines corre-
sponding to point o5. Let S_ (resp.S;) denote the collections
of lines corresponding to points 8E (resp.Sy). LetI" denote the



oo
o8 | | 05

Figure 6: Three covering proposals for a complex region generated by the LP—approach

lower envelope of the lines ifi;. We seek a poinE which is be- that}" oo w(E') < w(E')/2kop. The algorithm stops when

. . =~ . P
low ', and above a maximum number of the linessof. Consider a cover is found. Since the Vapnik-Chervonenkis dimension of the
the arrangementi— formed by the lines ob. Clearly E lies on problem is clearly finite, it follows from [7] that the algorithm stops

an edge of one of the cells of - intersected by'. The collections after O(kop: log n) phases.
of these edges (and the vertices they define) is known in the Com-

putational Geometry literature as theneof I in A, see [6] for Onceé’ is found, we replace each ellipg of £ by an enlarged

further reference. ellipse E;. Formally, E; and E; share the same center, but each of
the axes ofE; is by v/2¢/4 longer than the corresponding axis of

Using the recent algorithm of Har-Peled [14], the zon&'af A E. Clearly, the collectiorf = {Ex, ..., E)} avoids the points of

can be constructed in tim@(na(n) log n). Once the zone is cre- g, sinceS’, was chosen accordingly. For each interior poinfof

ated, finding a point in this zone that lies above the maximal num- ;¢ 4+ distance at mosf2¢ /4 from a point of D_ the polygonP is
ber of lines of A_ can be done by scanning this zone. The runtime completely covered.

is clearly proportional to the number of vertices in the zone. Since

t1 andt» are not known in advance, we need to iterate over all pairs Tpg getails of the efficient implementation of this paradigm are ob-

of points of S_, and repeat this process for every new ellipse that (5ineq by carefully choosing a relatively small number of ellipses,

we find. Using standard greedy-algorithm arguments (see [10]), 50 using augmenting search trees for updating the weights of (im-

the r;umber of elllpz)ses we find @8(k,p¢ log n), thus the runtime is ity represented) subsets of ellipses. They are omitted from this

O(n”kopra(n) log” n), as asserted. extended abstract and can be found in [11]. Altogether we have the
following theorem.

2.4.2 O(log k.p:) @approximation Theorem 1. Let P and S, be as above. Then in expected time
To show how one can find a set 61(kop¢ log kop:) ellipses€ O(n*a(n) + n*kopt log® n) one can find a sef of ellipses that
whose union covers the whole interior & and avoidsS,. we covers the interior of?, and its boundary)(U€) is in distance
use an efficient implementation of the®@mimann & Goodrich < 2e from the boundary of?. Moreover, the cardinality of is
paradigm: O (kopt log kopt)-

Let D_ be the vertex set of a uniform grid of edge lengf2 which 3. COMPUTING GLOBAL VIA LOCAL
is inside P ( i.e., all points of the form(ie/2, je/2) for i, j inte-
gers). Then we replacé; by a setS’, which approximates the MATCHINGS

boundary of thez/2—neighborhood of. We first sketch how to : :
find a collection’ of ellipses{E; ... E}} whose union avoids 3.1 Modeling the Matching Problem

S’, and coversD_. The cardinalityk of £ is O(kopt log kopt), Assume that a source imageand a target imag# are given by

where as abové;,,; is the minimal size of such a collection. their spot lists. Recall that after the spot detection a “spot” is sim-
ply a vector(z(s),y(s),i(s)) consisting of its nonnegative point

The Bronnimann & Goodrich approach assumes that is known coordinategz(s),y(s)) in the Euclidean plane and a positive real

(otherwise itis found using unbounded binary search), and is much numberi(s) describing its intensity.

