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Abstract

The Private Network-to-Network Interface (PNNI) is a scalable hierarchical protocol that allows ATM switches to be aggregated into
clusters called peer groups. To provide good accuracy in choosing optimal paths in a PNNI network, the PNNI standard provides a way to
represent a peer group with a structure called the complex node representation. It allows the cost of traversing the peer group between any
ingress and egress to be advertised in a compact form. Complex node representations using a small number of links result in a
correspondingly short path computation time and therefore in good performance. It is, accordingly, desirable that the complex node
representation contains as few links as possible. In earlier work, a method was presented for constructing the set of the optimal complex node
representations in the restrictive and symmetric cost case, under the assumption of a restricted set of optimal paths and a corresponding
minimal path computation time. Here this method is extended to constructing the set of the optimal complex node representations appropriate
for deployment in a heterogeneous environment where no uniform policy is used to derive them. These representations are not confined by a
reduced optimal path constraint, and consequently use the absolute minimum possible number of links, resulting in a minimum path

computation time.
© 2003 Published by Elsevier B.V.
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1. Introduction

Private Network-to-Network Interface (PNNI) is a
hierarchical, dynamic link-state routing protocol defined
by the ATM Forum for use between private ATM switches
as well as between groups of private ATM switches [1]. It is
a scalable protocol that clusters network nodes into
manageable groups called peer groups. The details of a
peer group are abstracted into one logical node. This method
can be applied recursively so that PNNI can hierarchically
aggregate network-topology state information. The hier-
archical aggregation of network-topology state information
results in a reduction of the overall complexity, and, in
particular, in a reduction of the amount of memory and time
required to compute paths through the network. The PNNI
routing hierarchy is designed to reduce this overhead while
providing efficient routing.

To provide good accuracy in choosing optimal paths in a
PNNI network, the PNNI standard provides a way to
represent a peer group with a structure called the complex
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node representation. The complex node representation
allows the cost of traversing the corresponding logical
node to be advertised, which represents the cost of
traversing the summarized peer group. An alternative
representation using a spanning tree structure was presented
in Refs. [2,3]. A method to generate a complex node
representation corresponding to a given peer group has been
specified in Ref. [4] for the case of symmetric and restrictive
costs, such as available bandwidth. Both this and the
spanning tree representation are exact representations in that
they capture the full details of the underlying peer group
topology. However, representations that are not necessarily
exact can be obtained based on the methods presented in
Refs. [5-9]. These works consider symmetric and restric-
tive as well as additive costs, such as delay, whereas the case
of asymmetric costs is treated in Ref. [10]. An approach for
determining the parameters of complex node represen-
tations satisfying various optimal objective functions is
presented in Ref. [11].

In order to facilitate the path selection algorithm and
minimize the path computation time, it is desirable that the
complex node representation contains as few links as
possible. Furthermore, for efficiency reasons and in order to
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reduce the topology update flooding in PNNI, complex node
representations are not computed every time a cost change
occurs, but only at the instants when significant changes
take place. The issue of how to generate optimal complex
node representations at these instants, in the case of
symmetric and restrictive costs, and under the assumption
of minimal path computation time was addressed in Ref. [4].
Each state parameter associated with a link was assumed to
be the same in both directions of the link. Restrictive costs
correspond to the case where the measure of interest is, for
example, the available bandwidth. The complex node
representations obtained were exact and optimal (in the
sense that they used the minimum number of links) within
the class of complex node representations for which the path
computation time is minimal. More specifically, the
complex node representations belonging to this class had
the property that a restricted set of two paths in the
representation (namely, either a one-hop path using an
exception bypass or a two-hop path obtained by the
concatenation of two spokes) always contained an optimal
path. Because an optimal path can be identified by
considering only these two paths, we shall refer to this
class of representations as restricted optimal path complex
node representations. Note that these representations were
developed for deployment in the context of a homogeneous
environment, where all representations belong to the same
class and all have the same properties.

Unlike in a homogeneous environment, in a hetero-
geneous environment every peer group is allowed to use its
own policy to determine the corresponding complex node
representation. In such an environment, therefore, there are
no means of knowing whether complex node represen-
tations belong to the above-mentioned class or not. By
assuming that they all belong to this class, the final outcome
may be a path that is locally optimal at some peer groups but
globally sub-optimal owing to the lack of a uniform policy
in deriving complex node representations. More specifi-
cally, for an arbitrary complex node representation, one of
the two paths described above may not necessarily be an
optimal one. Consequently, all possible paths should be
considered in order to identify the optimal one, which means
that the minimal path computation time property of the
restricted optimal path complex node representations can no
longer be exploited. As a result, when these representations
are used in a heterogeneous environment, the benefit of
minimizing the path computation time vanishes. As all paths
should be considered, again to facilitate the path selection
algorithm and minimize the path computation time, it is
desirable that the complex node representation obtained
contains as few links as possible, albeit without the
restriction on optimal paths imposed in Ref. [4]. Removing
this restriction, on the one hand, increases the set of paths
and, consequently, the path computation time compared
with the case of a homogeneous environment, whereas on
the other hand it potentially decreases the number of links
required by an exact optimal complex node representation

as the set of complex node representations increases.
Therefore, in the context of a heterogeneous environment,
this will result in a decreased path computation time
compared with the time required when the restricted optimal
path complex node representations are deployed.

