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Abstract

We proposea hew measuref fuzzy equalitycomparison
basednthe similarity of possibilitydistributions.we define
a fuzzy equi—joinbasedon the new fuzzy equalitycompari-
son,andallow thresholdvaluesto be associatedvith pred-
icatesof the join condition. A sort—-mege join algorithm
basedon a partial order of intervalsis usedto evaluatethe
fuzzy equi-join. In orderfor the evaluationto be efficient,
we identify variousmappingsgcalled FE indicators that will
determineappropriatdntenalsfor fuzzy datawith different
characteristicsExperimentesultsfrom our preliminarysim-
ulation of the algorithmshaow a significantimprovementof
efficiency when FE indicatorsare usedwith the sort—-mege
join algorithm.

1 Intr oduction

The importanceof representingand manipulatingun-
certain or imprecise information in knowledge—baseand
databasesystemshaslong beenrecognizedn the Al com-
munity andthe databaseommunity Variousextensiongo
theexisting databasenodelshave beenproposedo incorpo-
rateill-known datainto the databasesystemsandto issue
andto answerquerieswith soft restrictions.In recentyears,
variousfuzzy datamodelsandfuzzy databasesystemshave
beerproposedl, 5, 2, 3, 6, 10, 8, 11]. Thesemodelsandsys-
temsextendrelationalandobject—orientediatamodelsusing
the fuzzy setandthe possibility theory[9]. While mary of
thesemodelsprovide algebraimperationssuchasselection,
join, andprojection the efficientimplementatiorof theseop-
erationshasnot beensuficiently studied. Someresearchers
proposeto implementfuzzy databaseystemsasthe front—
endof existing databasenanagemergystemgDBMS). For
example ,the OMRON system3] is implementedsa front—
endof acommerciafelationaDBMS. However, sincefuzzy
dataare more comple thancrisp data,and cannot be pro-
cessedlirectly by theback—endBMS, it is notclearif such
an implementationwill be efficient. We believe that effi-
cientimplementatiorof basicalgebraimperationsn afuzzy
databasés animportantresearchssue.

In this paper we considerthe efficient processingof
a fuzzy equi—join in a possibility—baseduzzy relational
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databassimilarto [3]. Our contrikbutionis thefollowing.

1. We proposeanen measurdor afuzzy equalitycompar
isonthatis basedon the similarity of possibility distri-
butions. Thisnev measurgrovidesanaturalsemantics.

2. We definea new typeof fuzzy equi-jointhatis basedn
the new fuzzy equalitycomparisonandallows thresh-
old valuesto be associatedvith predicatesof the join
condition. This allows more flexibility in specifying
joins andallows the thresholdvaluesto be usedin the
join algorithmfor efficient evaluation.

3. We identify a numberof mappings,called FE indica-
tors,which will associat@ppropriaténtervalsto fuzzy
datasothatthe evaluationof thejoin with a sort—-mege
algorithmis highly efficient.

4. We presentexperimentresultsthat shav a significant
improvemenf efficiency whenFE indicatorsareused.

Thereare several works relatedto ours. In [5, 10], the
satishctiondegreeof a predicateis measuredy both pos-
sibility and necessity Although the combinationof these
measureganexplicitly representhe uncertaintyof the sat-
isfactiondegree,aspointedoutin [4], theresultingalgebraic
operationscan not be composedjmplying that queriescan
notbe optimizedusingwell-knowvn algebraidransformation
techniques.n [7], the satishctiondegreeandthe degreeof
tuplesarethemselespossibilitydistributionswhichallow al-
gebraicoperationdo be composed But the methodapplies
only to discretepossibility distributions, and the evaluation
of a querymay be very inefficient dueto mary elementsn
the possibility distributions. In [3] the satishctiondegreeis
measuredolely by the possibility Sincethe uncertaintyis
not explicitly representedandthe possibility is the upper
bound, the satishction degree obtainedusing this method
may; attimes,be counterintuitive.