less thanS’.| = O(n). It maintains a set’ of ellipses whose

union coversD_. The solution we seek is a subset&f It gives By this simplification of spots we can treat the geometric matching
a weightw(E') to each ellipse ofZ’ € £, initially all set to be task as an approximate point pattern matching problem, see [2] for
1. The algorithm consists gfhases At each phase, the algorithm  a survey on this field. There, the general setting for our bottleneck
picks a random sampl® of size ckop: log kope Of the ellipses of matching type problem is as follows. For a real number 0,

&', where the probability of an ellipse to be picked is proportional a group of admissible transformations (e.g. translations, rigid

to its weight, andc is a constant as computed in [7]. Next the motions and/or scalings) and a metidcone seeks a bijectiofi

algorithm checks ifR coversD_. If this is not the case, lai be between as large as possible sub$gts S andT’ C T, so that
a grid point which is not covered, (arbitrarily chosen if there are there exists a transformatigne A for whichd(g(s), f(s)) < ¢
more than one) and l&t, C £’ be the set of ellipses containipg for everys € S’. Thus, the transformation describes the geo-

The algorithm doubles the weight of each ellipsefpf provided metric resemblance betweéhandT’. Additionally, we want that



the intensityi(s) for s € S’ resembles the intensity ¢f(s). How- The algorithm has to find maximal subs#sC P (at least 50 %),
ever, this is only the general framework for our solution. There are corresponding subset3 C T and transformations approximat-
several major difficulties stemming from the inherent noise in the ing the matching betweeR’ and(. Firstly, we discuss the trans-
electrophoresis process: formation class of translations, but, we always keep in mind possi-
ble generalizations to homothetic transformations (translations plus

) ) o scalings). In the runtime analysisandn will denote the number
1. 2-DEimages, even of the same probe, can differ significantly ot points inP and inT, respectively.

and the offset vectors for matching spots are only locally al-

most equal. The algorithm is basically a twofold refinement of the naive align-
2. The spot resolution of the images can be different. Moreover, ment approach which computes a geometric matching by aligning a
given a correct matching the intensity orderings of matched pattern edge € P with a similar edge’ in T'. If one wants to find
spots in both images are similar but not identical. full matchings ofP, it is sufficient to fixe and search for all similar
3. It often happens that one has to compute a matching of im- target edges. However, looking also for partial matchings, one has
ages that only partially “overlap”. Previous algorithmic so- to check all pattern edges against all edgeE.ifcach edge similar-
lutions assume that both images show the same frames, ority induces a translatiofy .- which maps the midpoint afonto the
at least there are preset landmark pairs that allow to initial- midpoint ofe’. Then candidate points for a matching can be found
ize the matching procedure. We neither want to choose the by nearest neighbor queries for th@oints of the transformed pat-
matching frames nor landmarks by hand. ternt. .. (P). Hence, the runtime is bounded BY(k*n? log n)
which combines thé&?n> edge comparisons with th@(k log n)
time to compute a matching. However, the algorithm is much faster

To cope with these problems we choose the following 2—stage ap-in practice because most of the edges similarity tests are answered
proach, which we call the global-via-local matching paradigm. negatively.

Remark 1: It is not hard to construct examples where the near-

est neighboy € T of a transformed pattern point does not satify

the reqgirements of a geometric matching whereas another neighbor
, ) s o

cally most intensive spots) in the target. For a single pattern does. Therefore all neighbors within a certain distance have to

the result is typically not unique. But for a set of grid—like be checked.

located local source patterns we can choose a consistent com- . . . .
) S . . Remark 2: Looking only for matchings approximated by trans-
mon registration (i.e., matching) by comparing the underly-

ing transformations, which should be similar for neighboring Iatlons_, it Wo_uld be sufficient to check all transformations defln_ed
by point pairs(p,q) € P x T. However, such an approach is
patterns. . : . o
not very suitable in practice because it is not extendable to homo-

2. A second step implements the extension of the landmark yhetic transformations and, moreover, the resulting:n log 1)
matching to neighboring spots. This is done by a variant of 4 pound is tight.

the standard neighborhood graph comparison. However, our

advantage is the possibility to use information gathered inthe pemark 3: In [16] a randomized version of the alignment method
spot detection preprocessing. has been studied. One of the results@&n> log n) Monte Carlo
algorithm computing all partial matchings which match at least a
constant fraction oP.