This paper presents a method for constructing the set of
the optimal complex node representations, which are not
confined by a reduced path constraint, and consequently use
the absolute minimum possible number of links. Similarly
to the method developed in Ref. [4], the establishment of the
optimal substructure property of the optimal complex node
representations is central to the development of this method.
This implies that the optimal solution to the original
problem is derived from the optimal solutions of appro-
priately identified sub-problems. In Section 2, the basic
definitions of node representations in the context of PNNI
are given, and the notions related to the cost transition
matrix are briefly reviewed. In Section 3, the notion of the
group evolution process is reviewed, and the concept of the
spanning line representation is introduced. The basic
definitions associated with the complex node represen-
tations are given in Section 4, and the method for
constructing the set of the optimal complex representations
is derived in Section 5. Section 6 presents a numerical
example, whereas Section 7 contains the derivation of the
bounds on the number of links of the resulting set of optimal
complex node representations.

2. PNNI node representations

A key feature of the PNNI protocol is the ability to
cluster network nodes into manageable groups called peer
groups. This concept is illustrated schematically in Fig. 1.
The PNNI peer group shown is composed of six nodes.
Nodes 1-4 are called border nodes because they connect
the peer group to other peer groups.

ATM is a source routing technology. To enable source
route computation and to support end-to-end QoS (for
example the required bandwidth), the nodes must
maintain information about the network-topology. PNNI
thus defines a system for the creation and distribution of
topology data within a network so that each node can
maintain a topology database, which defines its view of
the network. This allows nodes to select paths for routing
calls through the network, and to perform alternative
routing in the case of link failure.

The topology data required for path selection and
routing may include not only details of the layout of
nodes and links but also QoS parameters as mentioned
above. For example, a call to be routed over the network
may require a certain bandwidth. In this case, knowledge
of the available bandwidth of links in the network is
required to determine if a call can be established
successfully. To allow such parameters to be taken into
account, costs can be associated with links and paths in
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Peer Group

Complex Node Representation

Fig. 1. Peer group and complex node representation.

the network. The cost of a link is expressed as an
arbitrary value determined as some function of the
parameter, e.g. available bandwidth about which knowl-
edge is required. Whatever be the particular function
employed, according to convention it is usual for the cost
to be defined such that the lower the cost the better the
link. In the case of bandwidth, for example, the cost C
of a link may be defined as the inverse of the (available)
bandwidth (i.e. C = l/bandwidth), or as the difference
C = (constant) — bandwidth, with the constant being
equal to the maximum bandwidth of all the links [4].

A path in the network, involving multiple links, can
be measured by a restrictive cost. According to the
definition of restrictive cost, the weakest link in a path
defines the restrictive cost of the path. Thus, when
convention is followed such that a higher cost corre-
sponds to a weaker link, the restrictive cost of a path
will be determined by the maximum of the costs of the
constituent links.

To allow such costs to be taken into account in the
path selection process, PNNI provides a way to represent
a peer group as a logical group node called complex
node representation. As discussed further below, a peer
group can be modeled by an orientated graph in which a
node of the peer group is referenced as a vertex of the
graph, and a link between nodes is referenced as an edge
between two vertices of the graph. As shown in Fig. 1, a
complex node representation consists of a number of
vertices corresponding to the border nodes of the peer
group, as well as a nucleus vertex. The nucleus is
connected to the border vertices through spokes, and
optionally, border vertices can be directly connected by
exception bypasses.

The complex node representation is derived using a
set of restrictive costs for the peer group which is usually
presented in the form of a cost matrix known as the
transition matrix for the peer group. The transition
matrix defines the restrictive costs of optimal (lowest-
cost) paths between all pairs of border nodes in the peer
group. Let My(C) be the cost transition matrix
corresponding to a peer group containing N border

vertices by, ..., by,

- 0 ¢ CiN |
¢y 0
My(C) =
CN-1N
LCN1 0 CNN-—1 0

where c;; denotes the cost of the optimal path between
the border vertices b; and b;. Owing to the cost
symmetry, this matrix is symmetric.

The complex node representation, derived on the basis of
the transition matrix, indicates the cost of traversing the peer
group, and therefore allows such costs to be taken into
account for path selection purposes. In particular, there may
be many possible complex node representations correspond-
ing to a given transition matrix and hence a given peer
group. In order to minimize the path computation time,
which is closely related to the connectivity of the complex
node representation, it is desirable that the complex node
representation is optimized as far as possible by minimizing
the number of its edges. Note that, because the number of
spokes is fixed and equal to the number of border nodes,
minimizing the number of edges is equivalent to minimizing
the number of exception bypasses. However, it is also
important to ensure that the resulting representation
accurately reflects the transition matrix.

3. Matrix properties

In this section we briefly review the notion of the group
evolution process introduced in Ref. [4]. This process is of
significant interest because as shown in Section 5, it is
closely coupled with the structure of the optimal complex
node representations. A detailed numerical example illus-
trating the group evolution process is presented in Section 6.
Furthermore, we briefly review the spanning tree represen-
tation [3] and then introduce the spanning line represen-
tation obtained from the group evolution process. As shown
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in Section 5, these representations are used to derive the
optimal complex node representations.

3.1. Group evolution process
Let cpin(Cmax) be the minimum (maximum) transition

cost corresponding to the transition matrix My(C). For-
mally,

Crin = min {c;; Cmax = Max {c;;}. 1
min V(i) { ZJ}’ max Viiy) { IJ} ( )
i#j i#j

Also let F be the number of different entry costs contained
in matrix My(C) in increasing order:

Cin=C1 <Cy << C, <+ < Cr=Cx- 2)

According to the group evolution process, the values of the
restrictive costs in the transition matrix are considered in the
order specified above. At the kth iteration, the set G; of
groups G(l),...,G,(fk) corresponding to the cost Cj is
obtained. A typical such group G,({m) I=m=g) is
characterized by the following properties:

Y(n;,n) :n; € G, nj € GY" itholds thatc;; = G, (3)
and

Y(n;,nj,n,) :n; € G,(Cm), n € G;C"’), n, & G;m)
it holds that ¢;,, = ¢;, > Cj. 4)

The first, second and last iteration of the group evolution
process are schematically depicted in Fig. 2.