In Section2, we briefly review concept®f fuzzyrelations.
In Section3, we presenta new fuzzy equality comparison
whichis thenusedto defineafuzzy equi—join. In Section4,
we discussa sort—megejoin algorithmfor evaluatingfuzzy
equi—joins.In Section5, we definethenotionof FE indicator
andidentify a numberof appropriatd-E indicatorsfor fuzzy
datawith differentcharacteristicsln Section6, we presents
our experimentaresults.Section7 concludeghe paper



2 FuzzyRelations

In afuzzy databasea datais crisp if it is certainandpre-
cise,andfuzzy, otherwise A fuzzy datais definedby afuzzy
set. A fuzzy (sub)set F of an ordinarysetU is character
izedby a membershigunctionug : U — [0,1]. For every
(crisp)valuex € U, pup(z) is the membershipdegree of
x with respecto (wrt) F', whereur(z) = 1 (respectiely,
0 < pr(z) < 1,0r up(x) = 0) meanghatz is afull (re-
spectvely, partial,or non)memberof F. If afuzzy datav is
definedby afuzzy setF, then,v canonly have avaluein F',
andthepossibilityfor v to have valuez in F'is ur(z). That
v isdefinedby pr isdenotedy v = pr. Sinceacrispdataw
canalsoberepresentelly a(degeneratedinembershigunc-
tion, all datawill be uniformly treatedasfuzzy data.

In this paper we shall usethe following genericparame-
terizedfunctionto definemembershigunctions.

0, if 2 <a<b;
(x—a)/(b—a), fa<z<b;
F(a,b,c,d)(z) =< 1, ifb<z<g
(d=—2z)/(d-¢), fe<z<d,
0, ifc<d<z.

wherethe parameters:, b, ¢, and d are valuesin the uni-

versesatisfyinga < b < ¢ < d. In generalthe curve of

the genericfunction is a trapezoidal but can alsobe some
othershapesFor example, M F'(a, b, b, d) definesatriangu-
lar functionsincethe secondandthethird parameterarethe
same.The membershigunction of a crispdatav is defined
by MF(v,v,v,v). Letv = MF(a,b,c,d). Then A(v),

B(v), C(v) andD(v) denotethe parameters, b, ¢, andd,

respectiely.

The universe of anattribute A, denotedoy U(A), is the
setof crispvaluesthat may appeaiin the attribute. The do-
main of an attribute A, denotedby D(A), is the setof all
valuesdefinedoverU(A). A fuzzyrelationR with aschema
(Aq,...,A,)isafuzzysetof tuplesin D(Ay) x - - -x D(A,,)
with amembershigunction

pir s D(A1) X -+ x D(A,) — [0,1].

A tuplet is saidto bein a fuzzy relation R if andonly if
ur(t) > 0. We shalldenotetheattribute A of fuzzy relation
R by R.A, andthecomponenbf tuplet underattribute A by
t[A].

3 A FuzzyEqui-join

Thefollowing exampleshavs the needgor afuzzy equi—
join.
Example 3.1 Considetthefollowing relationR.

NAME | OCCURTION AGE
Smith Engineer 20
Alan Teacher About 32

Bill Lawyer About34

Cindy Teacher Middle age

Mike Farmer 58

Let About 32 = MF(30,32,32,34), About 34 =
MF(32,34,34, 36), and Middle age =
MF(30,35,45,50). The query “Find all pairs of per
sonsfrom R whoseagesareequalto a degreeno lessthan
0.5” requiresajoin of R with itself on attribute AGE. Since
AGE containsfuzzy values,we mustdeterminethe degree
for two fuzzy agessay About 32 andMiddle age, to satlsfy
thejoin conditionAGE = AGE.

We proposethe following nev measurefor the fuzzy
equalitycomparison.
Definition 3.1 Let D be a setof values. The fuzzy equal-
ity on D is a mapping~=: D x D — [0,1] that for
every pair of valuesv;, = MF(ai,b1,c1,d1) andvy, =
MF(ag,bs,ca,ds) in D, gives

J min (o (), poa())dz
J max(po1 (), po2 (z))da

(1 ~=v2) =

where [ is overtheuniverseon which themembershigunc-
tions are defined,and is interpretedas a summationif the
universeis discrete. |
If membershigunctionsaredefinedusingthe genericfunc-
tion, thefuzzy equalitycanbe evaluatedefficiently by

(01~ ;) = 0, o if notvi.n vy, 1)
B J GTs5a) otherwise;

wheresS; is theareaundery,,, S; is theareaunderpu,,, and
Si; istheareasharedvy v; andv;. Accordingto this defini-

tion, the semanticof predicate(v; ~= v5) is to determine
the degreeof similarity of v; andwvs. This new measureal-

lows algebraicoperationgo be composedand obtainsthe
degreeby consideringall ratherthan just the bestpossible
valuesin the fuzzy data. Therefore,it is more naturalthan
existing measure$s, 10, 7, 3].

