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Abstract—We show that different theories recently proposed for independent component analysis
(ICA) lead to the same iterative learning algorithm for blind separation of mixed independent sources.
We review those theories and suggest that information theory can be used to unify several lines of
research. Pearlmutter and Parra [1] and Cardoso [2] showed that the infomax approach of Bell
and Sejnowski [3] and the maximum likelihood estimation approach are equivalent. We show that
negentropy maximization also has equivalent properties, and therefore, all three approaches yield the
same learning rule for a fixed nonlinearity. Girolami and Fyfe [4] have shown that the nonlinear
principal component analysis (PCA) algorithm of Karhunen and Joutsensalo [5] and Oja [6] can
also be viewed from information-theoretic principles since it minimizes the sum of squares of the
fourth-order marginal cumulants, and therefore, approximately minimizes the mutual information [7].
Lambert [8] has proposed different Bussgang cost functions for multichannel blind deconvolution. We
show how the Bussgang property relates to the infomax principle. Finally, we discuss convergence
and stability as well as future research issues in blind source separation. (© 2000 Elsevier Science
Ltd. All rights reserved.
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1. INTRODUCTION

Recently, blind source separation by independent component analysis (ICA) has received atten-
tion because of its potential applications in signal processing such as in speech recognition systems,
telecommunications, and medical signal processing. The goal of ICA is to recover independent
sources given only sensor observations that are unknown linear mixtures of the unobserved in-
dependent source signals. In contrast to correlation-based transformations such as principal
component analysis (PCA), ICA not only decorrelates the signals (22d-order statistics) but also
reduces higher-order statistical dependencies, attempting to make the signals as independent as
possible.

Two different research communities have considered the analysis of independent components.
On one hand, the study of separating mixed sources observed in an array of sensors has been a
classical and difficult signal processing problem. The seminal work on blind source separation
was by Herault and Jutten [9] where they introduced an adaptive algorithm in a simple feedback
architecture that was able to separate several unknown independent sources. Their approach has
been further developed by Jutten and Herault [10], Karhunen and Joutsensalo [5], and Cichocki et
al. [11]. Comon [7] elaborated the concept of independent component analysis and proposed cost
functions related to the approximate minimization of mutual information between the sensors.

In parallel to blind source separation studies, unsupervised learning rules based on informa-
tion theory were proposed by Linsker [12]. The goal was to maximize the mutual information
between the inputs and outputs of a neural network. This approach is related to the principle
of redundancy reduction suggested by Barlow [13] as a coding strategy in neurons. Each neuron
should encode features that are as statistically independent as possible from other neurons over
a natural ensemble of inputs; decorrelation as a strategy for visual processing was explored by
Atick [14]. Nadal and Parga [15] showed that in the low-noise case, the maximum of the mutual
information between the input and output of a neural network implied that the output distribu-
tion was factorial; that is, the multivariate probability density function (p.d.f.) can be factorized
as a product of marginal p.d.f.s. Roth and Baram [16] and Bell and Sejnowski [3] independently
derived stochastic gradient learning rules for this maximization and applied them, respectively,
to forecasting, time series analysis, and the blind separation of sources. Bell and Sejnowski [3]
put the blind source separation problem into an information-theoretic framework and demon-
strated the separation and deconvolution of mixed sources. Their adaptive methods are more
plausible from a neural processing perspective than the cumulant-based cost functions proposed
by Comon [7]. A similar adaptive method for source separation was proposed by Cardoso and
Laheld [17].

Other algorithms for performing ICA have been proposed from different viewpoints. Max-
imum likelihood estimation (MLE) approaches to ICA were first proposed by Gaeta and La-
coume [18] and elaborated by Pearlmutter and Parra [1]. Girolami and Fyfe [19,20], motivated
by information-theoretic indices for exploratory projection pursuit (EPP), used marginal negen-
tropy! as a projection index and showed that kurtosis-seeking projection pursuit will extract one
of the underlying sources from a linear mixture. A multiple output EPP network was developed
to allow full separation of all the underlying sources [20]. Nonlinear PCA algorithms for ICA
which have been developed by Karhunen and Joutsensalo [5], Xu [22] and Oja [6] can also be
viewed from the infomax principle since they approximately minimize the sum of squares of the
fourth-order marginal cumulants [7] and therefore, approximately minimize the mutual informa-
tion of the network outputs [4]. Bell and Sejnowski [3] have pointed out a similarity between their
infomax algorithm and the Bussgang algorithm in signal processing and Lambert [8] elucidated
the connection between three different Bussgang cost functions. We show here how the Bussgang
property relates to the infomax principle and how all of these seemingly different approaches can

1A general term for negentropy is relative entropy [21].
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be put into a unifying framework for the source separation problem based on an information
theoretic approach.