(a) G4
c c c
€D 0o 3D
G, G,@ G;®@
Co Co (b) G2 Co
SRR
G G,® XE)
(c) G
Cr

~N /—\ - -~ - 7 , ~
o o o @ o 00 @0 o
I ~N_ 7 NS _ - N _7
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Fig. 2. Group evolution.

3.2. Spanning tree and spanning line representations

For a network consisting of N border nodes, any
representation connecting all of the N nodes uses at least
N — 1 links. An accurate representation can be obtained
using a spanning tree consisting of N — 1 links [3].
Obviously, this representation is optimal because it uses
the minimum possible number of links. In this section we
demonstrate that the group evolution process always allows
us to obtain an optimal representation using a spanning line.
Also note that a spanning line is a special degenerate case of
a spanning tree.

First, we consider the G, set consisting of the groups
G(ll), e G(lg‘) . The nodes contained in a typical such group
G(lm)(l =m = g;) are ordered (in any sequence) and
connected serially by links whose cost is equal to C,. This
formation constitutes a line connecting the intermediate
nodes to the two extreme nodes selected. Next, we consider
the G, set consisting of the groups G, ..., G(zg”. The nodes
contained in a typical such group G(zm)(l =m=g,) are
ordered (in any sequence) and connected serially by links
whose cost is equal to C,. Nodes belonging to a G(l’) group
are considered as a single entity and are connected to their
neighboring nodes through the two extreme nodes. This
formation constitutes a spanning line connecting the nodes
considered. This procedure is applied repeatedly until all the
nodes are connected. Fig. 3 shows the spanning line
corresponding to the group evolution process depicted in
Fig. 2.

4. Complex node representation

Let R(My(C)) be a complex node representation
corresponding to the matrix My(C). Let g, denote the cost
of the spoke associated with the node ny, and b; ; the cost of
the bypass associated with the pair of nodes (n;, n;) as shown
in Fig. 4. In order to reduce the path computation time in a
homogeneous environment, Iliadis [4] considered the class
of restricted optimal path complex node representations for
which it holds that the optimal path can be either the direct
exception bypass (if it exists), or the path through

Fig. 3. Spanning line representation.
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ij
n; > g

Fig. 4. Complex node representation.

the nucleus, i.e.

Vij(l=i#j

min(b,»J-, max(a;, a;)) if bid- exists,
cii=
J .
otherwise,

max(a;, )

=N).

In the present paper, the above restriction is removed. From
the definition of the transition matrix it follows that the cost
c;j is the minimum of the costs of all possible paths
connecting nodes n; and n;. Therefore, in order to find the
cost ¢;;, a search of all possible paths connecting nodes n;
and n; should be conducted. In particular, considering the
direct path through the exception bypass (if it exists), and

the path through the nucleus, yields

min(b; ;, max(a;, a;)) if b;; exists,
cij = ) Vi,j(l =i
max(a;, aj) otherwise,
#j=N). (®))

Let B(R) denote the number of exception bypasses used by
the complex node representation R. Note that there may be
several complex node representations corresponding to a
given cost matrix. One complex node representation, for
example, could be the following:

Ruwe © @ =0, Yi(l =i=N)

and b;; = ¢;j, Vi,j(1 =i#j=N).

This representation uses exception bypasses for all pairs of
nodes. Consequently, the number of exception bypasses
used is the maximum possible and is equal to B(R.x) =
N(N — 1)/2. Another complex node representation with a
smaller number of exception bypasses is obtained by
making use of the spanning line representation. Exception
bypasses are used to connect only the neighboring nodes j;
and j; | on the line:

Rs_line La;p =00, Vl(l == N)

and b

Jidkt1

Vik(l=k=N—1).

= Cjrrsrr?

Consequently, the number of exception bypasses used is
equal to B(Rj,e) =N — 1. Our aim is to obtain

a representation with a reduced number of exception
bypasses.

As mentioned previously, the restricted optimal path
complex node representations have the property that a
restricted set of paths in the representation, specified a
priori, always contains an optimal path. The set of paths was
restricted to two paths, either a one-hop path using an
exception bypass or a two-hop path obtained by the
concatenation of two spokes. Removing this restriction on
optimal paths, it potentially decreases the number of
exception bypasses required by an exact optimal complex
node representation as the set of complex node represen-
tations increases. This issue is addressed in Section 5.

5. Optimal complex node representations

In this section we establish the optimal substructure
property of the optimal complex node representations,
expressed by Theorem 2, which is key to deriving the method
for obtaining them. We show that, as in the restricted case, in
the unrestricted case the optimal substructure nature of the
optimal complex node representations is also closely coupled
with the group evolution process.

Let S; be the set of all possible complex node
representations R associated with the cost matrix My(C).
Our aim is to find the set of complex node representations
R, that use the minimum possible number of exception
bypasses, as well as to determine this number denoted by
B in- Thus,

Bin = II?IéiSIl {B(R)}, (6)
and

B(Ruin) = Brin- @
Clearly,

0= Bmin = B(Rs_line) =N-1= B(Rmax)

NN - 1)
==

Furthermore, given that the class considered in Ref. [4] is a
subset of the set of all possible complex node represen-
tations, the derived minimum number B in Ref. [4]
constitutes an upper bound on the minimum number B,;,.
First, the properties of an optimal complex representation

are identified by the following lemmas.