1. In a first step we compute a rather dense set of landmarks.
This is realized via local matchings. A local matching is the
registration of a small local source pattern (consisting of lo-

Next we formalize the geometric matching criterion for the regis-

tration of a local patter® C S in the targef’. - . .
Instead of randomization we make use of the intensity resemblance

which is an additional matching requirement. To this end we order
our point sets according to decreasing intensity. A triangulation of
a point setX in the plane is calle®elaunay triangulatiorif for

each triangle in the triangulation its circumcircle contains only the

1=X<Z |ss|/[tt| <14+ X three triangle points. One can construct such a triangulation in an
. . . incremental way by inserting points one by one in the given order,

TWC_)_ po.lnt patterns” C S aqu cT (Aﬁ)—mwm IS compare [13]. The insertion of a point can destroy some of the pre-
a bijection f between the point sets so that and f(s) f(s’) are vious edges and add some new edges. fit®ry Hist(X) of the

(A, a)-similar for alls, s’ € P. In sum, from the geometric point  jncremental triangulatioris the set of all Delaunay edges which
of view we want to find(\, «)—matchingsf between as large as  gccur at some time in this process.

possible subpattern8’ C P and local target pattern@, compare
also [19].

We call two line segmentss” andt#’ (), «)-similar if the absolute
difference of their angles with the-axis is smaller than: and for
their lengths we have:

There are two results from Computational Geometry which together

) . . ) . make up a fast and very robust heuristic.

As described in [15], we cannot model intensity resemblance by di-

rectly comparing(s) andi(f(s)), instead we rank, in both source  Thegrem 2(see [3]): LetX be a point set with an intensity order-

and ta_rget, the spot intensities in_to_lO groups and require that theing. Assume that a patte C X consists of the most intensive

matching respects those ranks within a tolerance of 1. points in a rectangl®. Consider a trianglé\ occuring during the
incremental Delaunay triangulation €. If the circumcircle ofA

3.2 How to Compute Local Matchings is contained inR, then each edge ak belongs to HistX).

In this subsection we present an efficient algorithm which computes

partial approximate matchings of a pattd?iin a target point et This implies that under ideal assumptions (of nearly identical im-



ages) it suffices to consider all similarities between edges from and a sufficient precision of cluster positions. Each translation rep-
Hist(P) and His{T"). In practice however one cannot start from resentativet, .- (cp) subdivides its grid cell into four rectangles.
these assumptions: the matching is only approximate, sometimesinstead of unit scores, each of the four grid nodes adds to its current
partial, and moreover the intensity orders can slightly vary. To cope score an amount proportional to the area of the opposite rectangle.
with these difficulties we augment the history with all flip edges This way the precise position of a single potat.-(cp) can be
which occur in the incremental triangulation. We denote the ex- recomputed from its scores. Let Sc@rg) be the total score accu-
tended history by His{). The following fact implies an estimate  mulated in grid nod€i, j) after probing all edges from HistP).

on its expected size. All local maxima in the grid that are greater than a threshold value
depending onP| are considered to correspond to potential match-

Theorem 3(see [22]): LetX be a random permutation efpoints. ing locations.

Then the incremental Delaunay triangulation Xfcan be com- Eventually, we can approximate the actual cerfter j.) of the

puted inO(n log n) expected time. The expected number of edges vector cluster stemming from a local maximum at nddej) by

in Hist(X) is O(n). computing a weighted average of the score@ at) and all scores

at neighboring grid nodes:
Therefore the expected size of HigK) is also linear. Moreover, i1 41
this construction ensures that many more edge similarities can be (i, jo) = Zk:ifl Z?:jfl Scordk, 1) - (k1)
found, see [15] for more details and experimental results for ran- e Sl it Scordk, 1)
domly generated examples.