Definition 3.2 A fuzzy equi—joinof fuzzyrelationsk andS

on attributesR. A andS.B with athresholdy > 0, denoted
by R X(g.a~=5.B)>y S, isafuzzyrelationT with themem-
bershipfunctiondefinedby

pr(zy) = min(ur(x), ps(y), te(y)))

wherez isatuplein R, y isatuplein S, and

| o if (2[A] ~=y[B]) < v,
Ha(wy) = { (z[A] ~=y[B]), otherwise. =
Sincethis fuzzy equi—joinallows the thresholdvalue to be
specified,it is very flexible and canbe evaluatedmore effi-
ciently thanexisting ones.

4 An Interval-basedFuzzy Join Algorithm

A sort—-megefuzzy equi—joinalgorithm,SMFEJ,is given
in Figurel. Thealgorithmassumeshatfuzzyjoin attributes



Algorithm: Sort—Merge Fuzzy Equi—Join
SortR on R.A basedn <.
SortS on S.B basedn <.
For eachpagePr of R do
For eachtupler in Pr do
For eachpagePs in rngg(r) do
For eachtuples in Ps do
If (r[A] ~= s[B]) > v then
if d = min((r[A] ~= s[B]), pr(r), ps(s)) >0
thenoutputr o s with degreed.

Figurel: Algorithm SMFEJ

have numeric universesand membershigfunctionsare de-
finedby the genericparameterizeéunction. Let [I(v), h(v)]
denotethe interval associatedvith a value v, the sorting
phases basednthe partialorder< definedin [8].
Definition 4.1 Let v; andwvy be two valuesover the same
universe. v, precedes vo, denotedby v1 < s, if [(v1) <
I(vg), orif I(v1) = l(va) andh(v1) < h(vs). vy precedes
or equalsto vy, denotedoy vy < wa, if v1 < vy Orvy = vs.
v1 overlaps ve, denotedby vy N v, if I(v1) < h(ve) and
I(v2) < h(v1). Lett, andt, betwo tuplesin thesamefuzzy
relation. t; < t (respectiely, t; =< t3) wrt attribute A if
t[A] < to[A] (respectiely, t1[A] <X to[A]). O
For example,if v; = MF(5,6,8,9),vo = MF(6,7,7,8),
andvs = M F(9,10,11,12), andeachvaluev is associated
with the interval [A(v), D(v)], we have v; < v, < w3 and
v1 N Vs,

In the joining phase,eachpageof R is readonce. For
eachtupler in R, the S—tuplesthatmayjoin with r arein the
rangeof r asdefinedbelow.

Definition 4.2 Let S be sortedon S.B accordingto <. The
range (of S tuples) of atupler € R, denoteddy rngs(r), is
thelongestsequencesi, s, . . ., sx] of tuplesin .S, suchthat
si X sjforalll <i < j <k, r[AlNsi[B], andr[A]Ns[B].
O

Thus,only thosepagescontainingtuplesin rngs(r) needto
bescannedvhenr is processeth thejoining phase.

5 FuzzyEquality Indicators and Filters

In practice,a limited buffer spaceis available,therefore,
duringjoining phasea pageof S maybeswappedn andout
of thebufferif it is in rangeof multiple R—tuples.Thekey to
the efficienoy of SMFEJis to associat@ppropriaténterals
with fuzzy attributevalues.

Example5.1 Assumethat R hasa tuple r with r[4] =
MF(10,10,40,40), and S contains exactly the tuples
81y--.589 with Sl[B] = MF(5,5,20,20), SQ[B] =

MF(6,6,9,9), s3s[B] = MF(10,10,40,40), s4[B] =
MF(11,11,16,16), s5|B] = MF(15,15,45,45), s¢[B] =
MF(20,20,30,30), s;[B] = MF(20,20,50,50), ss[B] =
MF(32,32,36,36), and sg[B] = MF(35,35,60,60). If

join attributevaluew is associatedvith interval [A(v), D(v)],

thens; < s2 < s3--- < sg, r[A] N s1[B], andr[A] N sg[B].

So, all S—-tuplesare in rngs(r). For: = 1,2,...,9,

(r[4] ~= s4[B]) equalsto 0.29, 0, 1, 0.17, 0.71, 0.33,
0.5, 0.13, and 0.1, respectiely. If the join condition is
(R.A ~= S.B) > 0.5, only s3, s5, andsz join with r. If

the thresholdis raisedto 0.9, only s3 joins with ». But in

both casesall S—tuplesmustbe scanned.However, if the
intervalsareassignedccordingo Theorenmb.5for v = 0.5,

wehave sy < s1 < 84 < 83 < 86 < 85 < 87 < sg < sg and
rngs(r) being[ss, se, s5, s7]. Thus,thejoin only needsto

scanabout50%lessnumberof tuples. O

In generalyrngg(r) may containtuplesirrelevantto r, and
the numberof suchtuplesmay increasewith the threshold
value.Thesdrrelevanttuplesmayberemovedfrom rngs(r)

if theassignmenof intervalsis by anappropriatéunctionof

thethresholdvalue.