®)

Lemma 1. In an optimal complex node representation R,
Jfor all pairs of nodes (n;, n;) for which an exception bypass
exists, it holds that

ciJ = bw and ciJ < max(a,-, aj) (9)

Proof. See Appendix A. 0
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Remark 1. Note that in the optimal complex node
representations, if an exception bypass exists, then it
constitutes an optimal path between the corresponding
adjacent nodes.

Lemma 2. In an optimal complex node representation R,
there exists node n; such that

a; = Cmax = CF' (10)

Proof. See Appendix A. O

Next we will show that the structure of an optimal
complex node representation is closely coupled with the
group evolution process. Let us consider the kth iteration of
the process in which groups corresponding to the cost C;, are
formed. Let us focus on one typical group G belonging to
the set Gy, and let us assume that it contains the groups
815 Sy s Sp, as shown in Fig. 5. We will demonstrate
that in order to obtain the optimal complex node
representation of G, knowledge of the optimal complex
node representations of the groups §i,...,S,,...,Sp is
required.

Let us introduce the following definitions:

R.in(G) an optimal complex node representation corre-
sponding to the nodes contained in G,

Bin(G) the number of exception bypasses used in R,,;,(G),

1S,,! the number of nodes contained in the group S,,,,

R.in(S,,) an optimal complex node representation corre-
sponding to the nodes contained in S,,,,

B.in(S,,) the number of exception bypasses used in

Rmin(Sm)-

Based on the properties (3) and (4) of the group evolution
process, the following two lemmas can be established:

Lemma 3. For every pair of nodes (n;,n;) belonging to the
same group S,,, it holds that c¢;; < Cy.

Lemma 4. For every pair of nodes (n;, n;) belonging to two
different groups of G (that is n; € S,,, nj € Sy, m # f), it
holds that Ci\j = Ck‘

Fig. 5. Optimal complex node representation.

Next we explore the structure of R.;,(G) with the
following theorems.

Theorem 1. There is no exception bypass between any pair
of nodes belonging to two different groups.

Proof. See Appendix A. [J
Theorem 2. In R,;,(G),

(a) There exist exactly Q — 1 groups, denoted by
StseeesSu—1>Smt15---» S, having the following proper-
ties. In each one of these groups, there exists at least
one node for which the cost of its spoke is equal to Cy,
whereas the cost of the spokes of the remaining nodes
of the group is at least Cy. Furthermore, the complex
node representation corresponding to the nodes of
group S, is an optimal one.

(b) The nodes within each of the Q — 1 groups are
connected by exception bypasses so as to form
spanning trees or spanning lines.

(¢) It holds that

0

Buin(G) = min 3 Buin(S)) + > 8(S 1, (11)
i7i

where

g £x—1, (12)

and the group S, is identified by the following relation:

Q
Buin(Su) + > 8(ISi1) = Bin(G). (13)
i=1
il#m
If more than one group satisfies Eq. (13), group S,, can
be either one of them.
(d) For every pair of nodes (n;, n;), there exists an optimal
path connecting them containing at most two spokes.

Proof. See Appendix A. U

Remark 2. The PNNI specification requires that a path
through a logical node be obtained from a concatenation of
any number of exception bypasses and at most two spokes in
the complex node representation [1]. From Theorem 2, part
(d), it follows that the optimal complex node representations
satisfy this requirement.

5.1. Method for generating the optimal complex node
representations

From Theorem 2 it follows that in order to obtain the
optimal set of complex node representations R;,(G),
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knowledge of the quantities R;,(S,,) and B;,(S,,) corre-
sponding to each one of the groups §i,...,S,,...,So
contained in the group G is required.

5.1.1. Algorithm for deriving the set of optimal complex
node representations R, (G) description

a. The minimum number of exception bypasses corre-
sponding to the optimal set of complex node
representations is given by

0
Buin(G) = min Buin(S) + > (IS = D .
o

b. LetS,, be a group (there exists at least one such group)
that satisfies the following relation:

[

Bpin(S,) + D (S]] = 1) = By (G).
i=1
i#m

c.  Set the cost of the spokes corresponding to the nodes
contained in the remaining Q — 1 groups,
Sty Sm—1>Smt15--,50, in a way such that, in each
one of these groups, there exists at least one node for
which the cost of its spoke is equal to C;, whereas the
cost of the spokes of the remaining nodes of the group
is at least Cy.

d. Connect the nodes within each of the Q — 1 groups by
exception bypasses so as to form spanning trees or
spanning lines.

e. Transfer the optimal complex representation of the
group S,,, comprised of spokes and bypasses, onto the
corresponding component of R ;,(G).

The set of optimal complex node representations
corresponding to the cost matrix My(C) is obtained as
follows. Starting at the lowest level, we follow the group
evolution process based on the sorted cost entries ¢, =
C, <Gy <:-- < Cfp=Cpax In a typical step k, the node
groups Gg), e G,({g‘) related to the cost C;, are identified, and
the corresponding set of optimal complex node represen-
tations is constructed by applying the above algorithm. In
the final step, the optimal complex node representation
sought is obtained, corresponding to the last group that
contains all the nodes.

6. Numerical example

Let us consider the following cost matrix M-(C) also
considered in Ref. [4].

Fig. 6. Numerical example (group evolution process).

In this case we have: ¢, = C, =3, C, =4, C3 =6,
Cy=7,and ¢, = C5 = 8.

The group evolution process corresponding to this matrix
is schematically shown in Fig. 6. Fig. 7 depicts the Ry jpe
complex node representation obtained by making use of the
spanning line representation as discussed in Section 4.

1 2 3 4 5 6 7
Lr

M;(C) =

e Y B A \S]
o o0 o0 N 9 W O
O o0 0 N N O W

7
7
0
4
8
8
8

o o 0 O @~ N 2

8
8
8
8
0
4
6

AN O B~ X 0 0
S O O 0 0 o &

An optimal complex node representation is obtained in
the following steps by applying the method described in
Section 5.