Summing up, the restriction of the alignment approach to the com- The generalization from translations to homothetic transformations
parison of edges from HistP) and Hist (T') implies a matching is straightforward (A, a)—similarity has to be replaced lay-simi-
algorithm with expected time complexity(k>n log n). larity (the angle between the edges is at meggstind for eachn—
similar pair (e, ¢') the transformatiort, . is defined by the scal-
In fact, although this first improvement reduces the computation ing factor|e’|/le| and the translation mapping the midpoint of the
time remarkably, there is still a lot of wasted work because for any Scalect onto the midpoint of’. Consequently, the two—dimension-
edge similaritye ~ ¢’ the algorithm attempts to construct a match- @l Scoring scheme has to be replaced by a three—dimensional struc-
ing approximated by translatign .. in O(k log n) time. However, ture.W|th the thlr_d dimension representlng the scaling fact(_)rs. Ip
most of these attempts are bound to fail. We call a transformation OUr implementation we used an exponential scale of the third axis
t.... goodif it approximates a matching of at least half of the points Where the factor between two grid units\s
in P andbad otherwise.
3.3 Extending Local Matchings to a Global
The standard approach of how to avoid testing bad transformations Matching
is geometric hashing. Originally hashing has been worked out for
the exact matching problem. The idea is to collect first all candi-

date transformations in a hash table. Note that in contrast to badmatching of two images andT in several stages. First the source

transformations the good ones occur at Ie(éé?) times. In the . . . ; ;
) 2 im i men in lly siz r ngular im . In
end, the good transformations can be selected and, moreover, for age is segmented into equally sized, rectangular subimages

each of them the corresponding matching has to be computed onl our implementation we used a regulas 5-grid for this subdivi-
once P 9 9 P Ysion. Then for each of the 25 subimages the pattern formed by its

12 most intensive spots is selected (25 and 12 are parameter val-
ues which proved to be optimal in numerous tests). Applying the
local matching to those local patterns we get a list of matching pro-
posals for each pattern. Now we apply a simple consistency test
i - : to those proposal lists. Two local matchings are consistent if the
?Lzlreginsdsﬂict)gs; toméirglsjtzszlslgtzr hrcc))v)\(lir;oat?e hrc:g?:(e:h;hl: ;rt]rduﬁ'beatsunderlying transformations are approximately the same. Finally a
hash tables in both tir[r)1e and storr)g e complexit Oﬂe has to pa first skeleton for the global matching is established by searching for
orag plexity. © 0 Py, o largest family of pairwise consistent local matchings. Note that
for these advantages by accepting a certain heurl_stlc flavor in thlsthis skeleton has at most 300 spot pairs. To get more pairs we fol-
method. Let(;p_ denote the _center of the _boundlng .bOX of the low the standard approach: The pairs in the skeldtbform a set
gflnt]ﬁ?;”e)d ?si]am ng t*s t?;t \;Vr';[g ?" tr?_'rili? t';ns"’\j\'/edsetgrr‘:td by of landmarks which defines a piecewise affine transformdtign
adding scgres teo the fE)ur) nodees ce)f the g(rid)'cell which éberrltains Next for each poinp € 5 we find the nearest neighbgrof ¢ (p)
t. . (cp). It is straightforward that good transformations yield in T'. Such pair(p, ) will be included in the matching depend-

clusters of points which in turn are represented by high scores in ing on the similarity of the spot neighborhoods. This is the place
) Pe . P y g - where different proposals from the decomposition of complex spot
the neighboring grid nodes. Altogether we get an expected runtime

2 regions come into play. If it is impossible to find Tha spot with
of O(n log n+kn+m”+|Tgood klog n), where|Tggod denotes oy neighborhood, there might be one in another decomposition

the number of good transformations, i.e., the number of computed proposal.
partial matchings. The first and second term estimates the triangu-

lation construction and the edge comparisons. Since the last termanqiher advantage of our approach is the possibility to compute a