Definition 5.1 Let D be a setof values,and Z be the set
of intervals definedon the setof real numbersR, thatis,

T ={[z,y] |z <yandz,y € R}.

1. A mappingf : D x [0,1] — Z is anFE (fuzzy equality)
indicator over D if for ary v1,v2 € D andy € (0,1],
(v1 ~= vg) >~y implies f (vi,y) N f(v2,7).

2. An FEindicator f is stronger thananotheiE indicator
g, if for everyv € D andeveryy € (0,1], f(v,v) C
g(v, ’Y)'

3. An FEindicatorf is perfect if for every pairof vy, vy €
D andeveryy € (0,1],

(@) f(vi,v)N f(va,7)if andonlyif (vy ~=v2) > 7.
(b) if (vy ~= vy) < v, thenforeveryv € {z | z €
D and(z ~= vg) > v}, eitherf (vy,7) < f(v,7)
or f(v1,7) = f(v,7). O

Intuitively, usingan FE indicatorto assignintervalsto join

attributevalueswill guaranteg¢hataftersorting,all S—tuples
relevantto atupler arein rngs(r), usingastronger(or per

fect) FE indicatorwill guaranteghatrnggs(r) containsless
(or no) irrelevanttuple. In the following, we shall identify

a numberof desirablemappingswhich are efficientto com-
pute, are as strongas possible,and assignsmallerintervals
for higherthreshold. Whethera particularmappingis de-
sirabledependsn generalon the characteristicef both the
mappingandthe type of attribute values. We shallconsider
the F mappingof thefollowing form.

F(v,7) = [A(v) + &(v,7), D(v) = ®(v,7)]

where @ is a monotonicallyincreasingfunction of +, and
®(v,0) > 0. Thejoin attribute valuescomein threetypes,
namely their membershigunctionsmay have the identical,
similar, or arbitrary shapes. Thesetypesof valuesare de-
notedby Dy, Dg, andD, respectiely.

For D;, we have the following theoremand corollaries
(theproofsareomitteddueto limited space).



Theorem5.1 Themapping

| gi(v,y) fO<y <,
g(v’v)_{ g2(v,y) fO<y<L

is aperfectFE indicatorover Dy, where

1. 2y 2
f07) = A0)+ {7 lD0) - AE)
~(C() = B,
D) - 3= DE) — A@)?
~(0) = B
£(0,7) = [A0)+ (D) - A)
1—vy
() = B,
1+ 3y

D)~ T (D) = AG)
1-—-

()~ B))

, _ (D)= AW) = (C(v) - BE) -

(D{o) — A(2)) +3(C(0) — Bo)

Corollary 5.2 If the shapeof valuesin Dy is triangular the
mappinggs (v,v) = [A(v) + /575 (D(v) = A(v)), D(v) —
ﬁ(D(’U) — A(v))] is aperfectFE indicatoroverD;. O

Corollary 5.3 If theshapeof thevaluesin Dy is rectangular
themappingga(v,y) = [A(v) + 75 (D(v) — A(v)), D(v) +
ﬁ(D(v) — A(v))] isaperfectFEindicatoroverD;. O
For Dg andD, we have thefollowing proposition.

Proposition5.4 No F mappingis a perfect FE indicator
overDg (respectiely, D). ]
Thus,we canat the bestfind the strongestE indicatorsfor
Ds andD amongF mappings. Considerasubsebdf 7 map-
pings,the f; mappingspf thefollowing form.

fk(@, ’Y) =
wherek > 2 isaninteger, andfo (v,v) = [A(v), D(v)]. We
have thefollowing theorems.

Theorem5.5 Among f; mappings,f2 is the strongestFE

indicatoroverDg. O
Theorem5.6 Among f; mappings,fs is the strongestFE
indicatoroverD. |

Notice that amongthe three FE indicatorsidentified, g is

strongetthanf> whichisin turnstrongethanf;. However, g

and f, arenolongerFE indicatorsfor datasetsmoregeneral
thanD; andDg, respectiely.