Step 1:

Cl = 3,
G\ = {n,n,),
Buin(G") = 0,
Ruin(G1) :87—+—"-8 (x = 3).
1 Nz
Step 2:
C, =4,

1
Gg) = {n3,n4},

Fig. 7. Ry jine complex node representation.
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Byin(GY) = 0,
Ruin(GY)) @98 (y < 4).
ng) = {ns,ng},
Bynin(GS) = 0,
Ryin(GS) ZM (z = 4).
Step 3:
C;=6,
G(Sl) = G(22) U {ny} = {ns,ng, n7},
Bpyin(GS) = min{B,,,,(G) + 0,0+ 1} = 0,
z 4

Ns N
Ruin(GS) : s (@=49.
nz
Step 4:
C, =1,
Gftl) = G(ll) U G(Ql) = {ny,ny,n3,n4},

Buin(G") = min{Bn(G") + 1, Bpin(GS) + 1) = 1,

ny no

(x=3)
w=7

x 3

Ruin(GY) :

ns 4 Ny
Step 5:
C5 = 8,

1 1 1
GY =G UG = {ny,ny, n3,n4,ns5,n6,n7},

Buin(GS) = min{B iy (G) 4+ (4 — 1), Byin(GY) + 3 — 1)}

=min{0+3,1+2} =3,

The obtained optimal complex node representation uses
three exception bypasses. Note that the representation
obtained actually represents a set of optimal complex
node representations because the n;, ns3, ns, and ng spokes
can assume a range of values. Note also that in step 4, the
exception bypass used to connect nodes ny and ny could

instead have been used to connect nodes n; and n,, resulting
in another set of optimal complex node representations.

Remark 3. Comparing the optimal complex node represen-
tation obtained above with that obtained in Ref. [4] reveals
that the representation obtained in Ref. [4] uses an
additional exception bypass to connect nodes ns and ny
because of the restriction imposed on optimal paths. As
expected, removing the restriction on optimal paths results
in an optimal complex node representation with fewer
exception bypasses (three instead of four). The exception
bypass between nodes ns and n; is no longer needed as the
optimal cost of 6 is derived from the path ns — ng — n;.

7. Bounds on the number of exception bypasses

In this section we derive the bounds on the number of
exception bypasses used by the optimal complex node
representations. We also determine the cost matrices that
result in optimal complex node representations with a
number of bypasses equal to these bounds.

In Section 6 we have shown how to construct an optimal
complex representation R,;,(My(C)) corresponding to the
cost matrix My(C) using the least possible number of
exception bypasses denoted by B(R ,,;,(My(C))). Let us now
consider all the possible cost matrices corresponding to N
border nodes and define:

a(N) & Arlr;}g) {B(Rmin(My(C)))},

(14)
and b(N) & max {B(Rmin(My(C))) }-

From Eq. (8) it follows that both of these quantities exist and
it holds that

0 = a(N) = B(Rpin(My(C))) = b(N)
<N -1, YMy(C). (15)

A cost matrix My (C) is called minimal if B(R;,(My(C))) =
a(N). Similarly, a cost matrix My(C) is called maximal if
B(Ryin(My(C))) = b(N). Let {My(Cin)} and {My(Crpax)}
denote the sets of the minimal and maximal cost matrices,
respectively.

7.1. Lower bound

Theorem 3. It holds that
a(N) =0, VNN = 2). (16)

The group evolution process corresponding to the cost
matrix My(Cyyy,) is shown in Fig. 8.
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Fig. 8. Group evolution process corresponding to the cost matrix My (Cpyipn)-

Proof. The proof is identical to that given in Section VIIL.A
of Ref. [4] and is therefore omitted. Also note that although
in Ref. [4] the function g(x) is differently defined, the proof
still holds because the equation g(x) = 0 has the same root
x =1 in both cases. [

7.2. Upper bound

Let My(Cha) be a maximal cost matrix so that
B(Ryin(My(Chax))) = b(N). In this section we determine
the value of b(N), given by Theorem 7, and identify the
structure of the corresponding group evolution process. We
begin by defining the function

h(N) 2 g(N) — b(N), VN. (17)

Some basic properties of the functions A(N) and b(N) are
established in Appendix B.

Let us now consider the last iteration of the process in
which groups corresponding to the cost cp,, are formed.
According to the group evolution process, the last group G
containing all the N nodes consists, in general, of Q groups
denoted by Sj, ..., Sp, as shown inFig. 5. Let S represent the
group evolution set {Sy, ..., Sy}, with [S,| £ Z,Q=| IS;| =N,
assuming, without loss of generality, that

= 15,. (18)

15,1 =18, = .-

Let {MN(C(Q))} represent the set of cost matrices that
result in the above group evolution set. From Ref. [4] it
holds that

b(N) = max {b(NISp)}, for ISyl =N, (19)
So
with
b(NISy) & max _  {Byin(My)}. (20)
Mye{My(CSo)}

A set g is a maximal group evolution set if and only if
b(NISg+) = b(N). Also {My(Cpnax(Sp))} denotes the subset
of {My(C(Sp))} containing the cost matrices My for which
it holds that B,;,(My) = b(N |$). We proceed by establish-
ing the following theorems based upon which the result
sought is obtained. Their proof is given in Appendix B.