The local point pattern matching described in the previous subsec-
tion is the central module of our algorithm. We compute the global

Here we develop a special variant of geometric hashing. We re-
place the hash table by scoring schemevhich uses a regularly
spacedm x m grid overT with m? variables counting scores for

Is of smaller order the number of grid nodes, ie’, plays the key "global” matching for images which only partially overlap. Up to
role_ in the algorlthm_s analysis. Finer grl_ds can display the cluster ow commercial programs assume a global alignment of the im-
positions more precisely than coarser grids (with less nodes). ages. Figure 7 shows an example. This feature is useful for recon-

. . . structing big gel images from several partially overlapping subim-
There is one more trick that allows to have both rather coarse grids ages.
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Figure 7: A global matching of two images which have only a small horizontal strip in common

4. IMPLEMENTATION ISSUES AND EX- gel images with 900 and 1000 spots takes about 7s and yields about
PERIMENTAL RESULTS 110 matching spot pairs. After this step the user can optionally cor-
rect the proposed landmarks. A subsequent extension step takes 2s.
The 2-DE analysis software system CAROL ([8]) contains the de- The computation of the spot detection for a full gel image (1200
scribed spot detection and matching algorithms. In order to facil- x 1500 pixels, 4500 spots) takes about half a minute without com-
first pal’t, the combinatorial and geometrical kernel of the SpOt de- Complex regionS. The brute force greedy approach for the com-
makes essential use of the Standard Template Library (STL) andsample points drawn in black) needs 24s to compute the 10 ellipse
of the Computational Geometry Algorithms Library (CGAL) [9].  covering indicated. The LP-based solution (with initially 76 points
The latter library provides several geometric data structures and defining outer constraints) takes 13s to compute the indicated so-
functions and especially an implementation of the incremental De- |ytion. However, we remark that usually a spot detection is only
Iaunay triangulation. For the LP appl’oaCh of the SpOt detection, Computed once before Storing the image in a database.
which we implemented for internal use only, we use the commer-
cial LP-solver CPLEX. Tests of the CAROL system on several series of gel images as well
) ) ) as the positive feedback from external test users have confirmed the
The second part of the CAROL system is the graphical user inter- agvantages of our geometric approach. Further work will concen-
face which has been implemented in Java. It can be run as an appletrate on a more accurate mathematical modeling of the biochemical

started out of an internet browser or as an application. The commu-and physical phenomena within the electrophoresis process.
nication with the algorithmic procedures is established via internet

sockets, whereby the C++ program works as a server which waits

for matching or spot detection requests from the Java-client, per- 5. REFERENCES

forms the computation, and eventually sends the results back to the[1] P.K. Agarwal and C.M. Procopiuc, Covering Points by Strips
client. in the PlaneProc. 11th Annual ACM-SIAM Symposium on

Discrete Algorithms2000, 538-547.
Using CAROL it is possible to analyze gel images from databases
all over the Internet. This feature is strongly supported by the [2] H. Alt and L. Guibas, Discrete Geometric Shapes: Matching,
client-server architecture and the possibility to run the user inter- Interpolation, and Approximation, A Survey, In J. Urrutia,
face out of an internet browser. However, a direct Internet access  J.—R. Sack, edsHandbook of Computational Geometry
is required that is not restricted by a firewall. CAROL offers the (North Holland), 1999, 121-153
possibility to open GIF images from any 2-DE database, to carry
out the spot detection, to perform local or global matchings be- [3] H. Alt, L. Knipping, and G. Weber, Point Pattern Matching in
tween two gel images, and to set parameters like tolerance bounds,  Astronautics,).Symbolic Computatioh7 (1994) 321-340

pattern size, etc. The current version of CAROL can be found at )
http://ge|matching_inf_fu_ber"n_de [4] V. Anil Kumar, S. Arya and H. Ramesh, Hardness of Set

Cover with Intersection Proc. ICALP’200Q Lect. Notes in
The local matching algorithm executed on a Sun Ultra Sparc 300 ~ Comp. Sc. 1853, 624-635
MHz computes the best ten matchings for a pattern of twelve spots

in about 0.2s. The first stage of the global matching between two [°] R- Appel, J. Vargas, P. Palagi, D. Walther and D. Hochstrasser,

Melanie Il, a third—generation software package for analysis



of two—dimensional electrophoresis images: Il. Algorithms,
Electrophoresid 8 (1997), 2735-2748

[6] M. de Berg, M. van Kreveld, M. Overmars, O. Schwarzkopf,
Computational Geometry, Algorithms and Applications
(Springer), 1997.