The original infomax learning rule for blind separation by Bell and Sejnowski [3] was suitable
for super-Gaussian sources. Girolami and Fyfe [19] derive, by choosing negentropy as a projec-
tion pursuit index, a learning rule that is able to blindly separate mixed sub- and super-Gaussian
source distributions. Lee, Girolami and Sejnowski [23] show that the learning rule is an extension
of the infomax principle satisfying a general stability criterion and preserving the simple architec-
ture of Bell and Sejnowski [3]. When optimized using the natural gradient [24], or equivalently,
the relative gradient [17], the learning rule gives superior convergence. Simulations and results
on real-world physiological data show the power of the proposed methods [23].

This paper is organized as follows. In Section 2, we formulate the problem and the assumptions
usually made in ICA. Section 3 reviews the infomax approach by Bell and Sejnowski [3]. Sec-
tions 4-8 describe, respectively, the relation between infomax, MLE, negentropy maximization,
nonlinear PCA, higher-order statistics, and the Bussgang property. In Section 9, we discuss con-
vergence properties and stability of the proposed algorithms. Potential applications and further
research issues are discussed in Section 10.

2. PROBLEM STATEMENT AND ASSUMPTIONS

Assume that there is an M-dimensional zero mean vector s(t) = [s1(t),...,sa(t)] ", whose
components are mutually independent. The vector s(t) corresponds to M independent scalar
valued source signals s;(t). We can write the multivariate p.d.f. of the vector as the product of
marginal independent distributions.

M
p(s) = Hpi (si) - (1)

A data vector x(t) = [z1(t),...,xx(t)] " is observed at each time point ¢, such that
x(t) = As(t), )

where A is an N x M scalar matrix. The mixing is assumed to be instantaneous so there
is no time-delay between the source ¢ mixing into channel j. Generalizations to time-delayed
and convolved sources are considered in the discussion. Instantaneous mixtures occur when the
difference in time of arrival between the sensors can be neglected. As the components of the
observed vectors are no longer independent, the multivariate p.d.f. will not satisfy the product
equality in equation (1). The mutual information I(x) of the observed vector is given by the
Kullback-Leibler (KL) divergence D(. || .) of the multivariate density from the density written in
product form

I(x) = /p(x) long(—X)dx =D | p(x) H Hpi () | - (3)
Zl;llpi(xi) =1

The mutual information is positive and is equal to zero only when the components z; are inde-
pendent [21].

The goal of ICA is to find a linear transformation W of the dependent sensor signals x that
makes the outputs as independent as possible:

u(t) = Wx(t) = WAs(1), (4)

where u is an estimate of the sources. The sources are exactly recovered when W is the inverse
of A up to a permutation and scale change.

P =RS = WA, (5)
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where R is a permutation matrix and S is the scaling matrix. The two matrices define the perfor-
mance matrix P so that if P is normalized and reordered, a perfect separation leads to the identity
matrix. For the linear mixing and unmixing model, we adopt the following assumptions [7,17].

(1) The number of sensors is greater than or equal to the number of sources N > M.
(2) The sources s(t) are at each time instant mutually independent.

(3) At most one source is normally distributed.

(4) No sensor noise or only low additive noise signals are permitted.

Assumption 1 is needed to make A a full rank matrix. Assumption 2 is the basis of ICA and can

be expressed as follows:
M

p(s(®) = []p(sit)- (6)
i=1

For Assumption 3, the unmixing of two Gaussian sources is ill posed when the sources are
white random processes. Nonwhite Gaussian processes may be recovered with time-decorrelation
methods if they have different spectra [25]. However, pure Gaussian processes are rare in real
data. Assumption 4 is necessary to satisfy the infomax condition, in which the mutual information
between outputs is only minimized for the low noise case [12,15]. However, one can imagine that
noise is an independent source itself and if as many sensor outputs are available as the number
of sources, the noise signal can be segregated from the mixtures.