Theorem 4. For a group evolution set % with 1S,| =

IS,] = -+ = ISy, it holds that
b(NISg) = b(ISph + > g(Is;h. 1)

i=1

A cost matrix My belongs to the set {MN(Cmax(g))} if and
only if it satisfies the following conditions:

Bin(So(My)) = b(IS,)), (22)

and

Bunin(S;(My)) = b(1Sp)) — g(1Sp]) + g(IS;h), Vj, 1 =
=0-1, (23)

with Si(My) denoting the cost matrix corresponding to the
nodes contained in group S;.

Proof. Immediate from Remark 2 of Ref. [4] and Lemma 6
of Appendix B. [

Remark 4. Note that for |S;l < ISy| and by virtue of Egs.
(14), (17) and (B6), Eq. (23) yields b(IS;))=
Boin(S;(My)) = b(ISpl) — g(1Sgh) + g(IS;1).

Remark 5. Note that if a cost matrix My (My €
{MN(C(Q))}) satisfies the following conditions
Bmin(Sj(MN(C(g)))) = b(lSj\), Vj, 1 =j = Q, by virtue of
Remark 4, it also satisfies the conditions (22) and (23) and it,
therefore, belongs to the set {M, N(Cmax(%))}.

Corollary 1. For a maximal group evolution set g with

IS;] = 18,1 = -+ = ISy, it holds that
b(N) = b(NISg) = bSp) + > g(Isi). (24)

i=1

Proof. Immediate from Eq. (21). O

Lemma 5. The sequence b(N) is increasing in N, i.e. b(N —
1) = b(N), VN.

Proof. The proof is identical to the proof of Lemma 10 in
Ref. [4] and is therefore omitted. [

Next we establish the following theorems based upon
which the result sought is obtained.

Theorem 5. For a maximal group evolution set S_Q, it holds
that Q" < 3.

Proof. The proof is identical to the proof of Theorem 6 in
Ref. [4] and is therefore omitted. Note that this proof uses
Lemmas 11 and 12, both of which hold in our case. The
proof of Lemma 12 remains the same, whereas the proof of
Lemma 11 needs to be modified by considering the new
function g(x) and replacing the last term b(N) + |S;11S,!
with the term b(N) + 1. O
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Table 1
Upper bound values b(N)

N b(n) N b(n) N b(n) N b(n) N b(n) N b(n)
1 0 11 6 21 15 31 25 41 34 51 44
2 0 12 7 22 16 32 26 42 35 52 45
3 0 13 8 23 17 33 26 43 36 53 46
4 1 14 9 24 18 34 27 44 37 54 47
5 1 15 10 25 19 35 28 45 38 55 48
6 2 16 11 26 20 36 29 46 39 56 49
7 3 17 11 27 21 37 30 47 40 57 50
8 4 18 12 28 22 38 31 48 41 58 51
9 4 19 13 29 23 39 32 49 42 59 52
10 5 20 14 30 24 40 33 50 43 60 53

Theorem 6. There always exists a maximal group evolution
set S+, with Q" = 2.

Proof. The proof is identical to the proof of Theorem 7 in
Ref. [4] and is therefore omitted. [

Theorem 7. It holds that
b(N) =N — 1 —[log, N|, with b(N — k) + g(k)

bN) — 1, 1=k<N —2lee®V-Dl

b(N) N — el < g < [KJ 2
: > |

Proof. The proof is given in Appendix B. [J

The values of the function b(N) for N = 60 are listed in
Table 1.

Corollary 2. A set S, with 1S;| =N and 18,1 = 1S, is a
maximal group evolution set if and only if N — 2102N=Dl <
IS;| = |N/2.

Proof. Immediate from Egs. (21), (24) and (25). O

Remark 6. In Ref. [4] it was shown that, in the case of
restricted optimal path complex node representations, the
upper bound on the number of exception bypasses grows
quadratically in the number of border nodes. Removing the
restriction on optimal paths results in an upper bound, which
grows linearly in the number of nodes. In the case of a
heterogeneous environment, this results in a decreased path
computation time compared with the time required when the
restricted optimal path complex node representations are
deployed.

Next we shall show that the group evolution process
shown in Fig. 9 corresponds to a maximal cost matrix My €
{My(C\ax)}. According to Corollary 2, the choice IS, =
[N/2] and 1S,| =[N/2] corresponds to a maximal group

evolution set. According to Remark 5, for the cost matrix
My to be maximal it suffices the cost matrices correspond-
ing to the two groups S; and S, to also be maximal. This is
ensured by the nested form of the group evolution process
owing to the repeated application of this choice.

The proof of the following theorems is given in
Appendix B.

Theorem 8. The equation b(N) = b(N + 1) is satisfied if
and only if N =2 k=0,1,....

Theorem 9. A maximal group evolution set Sy exists if and
only if N lies in the range 28 +1=N =321 k=
1,2,....

Corollary 3. By using the optimal complex node represen-
tation instead of the Rq y,. representation, the savings in
terms of the number of exception bypasses used is between
[log, NV(N — 1) and 100%.

Proof. Immediate from Egs. (15), (16) and (25). O

Corollary 4. As N increases, the number of exception
bypasses required is negligible compared to the maximum
possible, i.e.

im ) _
N—o N(N — 1)/2

Proof. Immediate from Eq. (25). O

-~ /,——:\ -~ /,——:\
[ (@++:0) (@:+:0) ) [ (@+::0) (@+:-0@) )
N ~N_ _ -~ ~NS__ - /7 N N _ -~ ~NS__- /
~

-~ — — - — —_—

Fig. 9. A maximal group evolution set corresponding to the cost matrix
My(Cpp) With N = 2K,
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8. Conclusions

The complex node representation is an important topic in
the context of the PNNI protocol. It allows the cost of
traversing the peer group to be advertised in a compact
form. Complex node representations using a small number
of links result in a reduced amount of path computation time
and in improved performance. In this paper, we considered
the case of an efficient deployment of complex node
representations in a heterogeneous environment. The
method for constructing the set of the optimal complex
node representations for restrictive and symmetric costs was
presented. This method yields representations that use the
minimum possible number of links and, as it turns out, result
in significant savings compared with the previously
developed restricted optimal path complex node represen-
tations. The derivations of optimal complex node represen-
tations in the cases of asymmetric and additive costs are
topics for further investigation.

