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Reading Assignment

• In addition to reading chapter 1, please 
read:
– Definition 1, p.225
– The subsection with heading Cardinality

pp.233-236
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Injections and Surjections

• f : A → B is one-to-one, or injective, if and only if 
f(x) = f(y) implies x = y for all x, y ∈ A
– ∀x∀y(f(x) = f(y) → x = y)
– Equivalently, ∀x∀y(x ≠ y → f(x) ≠ f(y))
– f is called an injection

• f : A → B is onto, or surjective, if for every b ∈ B, 
there is an a ∈ A such that f(a) = b
– f is a function of A onto B
– ∀y∃x(f(x) = y)
– f is called a surjection
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Examples from Text

• Figure 5, p.101
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More Examples
• Square

– f : Z → Z
– f(x) = x2

– Neither one-to-one nor onto
• Double

– twice : Z → Z
– twice(x) = 2x
– One-to-one, but not onto

• Absolute value
– |⋅| : Z → N

– |x| =

– Onto, but not one-to-one

x if 0 ≤ x; 
-x, otherwise
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Still More Examples
• Integer successor

– zs : Z → Z
– zs(n) = n+1
– Both one-to-one and onto

• Mapping of 32-bit words to Z
– Injective, but not surjective

• Successor in Z3 = {0, 1, 2}
– s(0) = 1
– s(1) = 2
– s(2) = 0
– Injective and surjective
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Bijections

• If f : A → B is injective and surjective, it is 
bijective
– f is called a one-to-one correspondence, or a 

bijection
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Bijections and cardinality
• Sets A and B are equinumerous (meaning 

they have the same cardinality) iff there is 
a one-to-one correspondence between 
them
– Notice that this defines a binary relation over 

sets
– Contains the ordered pairs of sets between 

which there exists a one-to-one 
correspondence

• Pretty clear for finite sets
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Equinumerous Infinite Sets

• N and Z have the same cardinality
– f : N → Z

– f(n) =  

– Note, f is a bijection
• Use case analysis to show f is injective based on 

whether x and y are odd or even
• Show N and Z+ are equinumerous

0,           if n = 0
n/2,        if n is even
-(n-1)/2, if n is odd
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Countability

• Definition
– A set A is countable if it is finite or it is 

equinumerous to Z+

– Otherwise, A is uncountable
• Theorem: Q+, the set of positive rationals, 

is countable
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Uncountability of the Reals
• Theorem

– R, the set of real numbers, is uncountable
• Proof

– Uses Georg Cantor’s diagonalization argument
– Outline

• Assume for contradiction that there is a one-to-one 
correspondence, f, between N and the real interval [0,1]

• Use f to construct a real in [0,1] that has no preimage under f
• Idea: for each decimal place, n, in the representation of the 

constructed value, choose a decimal different from the nth 

place of f(n)
• The fact that the constructed value differs from each value 

assumed by f shows that f is not onto
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Conclusion

• So the cardinalities of N, Z, and Q are all 
the same

• But the cardinality of R is different
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