[7] H. Bronnimann and M. T. Goodrich, AlImost Optimal Set

Covers in Finite VC-DimensiorDiscrete Comput. Geoni4

(1995), 463-479.

[8] CAROL, Software system for Matching 2DE Gel Images,
http://gelmatching.inf.fu-berlin.de

[9] CGAL, The Computational Geometry Algorithms Library,
http://www.cs.ruu.nl/CGAL

[10] T. H. Cormen, C. E. Leiserson, and R. L. Rivdstroduction
to Algorithms(MIT Press), 1990.

[11] A. Efrat, F. Hoffmann, K. Kriegel, and C. Schultz, Covering
shapes by ellipses for the computer analysis of protein
patterns, Technical Report B 00-11, July 2000, Instiat f*
Informatik, Freie Universdt Berlin

[12] J. Garrels, The QUEST System for quantitative analysis of
2D gels,J. Biological Chemistry264 (1989), 5269-5282

[13] L. Guibas, D. Knuth, and M. Sharir, Randomized
Incremental Construction of Delaunay and Voronoi Diagrams,
Algorithmica7(4) (1992) 381-413

[14] S. Har-Peled, Taking a Walk in a Planar Arrangement,
Proceedings 40th Annual IEEE Symposium on Foundations of
Computer Sciencel999, 100-110.

[15] F. Hoffmann, K. Kriegel, and C. Wenk, An applied pattern
matching problem: comparing 2D patterns of protein spots,
Discrete Applied Mathematic3 (1999), 75-88

[16] S. Irani and P. Raghavan, Combinatorial and experimental
results for randomized point matching algorithms,
Computational Geometry: Theory and Applicatidis
(1999), 17-31

[17] M. Jerrum, Large Cliques Elude the Metropolis Process,
Random Structures and Algorithr@g4) (1992), 347—-359

[18] K. Kriegel, I. Seefeldt, F. Hoffmann, C. Schultz, C. Wenk, V.
Regitz-Zagrosek, H. Oswald, and E. Fleck, An alternative
approach to deal with geometric uncertainties in computer
analysis of two—dimensional electrophoresis gels,
Electrophoresi®1 (2000), 2637-2640

[19] H. Ogawa, Labeled Point Pattern Matching by Delaunay
Triangulation and Maximal Clique®attern Recognition
19(1) (1986), 35-40

[20] P. F. Lembkin, Comparing two—dimensional electrophoretic
gel images across the InternEtectrophoresis8(3—4)
(1997), 461-470

[21] K.—P. Pleil3ner, F. Hoffmann, K. Kriegel, C. Wenk, S.
Wegner, A. Sahlstom, H. Oswald, H. Alt, and E. Fleck, New
algorithmic approaches to protein spot detection and pattern
matching in two—dimensional electrophoresis gel databases,
Electrophoresi®0 (1999), 755-765

[22] R. Seidel, Backwards Analysis of Randomized Geometric
Constructions, in J. Pach, etilew Trends in Discrete and
Computational Geometr§Springer), 1993

[23] M. Sharir and P.K. AgarwaDavenport-Schinzel Sequences
and Their Geometric Application(€ambridge University
Press), 1995.

[24] M. R. Wilkins, K. L. Williams, R. D. Appel, and D. F.
Hochstrasser (EdsProteome Research: New Frontiers in
Functional Genomic§Springer) , 1997