Appendix A. Properties of the optimal complex node
representations

Proof of Lemma 1. For the purpose of contradiction,
suppose that ¢;; < b;;. This implies that the optimal path
from n; to n; does not include bypass b; j and, therefore, this
bypass can be deleted without affecting the cost. This,
however, results in another representation with fewer
bypasses, contradicting the assumption that R, is optimal.
Consequently, ¢;; = b;; and from Eq. (5) it follows that
¢;j = b;;. Suppose now that max(a;,a;) = c;;. This also
leads to contradiction because it implies that the bypass b;
can be deleted without affecting the cost. Consequently,
max(a;,a;) > ¢;; = b;; and this completes the proof of
Lemma 1. O

i

Proof of Lemma 2. Suppose on the contrary that a; > ¢,y
for all nodes n;. Obviously, there exists bypass with b; ; =
Cmax- for otherwise ¢;; # cpax V(n;,n;). Note that reducing
the cost of both spokes from a; and g; to ¢, does not affect
the cost between any pair of nodes and it therefore results in
another optimal representation. Furthermore, max(a;, a;) =
Ccmax> contradicting Eq. (9). O

Proof of Theorem 1. Suppose on the contrary that there
exists exception bypass b;; connecting nodes n; and n;
with n; €S, n; €S;, m#f. From Eq. (9) and
Lemma 4, it follows that Cy = ¢;; < max(a;,q;). Let us
assume, without loss of generality, that a; > C,. Note
that reducing the cost of this spoke from g; to Cy, and, in
the case where a; > Cy, the cost of the spoke n; from a;
to C, does not affect the cost between any pair of nodes
and it therefore results in another optimal representation.
Furthermore, it holds that max(a;,a;) = C; = ¢;; contra-

dicting Eq. (9). O

Proof of Theorem 2. (a) First we shall show that there can
be at most one group that contains nodes for which the cost
of spokes is less than Cj. Suppose on the contrary that there
exist two groups S, and Sy and nodes n; (n; € S,,) and n;
(n; € §¢), such that the cost of the spokes associated with
these nodes is less than Cy, i.e. a; < Cy and a; < Cy. It now
follows that ¢;; = max(a;,q;) < Ct, which contradicts
Lemma 4. We have shown that there exist at least Q — 1
groups, denoted by Si,...,S,,—1,Syut1, .-, Sp, for which the
cost of the spokes of the nodes contained in these groups is
at least C;. For the purpose of contradiction, suppose that
there exists among them group S; with the costs of all the
spokes corresponding to its nodes being greater than Cy, and
let us consider node n; belonging to this group and node n;
belonging to a different group. From Theorem 1, it follows
that all paths connecting n; to n; go over the nucleus and,
therefore, contain a spoke whose cost exceeds C,. This
implies that ¢;; > C, contradicting Lemma 4. Conse-
quently, in each of the Q — 1 groups, there exists at least one
node for which the cost of its spoke is equal to C,.

Next, we shall show that the complex node representation
corresponding to the group S, is optimal. Suppose on the
contrary that the complex node representation correspond-
ing to the group S,, is not optimal. Let us replace the
component of R;,(G) corresponding to the group §,, with
the complex node representation R;,(S,,). From Eq. (10)
and Lemma 3 it follows that there exists spoke whose value
is less than C;. Therefore, the resulting new representation
is a valid complex representation of group G with fewer
exception bypasses than R ;,(G). This contradicts the
assumption of optimality of R;,(G). Because in represen-
tation R;,(S,,) there exists spoke whose value is less than
C;, the number of groups referred to above is exactly O — 1.
(b) Let us consider the group Sy, f 7 m. From part (a) it
follows that the values of its spokes are at least C;, whereas
from Lemma 3, it follows that ¢;; < Cj. Consequently, the
optimal paths connecting the nodes of the group S; do not
include any spokes but only exception bypasses. The most
efficient structures to connect these nodes are those
discussed in Section 3.2. Consequently, the total number
of exception bypasses corresponding to the group Sy is
(c) From parts (a) and (b) it follows that the total number of
exception bypasses used in R;,(G) is equal to

[
Bin(S,) + > 8ISy,

=1
f#m

Note that there are Q possible values for m. As the optimal
complex representation must use one of these values for m,
we only need to check them all to find the best one.

(d) Assuming that this proposition holds for each optimal
complex node representation corresponding to each of the
groups Sj,...,Sp contained in the group G, we shall
show that it also holds for the optimal complex node
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representation R ;,(G). The following cases are considered:

Case (1)

n; €S, and n; € S,,. From part (a) it follows that the
complex node representation corresponding to the nodes of
group S,, is an optimal one. This, according to the above-
mentioned assumption, implies that the proposition holds.
Case (2)

n; € S, and n; € ¢, f # m. From part (b) it follows that
there exists optimal path obtained from a concatenation of
only exception bypasses. Consequently, the proposition
holds.

Case (3)

n; € S, andn; € Sy, g # f. From parts (a) and (b) it follows
that an optimal path connecting nodes n; and n; exists
obtained from a concatenation of exception bypasses, and
two spokes corresponding to the groups §, and S,
respectively, whose cost is equal to C;. Consequently, the
proposition holds.