1it is anopenproblemto find perfectFE indicatorsthatarenot F map-
pings.

6 Experiment Results

We have conductedpreliminaryexperimentgo studythe
performanceof Algorithm SMFEJ using various types of
dataandthe FE indicatorsidentifiedin the previoussection.

Threeexperimentsare performedusinga SUN SFARC-
Station5, andthe performanceof the algorithmis measured
by the numberof 1/0 pagesreadfrom the innerrelation,as
the 1/O cost, and the numberof comparisonsnade,asthe
CPUcost. For simplicity, we measurenly thecostsincurred
during the joining phasewith the I/0O costsof readingthe
outerrelationandwriting resultsomitted. For eachpair of
R and S tuples,a comparisoris madeon the join attribute
valuesto determineif they overlap,andif they do, another
comparisons madeto determindf they actuallyjoin. In or-
derto illustratethe effect of FE indicators,only a minimum
amountof buffer spacds assumedthatis, onepagefor each
input relation. For eachpageof relation R, one pageof re-
lation S is readat atime, andall join resultsthatcanbe ob-
tainedfrom thetwo pagesareobtainedbeforethe next page
of relationS is read.lt is straightforvardto seethata larger
buffer spacewill reducethe I/O cost. However, with more
buffer spaceavailableto the algorithm,using FE indicators
will save moreCPU costthanl/O cost.

In the experimentsthe executionof Algorithm SMFEJis
simulatedusing differenttypesof syntheticdata. For each
experiment,both relationshave 30,000randomlygenerated
tupleswith the identicaltype of datain the join attributes.
Theuniverseof thefuzzyjoin attributescontainsl,000units,
which canbethoughtof astheinterval [1, 1000]of realnum-
ber Theuseof theunit allows thedatato beinterpretedeas-
ily for variousapplications. The datain the join attributes
arerandomlygeneratedvith guaranteedharacteristicssuch
assimilar or identical shape. For all experimentsthe per
formanceof Algorithm SMFEJwith FE indicator f, is used
asthereferenceandthe performancesf thealgorithmwith
othertypesof FEindicatorsareexpressasapercentagef the
referenceTo shav the magnitudeof the computationatost,
the numberof pairsof tuplesthatactuallyjoin is alsogiven.
Dueto limited spacepnly theresultof oneexperimentis re-
portedhere. In this experiment,the datasetallowedin the
join attributesis D; with arandomlydeterminedshape.We
compared FE indicators: f, f3, f2, andg. As shawn in
Table1, g outperformsf, which outperformsf; which out-
performsf,,. Thisis becausehatg is the strongesfFE in-
dicator The effectivenesf usingappropriatd-E indicator
is shavn clearlyby theincreasinglylargerpercentagef sav-
ing obtainedfor increasinglyhigherthreshold. Comparey
with f,, the percentagef saving on I/O costrangesfrom
21.2%to 99.7%with an averageof 57%, andthat on CPU
costrangesrom 11.9%to 99.5%with anaverageof 54.3%.



Experimentl

foo(v,7) f3(v,7) f2(v,7) 9(v,7)

Threshold| #ofJoin| CPU| I/O | CPU| I/O | CPU| I/O | CPU | I/O
0.1 379573588| 1.000| 1.000| 0.968| 0.942 | 0.952| 0.915| 0.881| 0.788
0.2 318669158 1.000| 1.000| 0.932| 0.886 | 0.897| 0.829| 0.796| 0.662
0.3 262396178 1.000| 1.000| 0.889| 0.829 | 0.831| 0.739| 0.705| 0.545
0.4 211771896 1.000| 1.000| 0.840| 0.769 | 0.754 | 0.646 | 0.611| 0.440
0.5 167719006/ 1.000| 1.000| 0.784| 0.708 | 0.665| 0.549| 0.517 | 0.349
0.6 126680774| 1.000| 1.000| 0.720| 0.646 | 0.560 | 0.444| 0.417| 0.263

0.7 91196660| 1.000| 1.000| 0.648 | 0.582 | 0.445| 0.340| 0.318| 0.190
0.8 57147246| 1.000| 1.000| 0.563| 0.512| 0.313| 0.231| 0.212| 0.119
0.9 27095108| 1.000| 1.000| 0.474| 0.444 | 0.166 | 0.119| 0.107 | 0.057
1.0 1214944| 1.000| 1.000| 0.376| 0.375| 0.005| 0.003 | 0.005| 0.003

Tablel: Experimentl results
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