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Abstract. This paper describes pseudo-random number generators based on non-linear
dynamics. The recommended generator uses a special “re-mapped” form of the logistic equation
at each of a finite set of nodes arranged in a 1- or 2-dimensional ring. Each node receives
small perturbations from adjacent nodes by means of diffusive coupling equations—the so-called
coupled map lattice. The generator is notable as the first to use non-linear dynamics in a
lattice with a continuous state at each node. Time and space are discrete, but the state is
continuous, unlike the cellular automata that Wolfram used to produce random numbers. It is a
new source of pseudo-random numbers, unlike other current sources. The paper gives evidence
that this generator possesses good statistical properties and a very long period, except in cases of
negligible probability.

1. Introduction

Wolfram [11] used cellular automata and chaos theory to obtain pseudo-random numbers,
but there has been little work on chaos methods utilizing floating point numbers, and such
work was mostly carried out forty years ago.

An approach using iterative chaotic equations and floating point numbers must overcome
several problems [2], [3], [8]:

(i) Unknown distribution. Usually the distribution of numbers produced by these non-
linear equations is not known and probably not expressible in terms of known
functions.

(ii) Basins of influence of short cycles. A number that gets close to a short cycle, even an
unstable one, stays close for awhile (depending on how close it was initially), so the
equations exhibit decidedly non-random behavior.

(iii) No detailed quantitative theory. Most of the theoretical results about these equations
are qualitative and relate to global behavior.

(iv) Theory only for real numbers. The existing theory applies to infinite precision real
numbers. Floating point numbers often behave quite differently.

This paper handles item (i) using a variation of the logistic equation, for which the
distribution is known. Item (ii) requires that one iterate an equation long enough for the
number to fill with noise before sampling a random number. Items (iii) and (iv) can only be
approached with a statistical analysis of experimental data and with assumptions that floating
point numbers will behave in some respects like infinite precision numbers.

1This material is based in part upon work supported by the Texas Advanced Research Program.
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There has been a great deal of recent work on pseudo-random number generators, of
which [1], [6], and [7] are typical. This paper describes a completely new generator, not
currently studied by other researchers. The discussion focuses first on cycle length because that
is the basic requirement of a reasonable random number generator. With the approach in this
paper, the sequence is known to be equidistributed in infinite precision (see below). Assuming
one iterates to fill the number with noise, one expects good statistical properties as long as the
cycle length is long.

2. The Logistic Equation

The iterative equation f(z) = 4z(1 — z),0 < = < 1, known as the logistic equation,
is historically interesting as one of the earliest proposed sources of pseudo-random numbers.
Ulam and von Neumann suggested its use in 1947 [9], partly because it had a known algebraic
distribution, so that iterated values could be transformed to the uniform distribution. The
equation was mentioned again in 1949 by von Neumann [10] and much later in 1969 by Knuth
[5, Exercise 3.4.1-24], but it was never used.

2.1. Behavior in Infinite Precision

Iterates of the “tent” function g{u) = 1 — 2|u — (1/2)|,0 < u < 1 produce a uniform
distribution, and g can be transformed to f via T'(u) = sin®((7/2)u). Both T and its inverse
T~'(v) = (2/) arcsin(,/v) preserve the cycle structure of iterates of f and g.

If one is working with real numbers (infinite precision) then for all starting values
except for a set of measure zero, iterates of ¢ are equidistributed (= uniformly distributed)
[5], [10]. Similarly, except for a set of measure zero, iterates of f are distributed according
to (1/7) Jy dz/{/x(1 — z), and the sequence {T~'(f,(v))} is equidistributed, again for any v
outside a set of measure zero.

Despite being equidistributed, the basins of influence of the short cycles of g produce
significant non-random behavior. A starting value very close to a value in a short cycle will
stay close to that cycle for awhile, though all cycles are unstable, meaning that the values
will eventually diverge. The cycle structure of f and g is complicated, with cycles of every
finite length, and with countably many distinct starting values leading into each cycle (except
for the cycle (3/4)). In fact the number of cycles of length n is equal to or a little less than
floor((2" — 1)/n), depending on the factorizations of 2" + 1,

2.2. Behavior in Finite Precision

In finite precision the behavior of f and ¢ above is quite different from the theoretical
results for infinite precision. Using a typical binary floating point unit, iterates of ¢ from any
starting value converge immediately to zero. (At each iteration, another significant bit becomes
zero.) Iterates of f are more irregular, producing cycles as if successive values were chosen
“at random.” If successive values of f were chosen uniformly from n available numbers, then
one would expect with probability 0.5 a duplicate value after about 1.18,/n iterations and a
cycle of length about 0.59./n. In actuality the choices are not uniform, and the floating point
numbers themselves are not uniformly distributed, but the behavior is not too far from cycles
of the above lengths.

Table 1 shows the cycle lengths obtained by experiments using different kinds of
hardware and precisions, as well as the percent of starting values leading into the cycle and the
average initial run before the cycle starts. The cycle search in single precision is exhaustive
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