3. INFORMATION MAXIMIZATION

Nadal and Parga [15] showed that in the low-noise case, the maximum of the mutual information
between the inputs x and outputs y of a neural processor implied that the output distributions
were factorial. In other words, maximizing the information transfer in a nonlinear neural net-
work minimizes the mutual information among the outputs (factorial code) when optimization is
performed over both the synaptic weights W and the nonlinear transfer function g(u). Roth and
Baram [16] and Bell and Sejnowski [3] independently derived stochastic gradient learning rules
for this maximization and applied them, respectively, to forecasting, time series analysis, and
the blind separation of sources. Bell and Sejnowski [3] proposed a simple learning algorithm for
a feedforward neural network that blindly separates linear mixtures x of independent sources s
using information maximization. They show that maximizing the joint entropy H(y) of the out-
put of a neural processor can approximately minimize the mutual information among the output
components y; = g(u;) where g(u;) is an invertible monotonic nonlinearity and u = Wx.

The joint entropy at the outputs of a neural network is

H(y,ooyn) =H )+ +Hyn) = Iy, 9n8), (7)
where H (y;) are the marginal entropies of the outputs and I(yi,...,yn) is their mutual informa-
tion. Maximizing H (y1,...,yn) consists of maximizing the marginal entropies and minimizing

the mutual information. The outputs y are amplitude-bounded random variables, and there-
fore, the marginal entropies are maximum for a uniform distribution of y;. Maximizing the joint
entropy will also decrease I(y1,...,yn) since the mutual information is always positive. For
I(y1,...,yn) = 0, the joint entropy is the sum of marginal entropies

H(yi,...,yn)=H 1)+ + H(yn). (8)

The maximal value for H(y1,...,yn) is achieved when the mutual information among the
bounded random variables y1,...,yx is zero and their marginal distribution is uniform. As we
will show below, this implies that the nonlinearity g(u;) has the form of the cumulative density
function (c.d.f.) of the true source distribution s;. Bell and Sejnowski [3] chose the nonlinearity
to be a fixed logistic function. This is equivalent to assuming a prior distribution of the sources:



Information-Theoretic Framework 5

a super-Gaussian distribution with heavy tails and a peak centered at the mean. The weights W
are determined by maximizing the joint entropy with respect to W. We can rewrite the derivative
of equation (7) with respect to W can be written in terms of the KL divergence between the
multivariate uniform distribution denoted as p1(y) and multivariate uniform estimate p(y).

MG) _ 0 (D pa(y) ) )

In the limit when the transfer function g(u;) and W are optimized, the joint entropy H(y) is
maximum and p(y) = p1(y) so that I(y) = 0. If g(u;) is an invertible mapping from w; to y;, the
KL divergence in equation (9) is equal to the KL divergence between the estimate of the source
distribution p(u) and the sources p(s),

D (p1(y) [l p(y)) = D (p(s) || p(u)). (10)
since the KL divergence is invariant under an invertible transformation. If the mutual information
between the outputs is zero I(y1,...,yn) = 0, the mutual information before the nonlinearity
I(uq,...,un) must also be zero since the nonlinearity does not introduce any dependencies. The
relation between y; and w; is [26]

N_ P (u;)
p(yi) = ‘Bg(ul) - (11)
Ou;
For a uniform distribution of y;, it follows that
99 (ui)
u;) = . 12
i) = |22 (12)

This means that u; is an independent variable with a distribution that is approximately the form
of the derivative of the nonlinearity. In the case of the logistic function, the appropriate p.d.f. is
shown in Figure 1 (bottom). The distributions of music and speech signals can be approximated
by this p.d.f.

Logistic function
l T T T

0.8

0.6

0.41

Derivate of the logistc function
l T T T T T

dy/dx

input x

Figure 1. (a) logistic function (y = 1/(1 + exp(—=x))), and (b) its derivative (g—z =
y(1—y)).
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Bell and Sejnowski [3] separated mixtures of several music and speech signals using infomax with
a logistic activation function. Will infomax always minimize the mutual information? Bell and
Sejnowski [3] answer this question in a thought experiment where they illustrate that when there
is a mismatch between the source p.d.f. and the slope of the nonlinearity, a maximal joint entropy
value can be achieved with I(y) > 0 that is higher than the joint entropy with I(y) =0 (due
to lower marginal entropies). In those cases, infomax will not minimize the mutual information.
This occurs when there is an excessive mismatch between the nonlinearity and cumulative density
function (c.d.f.) of the true source distribution.