O

Appendix B. Upper bound on the number of exception
bypasses

Lemma 6. The sequence h(N) is increasing in N,

AN — 1) = h(N), VN. (B1)

Proof. Let us consider a cost matrix My(Cp,x) such that
B(Rpin(My(Chpax))) = b(N), and let c,, denote the corre-
sponding maximum cost entry. Let My_(C) be the cost
matrix associated with the first N — 1 nodes, and let
Roin(My—1(C)) be the corresponding optimal complex
node representation. From definition (14) it follows that

B(Rpyin(My—1(C))) = b(N — 1). (B2)

A complex node representation (not necessarily optimal)
R(My(Chay)) of the original cost matrix My(Cp.y) 1S NOW
constructed based on the R;,(My—;(C)) using the following
procedure. Firstly, we set ay equal to co. Considering
the group evolution process, suppose that node ny appears
for the first time at the kth iteration, implying,
according to the properties of the group evolution process,
that c¢y; = C, Vj, j # N. Also let n; be a node such that
cy; = Cy. We now introduce an exception bypass
between nodes ny and n; with cost by; = cy; = Cy.
Clearly, for this representation it holds that cy; = C; Vj,
I=j=N-1

This is an accurate representation because

(a) For all nodes n; for which it holds that ¢y ; = C,, based
on the properties of the group evolution process it

follgg)ws that c;; = Cy. Therefore, the optimal path

n; ~>n; of the Ry, (My 1 (Cryx)) has cost not exceeding

Cy. Furthermore, the cost cy; based on g(MN(C)) is

also equal to Cy due to the path ny — n; ~>n;.

(b) For the remainder of the nodes n; it holds that cy; >
Cy, and from Eq. (4), ityfollows that cy; = ¢;;. Note
that the optimal path n; ~>n; of the Ry, (My—1(Ciax))
has cost equal to c;;. Furthermore, the cost cy; based
0n£§(MN(C)) is also equal to ¢;; due to the path ny —
n;~> nj

The total number of exception bypasses used by this

representation is given by

B(R(MN(Cmax))) = B(Rmin(MN—l(C))) + 1. (BS)
From the definitions given by Egs. (6) and (7) it holds that
B(R(MN(Cmax))) = B(Rmin(MN(Cmax))) = b(N) (B4)

Combining Egs. (B2)—(B4) and using Eq. (12) gives
b(N)=b(N—1)+1=b(N—-1)4+gN)—gN—1)
which by virtue of Eq. (17) yields the result and this

completes the proof of Lemma 6. [

Proof of Theorem 7. We shall prove the theorem using
mathematical induction. For N = 1,2 the theorem holds
because b(1) = b(2) = 0. Suppose that Eq. (25) holds for all
N = L, so that

b(N)=N — 1 —[log, N, VN < L. (B5)

We shall prove that Eq. (BS) is also true for L 4 1. To that
end, it suffices to show that

b(L+1)=L—log,(L+ )], with b(L+ 1 — k) +g(k)

B(L+1)—1, 1=k<L+1—2lnll

, L+1
bL+1), Lt1-2lel<p< [%J
(B6)
Using Theorem 6 and Eq. (24), Eq. (19) yields

b(N)=max {b(N|S,)} =with IS, | =< IS,,1S,1+ 1S, =N, VN,
Sy

or

b(N)= max {b(N—k)+gk)}, VN.
1=<k=|N/2|

In particular, for N=L+ 1, and using Egs. (12) and (B5) the
above yields

b(L4+1)= max

{L—1—logy(L+1—K)]}. (B7)
B

1=k=

It can be shown that the following relations hold

Mogy(L+1)]=llog, L]+ 1, VL=1,

_ L+1
and2" ' < [%—I =2"=L<2"" withm (B8)

=|log, L], VL=2.
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Hence,
1=k<L+1-2"2"<L+1—-k=L

= [log,(L + 1 — k)] = llog, L]+ 1,

(B9)
waz 12 =i o[ 1]

<L+1—-k=2"=[log,(L+1—k)]=log, L)
Consequently,
L—1—[logy(L+ 1 — k)]

L—2—|log, L}, 1=k<L+1—2lnl

2
(B10)

The above yields Eq. (B6), given that using Eqs. (B7) and
(B8) we get

b(L+1)=L—1—log, L|=L— (1+log, L))
=L —[logy(L + 1)I.

O

Proof of Theorem 8. It holds that
b(N)=b(N+1) & N — 1 —[log;, N|=N —[log,(N + 1)]
< [log,(N + )] =[log, N1+ 1.

By making use of Eq. (B8), the above is written
b(N) =b(N + 1) & |log, N|=[log, N| = logy N =k < N

=2 k=01,..

Proof of Theorem 9. Let the last group G of the group
evolution process contain N nodes and consist of three
groups, i.e. S;3= {5,553} with I§;I =18,] =IS;l.
According to Lemma 12 of Ref. [4], the set S5 is a maximal
group evolution set if and only if the sets S_’2 and S_’z’ are
maximal. Applying Corollary 2 to the sets S_’2 and S_lzl yields
N — W=Dl < |¢| = || < |N/2], and N —IS,|—
lonW=Isi=Df < | g = |5,| < |(N — IS;1)/2), respectively.
From the above it follows that N — 2le?V=Dl < |g | <
[N/3]. Note that for any value of IS;| chosen within the
specified range, the choice 1S,| =|(N — IS;1)/2] and 1S5] =
[(N — 1S;1)/2] results in a maximal group evolution set.
Consequently, a maximal group evolution set exists if and

L+1
L—1-llog L), L+1-2l2t<)< [LJ

only if

| = N — dllomV=n] = [EJ o] =N lomv-n = N
3 3

e llomV=Dl 4 | = N = 3.olloe(V-DI-1
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