A simple architecture that can realize the mapping from x to y is a single-layer feedforward
neural network with a nonlinear output activation function. The nonlinearity g;(u) is essential for
minimizing the mutual information to perform ICA. Another motivation for the choice of g;(u),
e.g., a sigmoid function, is that it provides a combination of higher-order statistics through its
Taylor series expansion that is essential to minimize higher-order correlations. The learning rule
can be derived by maximizing the output entropy H (y) of a neural processor, as proposed by Bell
and Sejnowski [3]. We can relate p(x) to p(y) by the determinant of the Jacobian matrix J(x)
(see [26])

p(x) (13)

p(y) = M-

See Figure 1 in [3] for a visual interpretation of the optimal information flow. Evaluating the
expected value of the logarithmic representation for equation (13) gives the output entropy H(y):

H(y) = —E{logp(y)} = E{log|det J(x)|} — E {logp(x)} . (14)

This can be maximized with respect to W and it is equivalent to maximizing the absolute value
of the Jacobian determinant of the transfer function

OH(y) _ 0
W~ OW

y;
| (15)

N
0
log |det(W)| + W logil;[l ‘

For the first term in equation (15): 5% log|det(W)| = W~ T. In the second term, the product
splits up into sums of log-terms, in which only one is dependent on a particular W;;, and hence,

— —p(ux’, (16)

B N1 9y,
aw s11 ‘ Pu,

where p(u) is the gradient vector of the log likelihood called the score function [27]

dp(u) 81(;(u1) Bg(uN) T
ou U uN
pu) =— = |- , — 17
W)= =W [ p(ur) p(um] 1)
The general learning rule is now
H -
88\7(3") = {(WT) to go(u)xT} . (18)
An efficient way to maximize the joint entropy is to follow the ‘natural’ gradient
OH
AW x %WTW =[I-puu’] W, (19)

as proposed by Amari et al. [28], or equivalently the relative gradient [17]. Here W TW rescales
the gradient, simplifies the learning rule in equation (18) and speeds convergence considerably.
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As we show here, the general learning algorithm in equation (19) can be derived from several
theoretical viewpoints such as MLE [1], infomax [3], and negentropy maximization [4].

An elegant way of parameterizing the learning rule in equation (19) to separate mixed sub-
and super-Gaussians has been proposed by Girolami [29] and Girolami and Fyfe [19] by choosing
negentropy as a projection pursuit index. In [29], a parametric density model is employed for
sub- and super-Gaussian sources resulting in a simple form for @;(u;):

u; + tanh (u;), super-Gaussian,

() = { (20)

u; — tanh (u;), sub-Gaussian,

giving
AW o [I-Ktanh(u)u' —uu'] W, (21)

where K is a diagonal matrix with elements sign (k4(u;)) and k4(u;) is the kurtosis of the source es-
timate u;. An extended infomax algorithm also yields the learning rule in equation (21) where K is
a function of the nonlinearity used in ¢(u) satisfying a general stability criterion [30,31], presented
in Section 9.1.

4. NEGENTROPY MAXIMIZATION

Another approach related to minimizing the mutual information between the wu;s is maximiz-
ing negentropy [32]. Girolami and Fyfe [19,20], motivated by information-theoretic indices for
exploratory projection pursuit (EPP), used marginal negentropy as a projection index. EPP is
a statistical method that allows structure in high-dimensional data to be identified [33]. This
is achieved by projecting the data onto a low-dimensional subspace and searching for structure
in the projection. Projections that identify non-Gaussian structure such as multiple modes are
interesting from the point of view of identifying potential higher-order structure within high-
dimensional data. Projections that are maximally non-Gaussian are highly desirable in pursuing
informative views of the data [33]. Girolami [32] showed that if the observed data fits a latent vari-
able model [34], which conforms to the deterministic ICA
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